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Fibonacci and
= Related Sequences

Richard A. Askey

IN A COURSE ON PROOFS THAT IS PRIMARILY FOR PRE- When I give it as a problem, most students use
service teachers, a number of problems deal with equation (1) in each term, getting

identities for Fibonacci numbers. We consider some 9

of these identities in this article, and we discuss (Frsa + Fyy) By + Fyg) = By + B

general strategies used to help discover, prove, and Although carrying through a proof with this

generalize these identities. start is possible, doing so takes a great deal of cal-
We start with a definition of Fibonacci numbers. culation. We also notice that this argument intro-

They satisfy duces F,_;, which we do not want. Making fewer

changes is usually better—we should be parsimo-
nious if possible. F,,.5 has to be removed, so we try
The next few Fibonacci numbers are Fy = 1, Fy = 2, using equation (1) just to replace F,,s:

F,=3, and F; = 5. We encourage readers to make a 9 9

list of Fibonacci numbers up to F, to use as a refer- FrgFra-Fia=Ft Fn+1)ﬁ2' n+l = IZ n+2
ence while reading this article. =FroFia+ Bl - Bl

(1) Fn+1=Fn+F_1,n=1,2,...,F0=0,F1=1.

We notice that The term F,?, is what we want. The other two
F,F,-F2=_1; terms can be combined to get
FSFI_F% =2-1=1; Frio(Fr = Frp) +Fn%1=Fnzl_Fn+2Fn'
F,F,-F3=3-4=-1; Thus

F-F,-F3=10-9=1.
o ! Fn+3Fn+1 _FnEZ = _[Fn+2Fn_Fn%1]

This result suggests that _ n+l
W =—[(-1)""]
e (2) Fn+2Fn - Fn%l = (_1)n+1. = (_1)n+2’
Should be One way to prove result (2) is by mathematical which completes the induction, since we have
parsimontous induction. Since FyFy — F% = -1, the statement is shown that an initial result is true for n = 0.
if possible true when n = 0. To complete the argument, we Some interesting curiosities are suggested by
need to show that if statement (2) is true for n, it is equation (2). For example, n = 5 gives
true for n + 1. What do we do with 13.5-8021
Fn+3Fn+1 _Fn?rZ?
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This result is the basis for an interesting geomet-
ric puzzle:

On a piece of graph paper, draw the following
figures. First, draw a square with vertices (0, 0),
(8,0), (0, 8), and (8, 8). Then connect the points
(0, 5) and (8, 5), (3, 0) and (5, 5), and (0, 8) and
(8, 5). Second, draw a rectangle with vertices at
(0,0), (13, 0), (0, 5), and (13, 5).

Now we rearrange the pieces of the square as
shown in the top part of figure 1. These pieces
seem to exactly cover both the square and the rec-
tangle. But the area of the rectangle is 65 and the
area of the square is 64. The seeming paradox is
resolved when we notice that the four points that
seem to be along the diagonal of the rectangle are
not collinear and that the two interior points are
not actually on the diagonal. Similar figures can be
drawn for each n. The larger n is, the smaller the
discrepancy is relative to the size of the square and
rectangle.

Fig. 1
A seeming paradox

A number of results are analogous to equation
(2). Instead of shifting by 1, we can shift by 2. A few
examples suggest that

(3) Fn+4Fn - Fn%2 = (_1)n+1'
We can use equation (1) on F,,4 to get
Fn+4Fn_FnEZ = (Fus +Fn+2)Fn_Fn%2
=F,sF, + FoF, _Fn%Z
= n+3Fn + Fn+2(_ n+1)
=F3F, — FoF,0.

Thus, equation (3) is true if and only if
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4) FosF, —FrpoFog = (_1)n+1‘

The following is a proof of statement (4):

Fn +3Fn _Fn+2Fn+1 = (Fn+2 + Fn+1)Fn _Fn+2Fn+1
= n+2Fn + Fn+1(Fn _Fn+2)
= n+2Fn _Fﬂ317

so statement (4) follows from statement (2).

In each of equations (2), (3), and (4), the subscripts
in each product add to the same number: 2n + 2
for (2), 2n + 4 for (3), and 2n + 3 for (4). We can use
that result to suggest other identities. However,
rather than trying to do so now, we start over with
a different way of looking at equation (1), which
leads to equations (2), (4), and more.

Matrices can be used to encode the information
in equation (1). One way to do so is as

Dl IIEFHD DF+1+FD D ZDD
Dl 0 K O D Fiy D D Fi, 0
This equation can be iterated to give

Dl 1E[L DFT‘_LJD DFMM 0
DlODD F O DF,HJ D’
Next, we use (6) for two columns to get

1 100F,, F,0 OF,,.,; F,,0
o og  h o™ Mg
(1 o0 F FOD UF,; F, O

The determinant of the product of square matrices
of the same size is the product of the determinants,
s0 equation (7) implies that

8 D"0-F)=(- 1)”+1F =FyjuF, - FiF.
When j = 1, the rightmost equation is (2); and when
Jj=2,itis (4).

A further generalization of equation (8) exists. I

was not able to prove it by using matrices, but I was
able to prove it by a completely different method. It is

®  FujuF-FuiFu= (D™ EF,

(5)
(6)

(M

I encourage readers to establish this result (or to
give it to students as a problem), perhaps by induc-
tion. A note giving the details would be a nice con-
tribution to “Delving Deeper.”

There are many other identities for Fibonacci
numbers. One that is easy to derive is

(10) Fn+1 F?L=(FTL+1_FTL)(FYL+1+F7L)
= (Fy1)(Foyg).

If we compute the sum of the squares rather
than the difference, a surprise emerges:
n Fnzl + F72L
0 1
1 2
2
3

5
13

The
subscripts
in each

product add

to the same
number
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The second column contains Fibonacci numbers,
but only half of them. These data suggest that

(11) Fl +F; = Fyp.

This outcome can be proved using the still-
unproved result (9) in two different ways. The easi-
er way is to consider

2 _ 2
F2n+1_Fn+1 —F2n+1F1_Fn+1'

We next make some substitutions in result (9).
We first replace n by 1 and then replace j and % by n.
The result is

F2n+1F1 _Fn?rl =Fr21
Hence,
F2n+1_Fn?rl =FZL
and
Fyu=Fi+F}.

A more interesting way to prove equation (11)
starts with the left-hand side. We first need to
extend the definition of Fibonacci numbers to nega-
tive values of n.

One way to do so is to force definition (1) to work
for negative values of n. For example, if we require
equation (1), that is,

Fn+1:Fn+Fn_1,n:1,2,...,F0:0,F1:1,

forn=0,weget Fi=Fy+F;,or1=0+F;, mak-
ing F; = 1. Then applying equation (1) to n = -1, we
have Fy=F ;+ Fg,0or0=1+F,, sothat Fy=-1.
Next, we let n =-2, and we get F_; = F_o + F.5, or
1=-1+F3, so that F 3 = 2. If we keep working
down in this way, defining F, by

(12) F,=D)"™F, n=0,1,...

seems to extend equation (1) to all negative inte-
gers. This result is valid, and it can be proved by
induction.

Using (12) as a definition, we have

B+ Fi= D' FFq + CD™EE,
= (1" (B, F, - Fyi Py,

Then we use result (9) whenj=1andk=-2n-1
to get

Fn%l + F;% = (-1 (_1)n+1FIF—2n—1

We used result (9) when £ < 0. Readers should veri-
fy that this use is valid.

Lucas numbers were mentioned in the title of
this article, but we have not yet introduced them.
Lucas numbers are related to Fibonacci numbers.
They are denoted by L,, and they satisfy

(13) Lyy=L,+L,,n=12...,
L0=27
L1=1.

Everything that we have done has analogues for
Lucas numbers, and five results analogous to (9)
involve Lucas numbers and Fibonacci numbers.
They will be discussed in a future article, but
readers might try to figure out what they are and
how to prove them. As a hint, one extension of
expression (2) involves

Ln+2Ln - 5Fn%1-

EDITORS’ NOTE

The whole topic of Fibonacci numbers is full of
interesting facts and identities that have fascinated
people for centuries. Richard Askey has provided
us with a glimpse of some of these beautiful facts
and, more important, with a collection of strategies
for discovering and proving some of them. He
promises further articles on this topic that will
make connections with trigonometry, complex
numbers, and more. And we invite other readers to
write up their own Fibonacci investigations for
publication in “Delving Deeper.” In addition to the
topics suggested in Askey’s article, here are some
others to think about:

 The Fibonacci numbers are integers, so we can
investigate arithmetic properties. For example,
what can we say about the greatest common divi-
sor of two Fibonacci numbers?

¢ Askey defines the Fibonacci numbers recursively.
Is there a closed form that produces them?

« Do any connections exist between Fibonacci
numbers and other topics that have been dis-
cussed in “Delving Deeper”? Pythagorean
triples? Pascal’s triangle?

Another question is raised by a statement in
Askey’s article: “The determinant of the product of
square matrices of the same size is the product of the
determinants.” An article that delves into this fact
could be interesting.

References about Fibonacci numbers abound.
Some good ones are the following:

Koshy, Thomas. Fibonacci and Lucas Numbers with
Applications. New York: Wiley, 2001.

Vajda, Steven. Fibonacci and Lucas Numbers and the
Golden Section, New York: Wiley, 1989.

Vorobev, N. N. Fibonacci Numbers. New York:
Blaisdell, 1961.

The June 2003 issue of Mathematics Magazine
has three interesting articles about Fibonacci num-
bers, and the book Concrete Mathematics by Donald
Knuth (Addison Wesley, 1989) has an extensive
chapter on Fibonacci numbers. Once again, we
invite readers to send us their favorite Fibonacci
references. The following is an abbreviated bibliog-
raphy of materials that have appeared in the
Mathematics Teacher.
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Share Your Activities

Do you have an idea for a mathematics activity that could interest young mathe-
matics students? Is it within the reach of bright fifth graders? Can it be extended
to challenge sophomores or juniors in high school?

The Editorial Panel of Student Math Notes is seeking manuscripts to include in
future issues. Please share your ideas with the audience of Student Math Notes.
We know that mathematics students respond to these interesting and challenging

What should you do? Put your ideas on paper, and send them to NCTM, where
they will be directed to the Editorial Panel of Student Math Notes. The panel consid-
ers all manuscripts received. If a manuscript has good potential, the panel puts it
in final form. You will not have to do any rewriting; the panel takes your idea and
develops it into a publishable article, but you get the credit.

Send your ideas or articles to NCTM, Student Math Notes, 1906 Association
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