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ASNOWFLAKE PROJECT: 
CALCULATING, ANALYZING, AND OPTIMIZING 
WITH THE KOCH SNOWFLAKE

Although secondary mathematics and calculus stu-
dents are accustomed to calculating the perimeter
and area of triangles, this snowflake project
enables them to develop a greater understanding of
these familiar topics. In this activity, they calculate
the perimeter and area of the Koch snowflake, a
fractal generated by simple recursion of an equi-
lateral triangle. 

As described here, the project specifically address-
es several components of the Algebra and Communi-
cation Standards for grades 9–12 presented in
Principles and Standards for School Mathematics
(NCTM 2000), including doing mathematical model-
ing and using the language of mathematics to
express a recursive relationship. The project lends
itself to group work and can be used at a variety of
levels, from first-year algebra through calculus. The
complexity of the students’ work depends on their
familiarity with infinite series and can easily be
adjusted for less advanced students. Students who
have not formally explored infinite series can gen-
erate the perimeter and area of the snowflakes by
directly calculating them at each successive stage,
and students can use a table to compare relevant
quantities at successive stages. Younger students
may need some initial assistance to generate the
pattern for successive stages, but they can complete
the analysis by using a table. Students with a better
understanding of functions can generate discrete
functions to calculate the perimeter and area for
the nth stage and can rely on the graphs of these
functions to predict the long-term behavior of the
functions. Students who have studied convergence of
infinite series can determine the long-term behavior
of the functions by analyzing the convergence or
divergence of the respective infinite series. Students
who have access to graphing calculators and who
are familiar with the sequential mode can create a
table and a graph directly on their calculators.

THE ACTIVITY
The situation
Mandelbrot Design Company, a new business,
plans to produce decorative gold plates that will be

marketed as “Snowflake Curves.” Each plate begins
as a template in the shape of an equilateral triangle,
the sides of which are one foot long. In step 1 of the
construction, each side of the triangle is divided
into three equal parts. An equilateral triangle that
faces outward is constructed on the middle part of
each section. If the middle part of each original side
is deleted, the result is a six-pointed star. In step 2,
each side of the polygon that resulted from step 1 is
divided into three equal parts and an equilateral
triangle is constructed on the middle part of each
side. This process is repeated until the desired
number of steps has been completed, as shown in
figure 1. After the design has been determined and
the mold has been created, molten gold is poured
into the mold to form a plate.
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The assignment
Part I: As a consultant for Mandelbrot Design Com-
pany, you must analyze the profit level for plates at
each step. Because production costs reflect the
labor needed to cut the template, the cost of produc-
tion is directly proportional to the perimeter of the
plate. On an average, each plate costs $10 per foot
of perimeter to manufacture. In contrast, the sell-
ing price is based on the amount of gold used; the
plates are sold for $160 per square foot of area.
Write a memo to your supervisor explaining the
amount of profit from various types of plates. Your
memo should include a table of production costs
and revenue from sales of different plates, a graph
comparing production costs and revenue, and an
explanation of what happens to production costs
and revenue as the level of complexity of the plate,
that is, the steps in its construction, increases with-
out bound. In addition, explain the significance of
the company’s name.

Part II: Explain in detail how you arrived at the
mathematical solution to the problem. Include dia-
grams of the first three Koch snowflakes, the func-
tions used to generate the graphs of the production
costs and revenue, and any computations or rele-
vant information—for example, whether you used a
calculator or computer in solving the problem. 

ASSESSING THE PROJECTS
Assessing group work for an open-ended project can
sometimes be difficult. Limiting the group’s size to
two or three students, delineating clear expectations
for the group work, and relying on holistic scoring
criteria allow me to direct and assess group work
and to assign a numerical grade for the project. 

I give students the following guidelines for work-
ing on a group project in which all work is complet-
ed outside of class: 

• Plan your first group meeting as soon as possible.
Before your first meeting, carefully read the
problem and give it some thought. At the first
meeting, plan a method of attack; you may wish
to divide the labor among the members of the
group. Different members may perform different
tasks, or everyone may work on all the tasks. All
group members are expected to contribute to the
project and to understand all parts of the solution.
Regular group meetings to discuss the progress
of the solution are important.

• You may ask me for help, but you must have a
strategy and some concrete progress to discuss.
Meeting with me is probably a good idea even if
you think that the project is going well, because
doing so may help you avoid dead ends.

• When your group turns in its final product,
include an assessment of the relative contribu-

tions of yourself and the other members of your
group. These peer evaluations will be used to rate
each student’s participation as excellent, good,
adequate, poor, or unacceptable. Members of a
group do not necessarily receive the same rating.

• For a group to be successful, all members must
contribute their fair share to the project and
must attend all scheduled meetings.

Students may initially be uncomfortable with the
way that their work is assessed, especially if they
are unfamiliar with open-ended assignments that
must be completed independently. To alleviate this
concern, they can be given specific criteria for
assessment. Figure 2 outlines potential categories
and descriptors of levels of proficiency. If necessary,
the teacher can give more detailed descriptions of
each level of proficiency to convey expectations to
students; I assign points to reflect the relative
importance of each area and to reflect the overall
importance of the assignment.

SOLVING THE PROBLEM
The production costs for each snowflake are directly
proportional to the perimeter of the snowflake. An
equilateral triangle with one-foot-long sides has a
perimeter of three feet, or P0 = 3. Each of the twelve
sides of the stage-1 snowflake is one-third foot.
Therefore, the perimeter of the stage-1 snowflake is

Problem Mathematical Communication
Solving Accuracy of Ideas Organization Mechanics

Excellent Extensive No errors Exemplary Clear, No
analysis; systematic, violations
elegant organized; in grammar
solution appropriate or

transitions punctuation
Fluent Thorough Effective

analysis; 
efficient 
solution

Good General Some minor Proficient Understand- Some
analysis; errors able; some violations in
adequate transitions grammar or 
solution unclear punctuation

Fair Partial Acceptable
analysis; 
partial 
solution

Weak Minimal Numerous Inappropriate Disorganized; Errors
analysis; errors lacks interfere
attempts coherence with
solution communication

Not Little Inaccurate
accept- analysis; 
able no solution

Fig. 2
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12 • 1/3, or 4, feet, which is one-third larger than
the perimeter at stage 0: P1 = P0(4/3), or P1 = 3(4/3).
Likewise, the perimeter at stage 2 is one-third
larger than the perimeter at stage 1: P2 = P1(4/3),
or P2 = 3(4/3)2. This pattern continues, and each
successive perimeter is one-third larger than the
previous one. The generalized perimeter function is
Pn = 3(4/3)n. The first four stages of the snowflakes
are shown in figure 1. Since Pn forms a geometric
sequence with a ratio greater than 1, that is, r =
4/3, the perimeter, and hence the production costs,
of the snowflake diverge.

The revenue generated by each snowflake is
directly proportional to the area of the snowflake.
The stage-0 snowflake has an area A0 = ¡3/4 square
foot. The area of the stage-1 snowflake is the area
of the original triangle plus the areas of three
smaller triangles that are each one-ninth the area
of the original triangle. Therefore, 

A1 = A0 + ¡3 �1� (3),
4̀̀ 9

or 

A1 = ¡3 + ¡3 �1� (3).
4̀̀ 4̀̀ 9

At stage 2, twelve new triangles are added to the
stage-1 snowflake, and each new triangle has (1/9)2

of the area of the original triangle, that is, 

A2 = A1 + A0 �1�
2
(12).

9

Stage 2 can also be viewed as adding four times as
many new triangles as were added at stage 1, with
each of these new triangles having an area that is
one-ninth the area of the triangles added at stage 1,
or 

A2 = ¡3 + ¡3 �1� (3) + ¡3 �1�
2
(3)(4).

4̀̀ 4̀̀ 9 4̀̀ 9

This pattern continues, with each stage adding
four times as many new triangles and each new tri-
angle having an area that is one-ninth the area of
the triangles added at the previous stage. The
resulting generalized function, 

An = ¡3 + ¡3 �1� (3) + ¡3 �1�
2
(3)(4) + ¡3 �1�

3
(3)(4)2

4̀̀ 4̀̀ 9 4̀̀ 9 4̀̀ 9

+ . . . + ¡3 �1�
n
(3)(4)n–1,

4̀̀ 9

simplifies to 

An = ¡3 �1 + �1� (3) + �1�
2
(3)(4) + . . . + �1�

n
(3)(4)n–1�.4̀̀ 9 9 9

Further simplification yields a geometric sequence
with a ratio less than 1: 

An = ¡3 �1 + �1 + 1 �4� + 1 �4�
2

+ . . . + 1 �4�
n–1

�� .
4̀̀ 3 3 9 3 9 3 9

This result indicates that An converges, and the
sum can be calculated directly by using the formula 

asum =
1̀ –̀ r

,

where a = 1/3 and r = 4/9. Therefore, since 

1
¡3 3An =
4̀̀ �1 +

1 – 4�
9

= 2¡3 ,
`̀5̀`

a finite amount of revenue is generated by the pro-
duction of the snowflakes.

Figures 3 and 4 show portions of the work from
two groups. All groups were able to determine that
the production costs increased without bound and
that the revenue was bounded. Some groups relied
solely on the graphs to predict long-term behavior,
whereas others analyzed the convergence or diver-
gence of the geometric sequence. The most common
error was graphing production costs and revenue as
continuous functions rather than as discrete func-
tions. Each group determined the significance of the
company’s name: the snowflake is a fractal; fractal
geometry was introduced by mathematician Benoit
Mandelbrot (1924–). Several groups included such
graphics as a picture of Mandelbrot or examples of
other fractals in their papers. Peer evaluations
appeared honest; individuals indicated the contri-
butions of each group member and noted whether
one person contributed more than the others.

CONCLUSION
The final papers were creative, and students
enjoyed working in small groups on the open-ended
activity. The project not only involved demonstrat-
ing knowledge of specific mathematical content, but
it also involved communicating that knowledge
symbolically and through writing. Mathematical
content included calculating the perimeter and area
of successive stages of the snowflake; representing
production costs and revenue as generalized infi-
nite series; and analyzing the long-term behavior of
these quantities to optimize profits. The written
component required students to explain the solu-
tion and the methods used to obtain it. This activity
provided me with a valuable means of assessing the
depth of students’ understanding of the problem
and the solution.
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Fig. 3
Sample of student work
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Fig. 4
Sample of student work
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