Introduction

This book focuses on ideas about multiplication and division. These
are ideas that you need to understand thoroughly and be able to use
flexibly to be highly effective in your teaching of mathematics in
grades 3-5. The book discusses many mathematical ideas that are
common in elementary school curricula, and it assumes that you
have had a variety of mathematics experiences that have motivated
you to delve into—and move beyond—the mathematics that you ex-
pect your students to learn.

The book is designed to engage you with these ideas, helping
you to develop an understanding that will guide you in planning
and implementing lessons and assessing your students’ learning in
ways that reflect the full complexity of multiplication and division.
A deep, rich understanding of ideas about these operations will
enable you to communicate their influence and scope to your stu-
dents, showing them how these ideas permeate the mathematics that
they have encountered—and will continue to encounter—throughout
their school mathematics experiences.

The understanding of multiplication and division that you
gain from this focused study thus supports the vision of Principles
and Standards for School Mathematics (NCTM 2000): “Imagine a
classroom, a school, or a school district where all students have
access to high-quality, engaging mathematics instruction” (p. 3).
This vision depends on classroom teachers who “are continually
growing as professionals” (p. 3) and routinely engage their students
in meaningful experiences that help them learn mathematics with
understanding.

Why Multiplication and Division?

Like the topics of all the volumes in NCTM’s Essential
Understanding Series, multiplication and division compose a ma-
jor area of school mathematics that is crucial for students to learn
but challenging for teachers to teach. Students in grades 3-5 need
to understand these operations well if they are to succeed in these
grades and in their subsequent mathematics experiences. Learners
often struggle with ideas about multiplication and division. What is
the relationship between multiplication and repeated addition, for
example? Many students understand multiplication only as repeated
addition. The importance of understanding how arithmetic opera-
tions relate to one another and the challenge of computing fluently
make it essential for teachers of grades 3-5 to understand multipli-
cation and division extremely well themselves.
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Your work as a teacher of mathematics in these grades calls for
a solid understanding of the mathematics that you—and your school,
your district, and your state curriculum—expect your students to
learn about multiplication and division. Your work also requires you
to know how this mathematics relates to other mathematical ideas
that your students will encounter in the lesson at hand, the current
school year, and beyond. Rich mathematical understanding guides
teachers’ decisions in much of their work, such as choosing tasks for
a lesson, posing questions, selecting materials, ordering topics and
ideas over time, assessing the quality of students’ work, and devising
ways to challenge and support their thinking.

Understanding Multiplication
and Division

Teachers teach mathematics because they want others to understand
it in ways that will contribute to success and satisfaction in school,
work, and life. Helping your students develop a robust and lasting
understanding of multiplication and division requires that you un-
derstand this mathematics deeply. But what does this mean?

It is easy to think that understanding an area of mathematics,
such as multiplication and division, means knowing certain facts,
being able to solve particular types of problems, and mastering
relevant vocabulary. For example, for the upper elementary grades,
you are expected to know such facts as “multiplication of whole
numbers is a commutative operation.” You are expected to be skill-
ful in solving problems that involve multiplying large numbers.
Your mathematical vocabulary is assumed to include such terms as
product, divisor, remainder, factor, and multiple.

Obviously, facts, vocabulary, and techniques for solving certain
types of problems are not all that you are expected to know about
multiplication and division. For example, in your ongoing work
with students, you have undoubtedly discovered that you need not
only to know common algorithms for multiplication and division
but also to be able to follow strategies that your students create.

It is also easy to focus on a very long list of mathematical ideas
that all teachers of mathematics in grades 3-5 are expected to know
and teach about multiplication and division. Curriculum developers
often devise and publish such lists. However important the individ-
ual items might be, these lists cannot capture the essence of a rich
understanding of the topic. Understanding multiplication and divi-
sion deeply requires you not only to know important mathematical
ideas but also to recognize how these ideas relate to one another.
Your understanding continues to grow with experience and as
a result of opportunities to embrace new ideas and find new con-
nections among familiar ones.
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Furthermore, your understanding of multiplication and divi-
sion should transcend the content intended for your students. Some
of the differences between what you need to know and what you
expect them to learn are easy to point out. For instance, your un-
derstanding of the topic should include a grasp of the way in which
multiplication of two-digit numbers connects with multiplication
of binomial expressions—mathematics that students will encounter
later but do not yet understand.

Other differences between the understanding that you need to
have and the understanding that you expect your students to ac-
quire are less obvious, but your experiences in the classroom have
undoubtedly made you aware of them at some level. For example,
how many times have you been grateful to have an understanding
of multiplication and division that enables you to recognize the
merit in a student’s unanticipated mathematical question or claim?
How many other times have you wondered whether you could be
missing such an opportunity or failing to use it to full advantage
because of a gap in your knowledge?

As you have almost certainly discovered, knowing and being
able to do familiar mathematics are not enough when you’re in the
classroom. You also need to be able to identify and justify or refute
novel claims. These claims and justifications might draw on ideas
or techniques that are beyond the mathematical experiences of your
students and current curricular expectations for them. For example,
you may need to be able to refute the often-asserted, erroneous
claim that three or more whole numbers can be added, subtracted,
multiplied, or divided in any order. Or you may need to explain to a
student why “carrying” is appropriate in some multiplication work.

Big ldeas and Essential
Understandings

Thinking about the many particular ideas that are part of a rich un-
derstanding of multiplication and division can be an overwhelming
task. Articulating all of those mathematical ideas and their connec-
tions would require many books. To choose which ideas to include
in this book, the authors considered a critical question: What is
essential for teachers of mathematics in grades 3-5 to know about
multiplication and division to be effective in the classroom? To
answer this question, the authors drew on a variety of resources,
including personal experiences, the expertise of colleagues in math-
ematics and mathematics education, and the reactions of review-
ers and professional development providers, as well as ideas from
curricular materials and research on mathematics learning and
teaching.
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As a result, the mathematical content of this book focuses on
essential ideas for teachers about multiplication and division. In
particular, chapter 1 is organized around two big ideas related to
this important area of mathematics. Each big idea is supported by
smaller, more specific mathematical ideas, which the book calls
essential understandings.

Benefits for Teaching, Learning,
and Assessing

Understanding multiplication and division can help you implement
the Teaching Principle enunciated in Principles and Standards for
School Mathematics. This Principle sets a high standard for instruc-
tion: “Effective mathematics teaching requires understanding what
students know and need to learn and then challenging and support-
ing them to learn it well” (NCTM 2000, p. 16). As in teaching about
other critical topics in mathematics, teaching about multiplication
and division requires knowledge that goes “beyond what most
teachers experience in standard preservice mathematics courses”

(p. 17).

Chapter 1 comes into play at this point, offering an overview
of multiplication and division that is intended to be more focused
and comprehensive than many discussions of the topic that you are
likely to have encountered. This chapter enumerates, expands on,
and gives examples of the big ideas and essential understandings
related to the operations, with the goal of supplementing or rein-
forcing your understanding. Thus, chapter 1 aims to prepare you to
implement the Teaching Principle fully as you provide the support
and challenge that your students need for robust learning about
multiplication and division.

Consolidating your understanding in this way also prepares
you to implement the Learning Principle outlined in Principles and
Standards: “Students must learn mathematics with understanding,
actively building new knowledge from experience and prior knowl-
edge” (NCTM 2000, p. 20). To support your efforts to help your stu-
dents learn about multiplication and division in this way, chapter 2
builds on the understanding of these operations that chapter 1 com-
municates by pointing out specific ways in which the big ideas and
essential understandings connect with mathematics that students
typically encounter earlier or later in school. This chapter supports
the Learning Principle by emphasizing longitudinal connections in
students’ learning about multiplication and division. For example,
as their mathematical experiences expand, students gradually de-
velop an understanding of the connections between multiplication
and division of whole numbers and the corresponding operations
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with fractions and decimals and become fluent in using properties
of operations and numbers in estimation and mental mathematics.

The understanding that chapters 1 and 2 convey can strengthen
another critical area of teaching. Chapter 3 addresses this area,
building on the first two chapters to show how an understanding
of multiplication and division can help you select and develop ap-
propriate tasks, techniques, and tools for assessing your students’
understanding of the operations. An ownership of the big ideas and
essential understandings related to multiplication and division, rein-
forced by an understanding of students’ past and future experiences
with the ideas, can help you ensure that assessment in your class-
room supports the learning of significant mathematics.

Such assessment satisfies the first requirement of the
Assessment Principle set out in Principles and Standards:
“Assessment should support the learning of important mathemat-
ics and furnish useful information to both teachers and students”
(NCTM 2000, p. 22). An understanding of multiplication and di-
vision can also help you satisfy the second requirement of the
Assessment Principle, by enabling you to develop assessment tasks
that give you specific information about what your students are
thinking and what they understand. For example, when asked to
multiply two two-digit numbers such as 24 and 35, a student might
write something like

2
35
X 24

140

while saying “4 times 5 is 20, so I put down the zero and carry

the 2; 4 times 3 is 12 and 2 more is 14, so [ write down 140; and
then....” The student’s response to the question, “Why do you add

12 and 2 when this is a multiplication problem?” can reveal much
about how the student understands the mechanics of a common al-
gorithm that he or she will soon extend to products of numbers with
more than two digits.

Ready to Begin

This introduction has painted the background, preparing you for the
big ideas and associated essential understandings related to multi-
plication and division that you will encounter and explore in chap-
ter 1. Reading the chapters in the order in which they appear can

be a very useful way to approach the book. Read chapter 1 in more
than one sitting, allowing time for reflection. Absorb the ideas—both
big ideas and essential understandings—related to multiplication
and division. Appreciate the connections among these ideas. Carry
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your newfound or reinforced understanding to chapter 2, which
guides you in seeing how the ideas related to these operations are
connected to the mathematics that your students have encountered
earlier or will encounter later in school. Then read about teaching,
learning, and assessment issues in chapter 3.

Alternatively, you may want to take a look at chapter 3 before
engaging with the mathematical ideas in chapters 1 and 2. Having
the challenges of teaching, learning, and assessment issues clearly
in mind, along with possible approaches to them, can give you a
different perspective on the material in the earlier chapters.

No matter how you read the book, let it serve as a tool to
expand your understanding, application, and enjoyment of
multiplication and division.



