Preface

UnTiL relatively recently, the study of algebra was reserved for college-intending
high school students. Other high school students were relegated to the “general
math” track or to courses that provided a review of grades 4-8 arithmetic. Different
political and educational professional groups have pointed out that this practice of
“tracking” students at the high school level serves to exacerbate inequities between
ethnic and socioeconomic groups. One proposal to reduce these inequities was to
have all students study algebra. From this proposal was born the “algebra for all”
movement. School districts nationwide began to require first-year algebra of all
their students in either grade 8 or 9, and the completion of that course became a
condition for high school graduation.

Shortly thereafter, articles began to appear in the popular press describing the
poor performance of students in algebra. Several districts claimed that failure in
first-year algebra was the major contributor to school dropout. What could be caus-
ing this failure?

Some mathematics educators suggested that students’ difficulties with alge-
braic ideas could be attributed to a lack of preparation for the study of algebra. They
claimed that the elementary school curriculum, with its emphasis on arithmetic, did
not treat aspects of algebra that would better prepare students for the formal study
of algebra.

Recognizing the importance of early exposure to fundamental ideas of algebra
and the need for the development of those ideas to be well articulated across grade
levels, the National Council of Teachers of Mathematics (NCTM) dedicated its
1988 Yearbook, The Ideas of Algebra K—12, to the teaching of algebra. A year later,
NCTM published Curriculum and Evaluation Standards for School Mathematics,
in which algebra was identified as one of the core content strands for exploration by
students in grades K—12. In 2000, NCTM published Principles and Standards for
School Mathematics, which reaffirmed the need for well-articulated instruction in
algebra across grades beginning at the prekindergarten level. Accompanying each
of the Standards documents were books (the Addenda series for the 1989 Standards
and the Navigations series for the 2000 Standards) designed to illustrate how the
goals cited in the Standards documents could be achieved in school mathematics
programs.

Unfortunately, many attempts to prepare students better for algebra have not
resulted in greater achievement in first-year algebra. Students in grades 8 and 9
are still struggling with important algebraic concepts and skills, and many are dis-
continuing their study of higher-level mathematics because of their lack of success
in the course. At the elementary school level, teachers are not clear about what
algebraic ideas they should explore with their students and what approaches and
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pedagogical methods they should employ. The need to attend to algebra in the el-
ementary school curriculum is highlighted in the charge given to the National Math-
ematics Advisory Panel, appointed by the president of the United States in 2006.
According to the document, the panel is to identify “the skills needed for students
to learn algebra and to be ready for higher level mathematics™ and to consider better
ways of delivering instruction.

The Seventieth Yearbook is designed to bring us up to date on the status of
algebra in our schools and, in particular, the history of changes in the algebra cur-
riculum; the current situation in enrollment in, and success with, courses in algebra;
the nature of algebra and algebraic thinking; research into the teaching and learning
of algebra; classroom strategies for developing students’ algebraic thinking abilities
and their understanding of some of the big ideas of algebra; and methods for prepar-
ing or updating teachers to teach algebra. The Yearbook is separated into five parts.

Part 1 focuses on historical perspectives on algebra in the curriculum. Kilpatrick
and Izsak trace the journey of algebra instruction from the years when it became a
course option for students at the university level to its entrance into high school and
then middle school mathematics programs. They describe changes in the algebra
curriculum from a focus on equations to that of functions. Chazan considers the cur-
rent status of algebra in our schools and, in particular, who studies algebra, when they
study the subject, what they study, and how their learning is assessed.

Part 2 considers the nature of algebra and algebraic thinking. Arcavi leads the
reader through a variety of tasks aimed at helping students see the purpose of al-
gebra and of ways to use algebra to model, analyze, and “demystify” mathematical
problems. Cuoco identifies “general purpose methods,” or tools that students can
use to investigate and gain deeper understanding of important algebraic ideas. Us-
ing vignettes illustrating difficulties students have with algebra, Saul advances the
idea that algebra is not simply the study of variables and functions; rather, algebra is
a tool that can be used to gain greater understanding of major mathematical ideas.
Bezuszka and Kenney focus on recursive thinking as one aspect of algebraic think-
ing and on recursion as a core concept of algebra. They illustrate both topics with
different types of problems. Banchoff considers the nature of algebraic thinking by
demonstrating its connections with geometric thinking, and he stresses the value of
using both types of reasoning to solve mathematical problems.

Part 3 addresses research on the learning of algebra and how topics from tra-
ditional mathematics programs can be modified or extended to develop students’
algebraic thinking. Warren and Cooper describe tasks, problems, and sets of ques-
tions they used to help young children distinguish repeating from growing patterns,
identify relationships between sets of data, and generalize relationships. Fujii and
Stephens present vignettes that show that students in grades 2 through 8 naturally
employ algebraic types of strategies to the solution of number sentences that contain
variables. Baek describes elementary school students’ multiplication techniques
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and points out how those techniques involve the application of algebraic general-
izations. Moss, Beatty, Barkin, and Shillolo describe their study of the effects of
online conferencing on fourth-grade students’ abilities to solve complex function
problems. Cai and Moyer present results of international studies that compare how
educators in the United States, Singapore, and China approach and treat the devel-
opment of algebraic thinking of elementary school students.

Part 4 focuses on classroom practices that have proved successful in developing
students’ algebraic reasoning abilities and their understanding of important ideas
of algebra. Watanabe gives a Japanese perspective on the development of algebraic
thinking in the elementary school—a perspective in which algebraic ideas are ex-
plored in conjunction with the study of addition, multiplication, and proportions.
Ferrucci, Kaur, Carter, and Yeap offer a detailed description of the “model” method
used in the Singapore mathematics program and the value of this type of representa-
tion of mathematical relationships in the identification of problem structures and the
solution of algebra problems. To engage their middle school students in the study of
variables, Gay and Jones use the context of an amusement park to help their students
understand what variables represent, how they can be used to construct equations,
and how they can be manipulated. Using variations of a toothpick problem, Tabach
and Friedlander describe how such a context-based approach to algebra can facili-
tate the understanding of variables in expressions, the difference between chang-
ing and constant quantities, and the equivalence of algebraic expressions. Anderson
describes a sequence of problems and activities she used with her middle school
students to develop their understanding of linear relationships and, in particular, the
equation y = mx + b. This part of the Yearbook concludes with Zbiek and Heid’s
examination of ways to use technology (computer algebra systems, dynamical ge-
ometry construction environments, and graphing calculators) to facilitate students’
understanding of important concepts and functions in intermediate algebra.

Part 5 presents strategies employed for preparing and updating teachers to de-
velop their students’ algebraic thinking abilities and their knowledge of algebra.
Schifter, Bastable, Russell, Seyferth, and Riddle use case studies of elementary
school students in the process of developing their algebraic thinking abilities as the
centerpiece of a professional development program for teachers. Recognizing the
importance of having teachers grow in their own mathematical abilities prior to—or
while—working with their students, Billings focuses on four pictorial growth pat-
tern tasks that she uses with preservice and in-service teachers to develop their
algebraic thinking talents. Herbel-Eisenmann and Phillips describe a professional
development program in which teachers’ pedagogical content knowledge of algebra
is developed in concert with analyses of their students’ work.

On behalf of the Seventieth Yearbook Editorial Panel, I thank the authors for
their outstanding contributions, for their willingness to respond to all requests for
additional information “ASAP,” and for their dedication to mathematics education.
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To my colleagues on the editorial panel, I thank you for the many hours you
spent developing the call for manuscripts, reviewing articles, communicating with
and assisting authors, and assisting me with final editing tasks. I have the greatest
respect and awe for your comprehensive knowledge of mathematics education and of
algebra and algebraic thinking in particular. The panel members are the following:

Bradford Findell, Ohio Department of Education, Columbus, Ohio
Carolyn Kieran, University of Quebec—Montreal, Montreal, Quebec
Janet Pittock, Scholastic, Inc., New York, New York

Steve Rosenberg, Boston University, Boston, Massachusetts

Deborah Upton, Stonehill College, Easton, Massachusetts

The work of the editorial panel was guided by our brilliant general yearbook editor,
Rheta Rubenstein. Rheta has a unique ability to listen to six panel members talking
at once, gleaning the essence of the conversation, and generating perfect representa-
tions of the principal ideas offered. Rheta, we all thank you.

Others who helped with the many communications with authors and read and
transcribed my horrible handwriting, and to whom I am most grateful, are Patricia
Bickford, Cristin Menna-LaPierre, Chris Urbine, and Beth Purdy. Finally, a grand
thanks to Harry Tunis for his guidance and to Charles Clements and David Webb,
members of the NCTM editorial staff, for their work in producing this Yearbook.

Carole E. Greenes
Seventieth Yearbook Editor
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