Introduction

This book focuses on ideas about algebraic thinking. These are ideas
that you need to understand thoroughly and be able to use flexibly
to be highly effective in your teaching of mathematics in grades
3-5. The book discusses many mathematical ideas that are com-
mon in elementary school curricula, and it assumes that you have
had a variety of mathematics experiences that have motivated you
to delve into—and move beyond—the mathematics that you expect
your students to learn.

The book is designed to engage you with these ideas, helping
you to develop an understanding that will guide you in planning
and implementing lessons and assessing your students’ learning in
ways that reflect the full complexity of algebraic thinking. A deep,
rich understanding of the breadth of algebraic thinking will enable
you to communicate its influence and scope to your students, show-
ing them how this kind of thinking permeates the mathematics that
they have encountered—and will continue to encounter—throughout
their school mathematics experiences.

The understanding of algebraic thinking that you gain from
this focused study thus supports the vision of Principles and
Standards for School Mathematics (NCTM 2000): “Imagine a class-
room, a school, or a school district where all students have access
to high-quality, engaging mathematics instruction” (p. 3). This
vision depends on classroom teachers who “are continually grow-
ing as professionals” (p. 3) and routinely engage their students in
meaningful experiences that help them learn mathematics with
understanding.

Why Algebraic Thinking?

Like the topics of all the volumes in NCTM'’s Essential
Understanding Series, algebraic thinking is a major area of school
mathematics that is crucial for students to learn but challenging
for teachers to teach. Students in grades 3-5 need opportunities

to think algebraically—that is, to generalize, express, and justify
relationships among quantities, as well as reason with generaliza-
tions expressed through a variety of representations, if they are

to succeed in their subsequent mathematics experiences. Learners
often struggle with aspects of algebraic thinking, not because they
are incapable of it, but because they need frequent experiences and
time to develop important thinking skills. For example, express-
ing the solution to an equation such as 37 X 18 = __ X 37 is im-
portant mathematical work, but so are recognizing and using the
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structure of the equation to reason about the solution in terms of
the commutative property of multiplication. Moreover, in tasks like
these, many students understand the equals sign only as a signal
to perform a computation, without understanding it as a sign of
the equivalence of two quantities. The importance of understand-
ing how computation can provide a context for algebraic thinking
and the challenge of understanding how learners generalize funda-
mental properties of operations and develop an understanding of
equivalence make it essential for teachers of grades 3-5 to under-
stand these particular aspects of algebraic thinking extremely well
themselves.

Your work as a teacher of mathematics in these grades calls
for a solid understanding of the mathematics that you—and your
school, your district, and your state curriculum—expect your stu-
dents to learn about algebraic thinking. Your work also requires you
to know how this mathematics relates to other mathematical ideas
that your students will encounter in the lesson at hand, the current
school year, and beyond. Rich mathematical understanding guides
teachers’ decisions in much of their work, such as choosing tasks
for a lesson, posing questions, selecting materials, ordering topics
and ideas over time, assessing the quality of students’ work, and de-
vising ways to challenge and support their thinking,.

Understanding Algebraic Thinking

Teachers teach mathematics because they want others to understand
it in ways that will contribute to success and satisfaction in school,
work, and life. Helping your students develop a robust and lasting
understanding of algebraic thinking requires that you understand
this mathematics deeply. But what does this mean?

It is easy to think that understanding an area of mathemat-
ics, such as algebraic thinking, means knowing certain facts, being
able to solve particular types of problems, and mastering relevant
vocabulary. For example, for the upper elementary grades, you are
expected to know such facts as, “The product of any whole number
and 1 is that whole number.” You are expected to be skillful in solv-
ing problems that involve equations with one unknown or in com-
puting with large numbers or numbers expressed in fractional or
decimal forms. Your mathematical vocabulary is assumed to include
such terms as additive identity, commutative property, equation,
Sfunction, and solution.

Obviously, facts, vocabulary, and techniques for solving certain
types of problems are not all that you are expected to know about
algebraic thinking. For example, in your ongoing work with stu-
dents, you have undoubtedly discovered that you need not only to
know common algorithms for addition, subtraction, multiplication,
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and division, but also to be able to understand, evaluate, and justify
strategies that your students create.

It is also easy to focus on a very long list of mathematical
ideas that all teachers of mathematics in grades 3-5 are expected
to know and teach about algebraic thinking. Curriculum developers
often devise and publish such lists. However important the indi-
vidual items might be, these lists cannot capture the essence of a
rich understanding of the topic. Understanding algebraic thinking
deeply requires you not only to know important mathematical ideas
but also to recognize how these ideas relate to one another. Your
understanding continues to grow with experience and as a result
of opportunities to embrace new ideas and find new connections
among familiar ones.

Furthermore, your understanding of algebraic thinking should
transcend the content intended for your students. Some of the dif-
ferences between what you need to know and what you expect
students to learn are easy to point out. For instance, your under-
standing of the topic should include a grasp of independent and
dependent variables and different types of functions—mathematics
that students will encounter later but do not yet understand.

Other differences between the understanding that you need to
have and the understanding that you expect your students to ac-
quire are less obvious, but your experiences in the classroom have
undoubtedly made you aware of them at some level. For example,
how many times have you been grateful to have an understanding
of algebraic thinking that enables you to recognize the merit in a
student’s unanticipated generalization or claim, such as, “When I
add two odd numbers, I always get an even number?” How many
other times have you wondered whether you could be missing such
an opportunity or failing to use it to full advantage because of a
gap in your knowledge?

As you have almost certainly discovered, knowing and being
able to do familiar mathematics are not enough when you're in the
classroom. You also need to be able to identify and justify or refute
novel claims. These claims and justifications might draw on ideas
or techniques that are beyond the mathematical experiences of your
students and current curricular expectations for them. For example,
you may need to be able to refute erroneous claims such as, “You
can’t subtract a larger number from a smaller number, so 5 - 8 has
to be 3.” Or you may need to explain to a student using fto repre-
sent the number of feet in the length of a field and y to represent
the number of yards in that length, why y = 3fis false, despite the
fact that people say, “1 yard is 3 feet.”
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Big Ideas and Essential Understandings

Thinking about the many particular ideas that are part of a rich
understanding of algebraic thinking can be an overwhelming task.
Articulating all of those mathematical ideas and their connections
would require many books. To choose which ideas to include in this
book, the authors considered a critical question: What is essential
for teachers of mathematics in grades 3-5 to know about algebraic
thinking to be effective in the classroom? To answer this question,
the authors drew on a variety of resources, including research on
mathematics learning and teaching, the expertise of colleagues in
mathematics and mathematics education, the reactions of reviewers
and professional development providers, ideas from curricular ma-
terials, and even personal experiences.

As a result, the mathematical content of this book focuses on
essential ideas for teachers about algebraic thinking. In particular,
chapter 1 is organized around five big ideas related to this impor-
tant area of mathematics. Each big idea is supported by smaller,
more specific mathematical ideas, which the book calls essential
understandings.

Benefits for Teaching, Learning, and
Assessing

Understanding algebraic thinking can help you implement the
Teaching Principle enunciated in Principles and Standards for
School Mathematics. This Principle sets a high standard for instruc-
tion: “Effective mathematics teaching requires understanding what
students know and need to learn and then challenging and support-
ing them to learn it well” (NCTM 2000, p. 16). As in teaching about
other critical topics in mathematics, teaching about algebraic think-
ing requires knowledge that goes “beyond what most teachers expe-
rience in standard preservice mathematics courses” (p. 17).

Chapter 1 comes into play at this point, offering an overview
of algebraic thinking that is intended to be more focused and com-
prehensive than many discussions of the topic that you are likely
to have encountered. This chapter enumerates, expands on, and
gives examples of the big ideas and essential understandings related
to algebraic thinking, with the goal of supplementing or reinforc-
ing your understanding. Thus, chapter 1 aims to prepare you to
implement the Teaching Principle fully as you provide the support
and challenge that your students need to develop robust algebraic
thinking.

Consolidating your understanding in this way also prepares
you to implement the Learning Principle outlined in Principles and
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Standards: “Students must learn mathematics with understanding,
actively building new knowledge from experience and prior knowl-
edge” (NCTM 2000, p. 20). To support your efforts to help your
students learn about algebraic thinking in this way, chapter 2 builds
on the understanding of algebraic thinking that chapter 1 com-
municates by pointing out specific ways in which the big ideas and
essential understandings connect with mathematics that students
typically encounter earlier or later in school. This chapter supports
the Learning Principle by emphasizing longitudinal connections in
students’ learning about algebraic thinking. For example, as their
mathematical experiences expand, students gradually develop an
understanding of connections between arithmetic and algebra and
become fluent in reasoning with generalizations about numbers and
operations.

The understanding that chapters 1 and 2 convey can strength-
en another critical area of teaching. Chapter 3 builds on the first
two chapters to show how an understanding of algebraic think-
ing can help you select and develop appropriate tasks, techniques,
and tools for assessing your students’ understanding of variables,
the equals sign, algebraic ideas embedded in arithmetic, functions,
equations, and inequalities. An ownership of the big ideas and es-
sential understandings related to algebraic thinking, reinforced by
an understanding of students’ past and future experiences with the
ideas, can help you ensure that your classroom practice reflects
the Process Standards and supports the learning of significant
mathematics.

Such assessment satisfies the first requirement of the
Assessment Principle set out in Principles and Standards:
“Assessment should support the learning of important mathemat-
ics and furnish useful information to both teachers and students”
(NCTM 2000, p. 22). An understanding of algebraic thinking can
also help you satisfy the second requirement of the Assessment
Principle, by enabling you to develop assessment tasks that give
you specific information about what your students are thinking
and what they understand. For example, a simple task such as
3+4=__ + 5 can reveal important information about children’s
understanding of equations and the use of symbols to represent
equivalent quantities. The student’s response to the question, “Is
3 +4=7+5 atrue equation?” can reveal much about how the
student understands the equals sign and equations, beyond the use
of familiar symbols to express computations.

Ready to Begin

This introduction has painted the background, preparing you for
the big ideas and associated essential understandings related to
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algebraic thinking that you will encounter and explore in chapter 1.
Reading the chapters in the order in which they appear can be a
very useful way to approach the book. Read chapter 1 in more than
one sitting, allowing time for reflection. Absorb the ideas—both big
ideas and essential understandings—related to algebraic thinking.
Appreciate the connections among these ideas. Carry your new-
found or reinforced understanding to chapter 2, which guides you
in seeing how the ideas in chapter 1 are connected to the mathe-
matics that your students have encountered earlier or will encounter
later in school. Then read about teaching, learning, and assessment
issues in chapter 3.

Alternatively, you may want to take a look at chapter 3 before
engaging with the mathematical ideas in chapters 1 and 2. Having
the challenges of teaching, learning, and assessment issues clearly
in mind, along with possible approaches to them, can give you a
different perspective on the material in the earlier chapters.

No matter how you read the book, let it serve as a tool to ex-
pand your understanding, application, and enjoyment of thinking
algebraically.
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Early Algebra:
The Big Ideas and Essential
Understandings

How would you answer the question, “What is the essential math-
ematics content that I need to know to prepare my students for suc-
cess in elementary grades and beyond?” Your first response might
not involve algebra. Yet, in recent years, we have come to view
algebra in the elementary grades as essential to helping young chil-
dren become mathematically successful in school in later years and,
ultimately, giving them access to a wide array of careers in technical
fields that are critical in the twenty-first century. Consider the ques-
tion in Reflect 1.1.

Reflect 1.1

How would you define algebra? Make a list of what you think might be its
essential components.

Historically, the general approach to teaching mathemat-
ics treated algebra as an isolated topic for high school, or perhaps
middle school. Elementary teachers did not teach it, and presum-
ably did not need to know it. But students’ difficulties and result-
ing high failure rates in typical high school algebra courses (Kaput
2008; Kilpatrick, Swafford, and Findell 2001), coupled with algebra’s
gatekeeping role in school mathematics, led to significant questions
about this traditional treatment of algebra. What emerged was the
argument that integrating algebra across prekindergarten through
grade 12 could provide the coherence and depth that were lack-
ing. Advocating this approach to algebra, Kilpatrick, Swafford, and
Findell (2001) explained:

The study of algebra need not begin with a formal course in the
subject. Recent research and development efforts have been
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encouraging. By focusing on ways to use the elementary and
middle school curriculum to support the development of alge-
braic reasoning, these efforts attempt to avoid the difficulties
many students now experience and to lay a better foundation
for secondary school mathematics. (p. 280)

In conjunction with this shift in perspective on algebra,
Principles and Standards for School Mathematics (National
Council for Teachers of Mathematics [NCTM] 2000) provided a
road map for a longitudinal approach to teaching and learn-
ing algebra. Curriculum Focal Points for Prekindergarten through
Grade 8 Mathematics: A Quest for Coherence (NCTM 2006) and the
Common Core State Standards for Mathematics (Common Core State
Standards Initiative 2010) more recently reiterated this approach by
connecting algebra to the critical ideas that young children need to
learn. As a result of these and other efforts, core ideas of algebra
have now become an essential part of the knowledge that elemen-
tary teachers need to teach mathematics.

Characterizing Early Algebra

What do we mean by algebra in the elementary grades, or early
algebra? How is it like—or different from—its counterpart in second-
ary grades?

Perhaps one of the most significant distinguishing features of
early algebra is that it does not resemble the type of algebra that
you are likely to have studied in a high school algebra course. It
does not focus on the transformational aspects of algebra—that is,
techniques or procedures for solving equations or simplifying ex-
pressions. Thus, although formal algebra has its historical roots “in
the study of general methods for solving equations” (NCTM 2000,
p. 37), early algebra brings a more eclectic perspective to the kinds
of activities that we might describe as algebra. As we will see, it
offers multiple points of entry that draw on arithmetic, functional
thinking, mathematical modeling, and quantitative reasoning
(Carraher and Schliemann 2007).

Broadly speaking, the heart of early algebra is in generalizing
mathematical ideas, representing and justifying generalizations in
multiple ways, and reasoning with generalizations (Kaput 2008).
Like algebra at any level, as described in NCTM’s Guiding Principles
for Mathematics Curriculum and Assessment (2009), early algebra
is a way to “explore, analyze, and represent mathematical concepts
and ideas ... and to generalize mathematical ideas and relationships,
which apply to a wide variety of mathematical and nonmathemati-
cal settings” (p. 4). For example, consider the setting in Reflect 1.2.

In answering the question posed in Reflect 1.2, you engaged
in a mathematical activity described as generalizing. In particular,
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Reflect 1.2

Chair and Leg Problem

Suppose that you have some chairs, and each chair has 4 legs. How would you
describe the relationship between the number of chairs and the corresponding

number of chair legs?

the task required you to identify a general relationship between

an unknown but varying number of chairs and the corresponding
number of chair legs. We might describe this relationship in a state-
ment such as, “The number of chair legs is four times the number
of chairs.” It is a general relationship because it characterizes how
these two quantities relate for any number of chairs. Generalizing
is the process by which we identify structure and relationships in
mathematical situations. As in the preceding example, it can refer
to identifying relationships between quantities that vary in relation
to each other. It can also mean lifting out and expressing arithmetic
structure in operations on the basis of repeated, regular observa-
tions of how these operations behave. For example, a child learning
to add whole numbers might notice that the order in which two
numbers are added does not matter—that is, the result of the com-
putation will be the same, regardless of the order. Depending on

the task and the types of numbers, the child might also form other
generalizations, such as, “Any time you add an even number and an
odd number, the result is an odd number.”

Moreover, generalizing is never distinct from the language
by which the result of this activity—a generalization—is expressed
or represented. Generalizations may be expressed in a number of
ways—through natural language, through algebraic notation using
letters as variables (discussed in detail in relation to Big Idea 3),
or even through tables and graphs. For example, the commutative
property of addition might be expressed in the statement, “You can
add two numbers in either order” or, more formally, asa + b = b + q,
where a and b represent any real numbers.

Note that in the Chair and Leg problem in Reflect 1.2, the rela-
tionship between the number of chairs and the number of chair legs
might be represented as “The number of chair legs is four times
the number of chairs.” It could also be expressed symbolically, as
I =4 X ¢, or simply as I = 4c, where ¢ represents the number of
chairs and [ represents the number of legs. It could also be repre-
sented in a function table or graph (see fig. 1.1).

In addition to generalizing and expressing generalizations,
early algebra involves extending one’s thinking beyond produc-
ing a generalization to reasoning with generalizations as objects
themselves. In this sense, algebraic thinking includes reasoning
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Fig. 1.1. A function table and graph representing the relationship
between the number of chairs and the number of chair legs

with structural forms without the need to call particular numbers
into play. For example, one child reasoned that a + b - b = a is true
because b - b = 0 and a + 0 = a (Carpenter, Franke, and Levi 2003).
In particular, rather than consider specific computations in the form
a+b-b=a(suchas3+7-7=3), she reasoned with the gener-
alizations b - b=0and a + 0 = a to argue that a + b - b = a was
true. One group of children reasoned that the sum of any three odd
numbers is odd by using generalizations that the children had previ-
ously established—namely, that the sum of any two odd numbers is
even and the sum of any even number and any odd number is odd
(Blanton and Kaput 2005). Their argument, “The sum would have
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to be odd because two odds make an even, and when you add odd
plus even, you get odd,” was not based on adding sums of three
specific odd numbers, but on reasoning with generalizations as
objects themselves.

Identifying Algebra Content for
Elementary Teachers

NCTM'’s Principles and Standards for School Mathematics (2000,
p- 37) identifies four organizing practices in its algebra strand
for prekindergarten through grade 12. All students should do the
following:

e Understand patterns, relations, and functions

e Represent and analyze mathematical situations and structures
using algebraic symbols

e Use mathematical models to represent and understand quan-
titative relationships

e Analyze change in various contexts

These principles help to detail what we mean by algebra and the
particular forms that it might take. Moreover, recent research (see,
for example, Kaput, Carraher, and Blanton [2008]) allows us to
be more ambitious in this book in defining particular content for
elementary teachers.

We have learned that children can think mathematically—
algebraically—in even more powerful ways than were envisioned
a decade ago. This understanding changes what elementary teach-
ers need to know. As a result, our goal in chapter 1 is to identify
essential algebra content that elementary teachers need to know,
on the basis of our current understanding of how young children
reason algebraically. Although some of the ideas discussed in this
chapter are those that we would expect children to understand, not
all of them are. Where appropriate, we make some of these distinc-
tions explicit. However, it is critical that elementary teachers have a
deeper knowledge of particular mathematical ideas so that they can
guide students’ thinking in appropriate ways and understand how
these ideas connect across grades outside their own grade band.

We emphasize that chapter 1 is about algebra content for el-
ementary teachers. We do not intend to develop ideas about how
children understand or might learn this content, nor how teachers
might teach it. Although we do address some of these ideas briefly
in chapters 2 and 3, we encourage you to explore the rich early al-
gebra research base for detailed classroom illustrations about teach-
ing and learning early algebra.

11
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The Big Ideas and Essential
Understandings

We do not intend for you to view the big ideas of chapter 1 as
mutually exclusive, although we have necessarily presented them
that way. Instead, they represent an effort to consolidate core alge-
bra ideas for teachers. The chapter organizes this core knowledge
around five big ideas related to different areas: (1) arithmetic as

a context for algebraic thinking; (2) equations; (3) variables; (4)
quantitative reasoning; and (5) functional thinking. In the remain-
der of this chapter, we look in more detail at the algebra in each of
these areas, and we close the chapter with a brief look at how the
big ideas are connected.

Each of the five big ideas that organize this chapter’s discus-
sion involves several smaller, more specific “essential understand-
ings.” The big ideas and all the associated understandings are iden-
tified as a group below to give you a quick overview and for your
convenience in referring back to them later. Read through them
now, but do not think that you must absorb them fully at this point.
The chapter will discuss each one in turn in detail.

Big Idea 1. Addition, subtraction, multiplication, and divi-
sion operate under the same properties in algebra as they do in
arithmetic.

Essential Understanding 1a. The fundamental properties of
number and operations govern how operations behave and
relate to one another.

Essential Understanding 1b. The fundamental properties are
essential to computation.

Essential Understanding 1c. The fundamental properties are
used more explicitly in some computation strategies than in
others.

Essential Understanding 1d. Simplifying algebraic expressions
entails decomposing quantities in insightful ways.

Essential Understanding 1e. Generalizations in arithmetic can
be derived from the fundamental properties.

Blg Idea 2. A mathematical statement that uses an equals sign
to show that two quantities are equivalent is called an equation.

Essential Understanding 2a. The equals sign is a symbol that
represents a relationship of equivalence.

Essential Understanding 2b. Equations can be reasoned about in
their entirety rather than as a series of computations to execute.
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Essential Understanding 2c. Equations can be used to represent
problem situations.

Blg Idea 3. variables are versatile tools that are used to describe
mathematical ideas in succinct ways.

Essential Understanding 3a. The meaning of variable can be
interpreted in many ways.

Essential Understanding 3b. A variable represents the measure or
amount of an object, not the object itself.

Essential Understanding 3c. The same variable used more than
once in the same equation must represent identical values in all
instances, but different variables may represent the same value.

Essential Understanding 3d. The same variable may play one or
more roles within a given application, problem, or situation.

Essential Understanding 3e. A variable may represent either a
discrete or a continuous quantity.

Blg Idea 4. Quantitative reasoning extends relationships be-
tween and among quantities to describe and generalize relationships
among these quantities.

Essential Understanding 4a. Two quantities can relate to each
other in one of three ways: (1) they can be equal, (2) one quan-
tity can be larger than the other, or (3) one quantity can be
smaller than the other.

Essential Understanding 4b. Known relationships between two
quantities can be used as a basis for describing relationships
with other quantities.

Blg Idea 5. Functional thinking includes generalizing relation-
ships between covarying quantities, expressing those relationships
in words, symbols, tables, or graphs, and reasoning with these vari-
ous representations to analyze function behavior.

Essential Understanding 5a. A function is a special mathemati-
cal relationship between two sets, where each element from one
set, called the domain, is related uniquely to an element of the
second set, called the co-domain.

Essential Understanding 5b. Functions can be viewed as tools
for expressing covariation between two quantities.

Essential Understanding 5c. In a functional relationship between
two covarying quantities, a variable is said to be either inde-
pendent or dependent and will represent either a discrete or a
continuous quantity.
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Essential Understanding 5d. In working with functions, several
important types of patterns or relationships might be observed
among quantities that vary in relation to each other: recursive
patterns, covariational relationships, and correspondence rules.

Essential Understanding 5e. Functions can be represented in a
variety of forms, including words, symbols, tables, and graphs.

Essential Understanding 5f. Different types of functions be-
have in fundamentally different ways, and analyzing change,
or variation, in function behavior is one way to capture this
difference.




