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Transformations on Data
Sets and Their Effects on

Descriptive Statistics

he development of concepts in statistics and

functions is an important part of the school

mathematics curriculum. Also important is
the formulation and verification of mathematical
conjectures (National Council of Teachers of Math-
ematics 2000). This activity asks students to exam-
ine the effects on the descriptive statistics of a data
set that has undergone either a translation or a
scale change. They make conjectures relative to the
effects on the statistics of a transformation on a
data set. Students then defend their conjectures and
deductively verify several of them.

The activity centers on important content in the
statistics curriculum, an often-neglected topic in
school mathematics, and helps make an often under-
used connection between mathematics and statistics.
Statistics, such as the mean, median, and variance,
are all functions. One can perform transformations
on them as on any function, and they behave as do
other functions. This activity can help reinforce the
notion of basic descriptive statistics as functions and
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can help make this important connection between
functions in general and statistical functions.

The first time I taught this concept I was some-
what disappointed with the results. It was not that
the topic was not important or that the majority of
my high school students did not learn the material.
My dissatisfaction came from the lack of student
engagement as a result of the largely teacher-cen-
tered manner in which I taught the subject. This
experience led me to rethink my teaching and to
construct this activity. When I used the revised ac-
tivity, my students’ level of engagement increased,
and I was pleasantly surprised with what my stu-
dents could learn more independently.

TEACHER'S GUIDE
This activity is accessible to students who have stud-
ied basic descriptive statistics. Developing skill in
calculating descriptive statistics using paper and pen-
cil is not a goal here. If students have not previously
studied transformations, this activity may serve as a
context to help introduce the topic to them. Those
students who have studied the effects of transforma-
tions on functions can particularly profit from it.
The materials required to complete this lesson
are minimal and include a metric tape measure
(about 3 to 4 meters long) and some sort of spread-
sheet technology. Basic familiarity with either a
spreadsheet or a graphing calculator with a statis-
tics editor is very helpful. Technology use in this
activity frees students from the tedious calculations
that would accompany the study of this topic if
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technology were not used. For the various opera-
tions on the graphing calculator required by this ac-
tivity, the teacher may choose to model the appro-
priate keystrokes, depending on students’
experience. I use the T1-83 throughout the article.

Students begin the activity by forming groups of
approximately four. Each group receives a copy of
the activity sheets and a tape measure.

Each student collects data for the different vari-
ables (height, wrist circumference, neck circumfer-
ence, and arm length), shares them with the other
group members, and records the data in the appro-
priate column in the chart on sheet 1.

Each student is responsible for entering the groups’
data for one of the variables into the first column of
his or her calculator’s statistics editor. Students use
the calculator to find descriptive statistics for their
variable and then place them in the appropriate col-
umn in the table on sheet 1. Student answers here
will vary. Since the calculator may not be able to find
all of the necessary statistics, the mode, IQR, and vari-
ance may need to be computed by hand. However, the
standard deviation, first and third quartiles, and the
maximum and minimum are typically supplied by the
calculator, which simplifies this task.

At this point in the lesson, I like to have my
class as a whole examine more generally the idea of
translating data sets and connect this idea to a con-
crete example. This is also an ideal time to intro-
duce the notion of descriptive statistics as a multi-
variate function. I begin by considering the idea of
the mean as a multivariate function
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and by reviewing the general notion of a transla-
tion of a function. See figure 1.

We also review the relationship between the
graph of y = f(x - 1) relative to the graph of y = f(x).
After affirming the graph of f(x — &) is & units to the
right of f(x), I ask students to use their understand-
ing of translations of functions and of the meaning
of the various statistical functions to make predic-
tions regarding how different statistical functions
would behave under a translation. Students record
these predictions in the table at the top of sheet 2.

Continuing our class discussion, students con-
sider the following scenario:

Suppose we are translating the data points in a
data set by adding the constant 2 onto each of the
data points. Based on our discussion of transla-
tions of functions, how far (or how many units)
might you expect the average function to map
this translated set? Would this shift be to the left
or to the right? Answer: 2 units to the right.

The average function maps all the data points onto one number—its
arithmetic average. A translation of a set of data A ={x,, x,, x,, . . . , X,
is a transformation that maps each x; to x+ k, where % is a nonzero
constant. T'is a translation if and only if T: X — X+ h or T(X) = X + h.
When translated by a factor of z, set A looks like {x,+ i, x,+h, x,+ 4, . . .,
x,+ h}. The number 4 is called the translation factor and the value X +
h is called the image of X. A translation of the average function on the

set {x,, X,, Xs, . . ., X,} looks like this:

avg(x, + h, x,+ b, x,+ h,x,+ h, ..., x + h)
(e )+ G+ W)+ (x, + 1)+ (x, + B+ + (o, + 1)

n

The same translation applied to the range function
range (xb Xy X3y Xygy X5y « v vy xn) = MAX(XI) - MIN(xl)

would be

range (x, +h, X, + 1, Xg+ 1, X, + 1, X+, ..., x,+ 1)

= MAX(x, + h) - MIN(x, + )

Fig. 1 Translation of a function
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Fig. 2 TI-83 view screen set up to correctly translate a set
of height data

I then ask the students to consider a similar sce-
nario in which they add the constant of -0.5 onto
each set. In this instance, the shift would be 0.5
units to the left.

After considering these scenarios, students use
their calculators to translate the data sets they col-
lected. Students do not need to translate each data
point in their data set, since their statistics editor/
spreadsheet can be programmed to do this task. The
view screen should look something like the one
shown in figure 2. An example of a translated
height data set can be found in figure 3.

Using their graphing calculators, students then cal-
culate the descriptive statistics of the translated data
set. Student answers here will vary, depending on the
data collected. Once students find the descriptive sta-
tistics for their data sets, they share the information
with their group and log the data in the appropriate
column in the chart at the bottom of sheet 1.
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Fig. 3 An example of a set of height data that has been
translated

By inspecting their table at the bottom of sheet 1,
students can compare their descriptive statistics for
each of the variables for their original data set with
those for the corresponding translated data set, look
for patterns, and formulate conjectures regarding
what happens in general for each of the descriptive
statistics when the data set is translated. Students
note their conjectures in the appropriate chart at the
bottom of sheet 2. They should find that the mean,
median, mode, Q,, and Q, are shifted by 8 units,
while the measures of variation are unaffected.
These effects are summarized in table 1.

Students can test some of the conjectures by
constructing on their calculator a box plot of their
data for their original data set and for their trans-
lated data set for each of their variables. Using
these box plots, students test their conjectures and
reformulate them, if necessary, for the median, first
and third quartile, IQR, and range. If students have
trouble verifying their conjectures pictorially using
the box plots, the teacher might encourage them to
use the TRACE feature of their calculator to find
important values on the box plot. Figure 4 shows
an example of box plots for a set of height data
(original and translated data sets).

TABLE 1

Effects on Descriptive Statistics of a Translation or Scale Change on
a Data Set
Translation of Scale Change by

h Units Factor of A
Mean shifted by & A - (Mean)
1st Quartile shifted by & A « (1st Quartile)
Median shifted by & A - (Median)
3rd Quartile shifted by & A - (3rd Quartile)
Mode shifted by & A + (Mode)
Variance none A?* . (Variance)
Standard Deviation none |A] - (Stand. Dev.)
Range none |A| - (Range)
IOR none |A| - (IQR)
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At this point in the activity, students share their
conjectures with the whole class, helping students
further test the conjectures by examining what
other groups have found. If different groups have
constructed different conjectures, which does not
usually happen in this portion of the activity, the
whole class can examine the statistics of a few par-
ticular data sets gathered by the students until
progress toward a consensus is made.

To conclude this portion of the activity, I ask
students to compare their initial predictions (found
in the table at the top of sheet 2) to their final con-
jectures for each of the descriptive statistics (found
in the table at the bottom of sheet 2). As a class, we
discuss why students think that they differed.

Some students may be confused that the addi-
tion of  to x for a function causes in general a left
shift by &, yet the mean and median are shifted to
the right by %. To help students understand that
this really is not a contradiction, teachers can ask
students to investigate the behavior of the line y = x
under similar circumstances. For example, they can
ask students to graph on their calculators f(x) = x
and then f(x + 2) = x + 2. Students discover that the
graph of y = x is shifted 2 units to the left to pro-
duce the graph of f(x +2), as would be expected.
However, the y values of f(x+2) are 2 units higher
relative to that of f(x). Thus the resulting graph is
a translation of f(x) up by 2. Other values of &
yield similar results. For this same reason the
mean and the median are increased by #; there is
no contradiction.

The next part of the activity examines the effects
on descriptive statistics of a data set after a scale
change has been performed on it. Transforming the
data sets from metric to English system units serves
as the context.

To begin this portion of the activity, I introduce
the idea of a scale change by comparing scale
changes and translations and by introducing a scale
change with a scale factor of m = 100 on a small
data set, {1.8 m, 1.75 m, 1.85 m}, in which the

Fig. 4 An example of box plots for a set of height data-
original (above) and translated (below) data sets



A scale change of a data set A = {x,, Xy, X5, . . .,
x,} is a transformation that maps each x, to mx;,
where m is some nonzero constant. S is a scale
change if and only if S : X — mX or S(X) = mX.
S(A) = {mx,, mx,, mx,, . . ., mx,}. The number
m is called the scale factor of the scale change, and
the value mX is called the image of X. Applying
such a scale change to the average function,
results in

avg(mx,, mx,, mx,, mx,, ..., mx,)

mx, +mx, +mx, +mx, +---+ mx J
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Fig. 7 TI-83 view screen containing a set of scale-changed
height data

Fig. 5 A scale change of a data set
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Fig. 6 TI-83 view screen set up to correctly scale change
a set of height data

units of the data points are converted from meters
to centimeters: {180 cm, 175 cm, 185 cm}. I then
connect these examples to the more general idea of
a scale change on a data set. See figure 5.
Students consider another example of scale
changes on a data set, tying in some of the scale
change notation and vocabulary just discussed.

Suppose that you wanted to perform a scale
change on a set of height data {1.8 m, 1.75m,
1.85m}. The scale change on this set would be
S: X — 1000X or S(X) = 1000X. The image of
the original data set under this scale change
would be {1800, 1750, 1850}. What would the
units of measure for the transformed data be?
[Answer: millimeters]

After this example, I ask students to use their un-
derstanding of scale changes on functions and of the
meaning of the various statistical functions to make
predictions regarding how different statistical func-
tions behave under a scale change. These predictions
should be recorded in the table at the top of sheet 3.
Students should then discover the scale factor from
centimeters to inches that will be used in this activity
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Fig. 8 An example of box plots for a set of scale changed
height data-original (metric) and scale-changed (English
system) data sets

by making conversions of several measurements from
centimeters to inches and by looking for a pattern.

Once the scale factor for conversion from cen-
timeter to inches has been discovered, students per-
form this scale change on their original data set.
They can use the statistics editor to perform this
scale change in a manner similar to the translation
portion of the activity. An example of a TI-83 view
screen set up to scale change a set of height data
correctly can be found in figure 6. After students
perform the scale change, their display looks some-
thing like the one shown in figure 7.

Students are now ready to calculate descriptive
statistics for their data sets in English system units.
This calculation is done as on sheet 2. Students

Vol. 99, No. 3 + October 2005 | MATHEMATICS TEACHER

21



then share their results with their group and place
them in the correct column in the chart found on
sheet 1. Student answers will vary.

At this point in the activity, students formulate
their conjectures about the effects of the scale change
on the descriptive statistics. Students should be careful
to compare the statistics for their original and scale
changed data sets (and not the translated data sets) and
record their conjectures in the chart on the bottom of
sheet 3. Correct answers can be found in table 1.

To test some of their conjectures, students use
their calculators to construct box plots of their data for
their original data set and for their scale-changed data
set for several of the variables. Using these box plots,
students test and reformulate, if necessary, their scale
change conjectures for the median, first and third
quartile, IQR, and range. An example of box plots for
a set of height data can be found in figure 8.

Once the box plots are completed, a whole-group
discussion of students’ conjectures can take place. This
discussion may give students cause to question some of
their conjectures. The class may even reach consensus
on a few conjectures that are “close” but not entirely
accurate. This consensus is especially true for the dif-
ferent measures of dispersion. Sheet 4 is designed to
challenge students’ potentially inaccurate conjectures
and gives them an opportunity to reformulate any in-
correct conjectures they may have formulated. Teach-
ers can ask students to complete this portion of sheet 4
and then discuss the questions as a group.

To conclude this portion of the activity, students
compare their initial predictions (found in the table
at the top of sheet 3) to their final conjectures for
each of the descriptive statistics (found the table at
the bottom of sheet 3). As a class, we discuss briefly
why students think their final conjectures and ini-
tial predictions differed. Students then verify their
conjectures.

Complete proofs are shown in the appendix.

FOLLOW-UP ACTIVITIES

Up to this point in the activity students have only
informally discussed their conjectures. Students
who show appropriate readiness at this point can
more formally verify their conjectures for the aver-
age function for both the translation and scale
change. The arguments involving the mean are
largely algebraic in nature, involving factoring, and
should be accessible to most students who have suc-
cessfully completed first year algebra.

SOLUTIONS

Sheets 1 and 2

Student answers will vary according to data col-
lected. The correct answers for the effects on the
descriptive statistics on a translated data set can be
found in table 1.
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Sheet 3
1. —1 =0.394
2.54

2. and 5. Student conjectures may vary. See table
1 for correct responses.

Sheet 4

1. Examples of box plots for a set of height data
(original and scale changed data sets) can be found
in figure 8.

2. Yes, because they are all measures of central
tendency. When the same number is added to

each data point, the middle of the data set, the most
common data point, and the average will all be
increased by the same amount.

3. Yes, because they are all measures of dispersion
of the data set. A translated data set is no more
disperse than the original data set.
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APPENDIX: COMPLETE PROOFS

Proof of average under a translation

Let {x,, x,, X, . . ., X, } be a data set subject to a
translation, which is translated by & units. The
average (avg) of the original data set is:

X X, F XN, X

avg(x,, X,, X, X, ..., X ) =
n
=X
The average of the translated data set is:
avg(x, +h, x, +h, X, +h, x, +h, ..., x +h)

e R+ (o) + (o, + )+ (x, + 1) + o+ (x, + 1)

n
X, +x,+x, +x, +t X +nh

n
_ B XXX bt X,
n

=x+h

Proof of average under a scale change

Let {x,, x,, X, . . ., X, } be a data set subject to a
scale change, with a scale factor of m. The average
of the original data set is

X X, X X, X

) =

=X

avg(x,, X,, X, X, ..., X,

n



The average of the scale-changed data set is

avg(mx,, mx,, mx,, mx,, ..., mx,)

[WLX+WZX + mx,+ mx, +---+ mx J
_ 1 2 3 4 n
n

o[ xtxxtt x
=m

n
=mx,

which is what we needed to prove. o0

Activity sheets follow.
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Descriptive Statistics and Sheet 1
Translations and Scale Changes

Data Collection

1. Collect the following data from each member in your group: height, circumference of wrist,
circumference of neck, and arm span (from fingertip to fingertip). Enter the data (in centimeters)
into this chart for these four variables:

Height Wrist Neck Arm
(cm) (cm) (cm) (cm)

Names

2. Calculate the statistics for each of these four variables: height, wrist circumference, neck circumfer-
ence, and arm length. Place your results in the column marked “Original.”

Height Wrist Neck Arm
Original |Translated| Scaled | Original |Translated| Scaled | Original |Translated| Scaled | Original | Translated | Scaled

Mean

Median

Mode

Variance

Standard
Deviation

Range

1st
Quartile

3rd
Quartile

IOR
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Descriptive Statistics and

Sheet 2

Translations and Scale Changes

Translations

Suppose that in a five-year period each group member’s height increases by 8 cm, their wrist circumference
increases by 1 cm, their neck circumference increases by 2 cm, and their arm span increases by 4 cm.

1.

If you add a constant % to each data point (a translation), what hap-
pens to the descriptive statistics on that data set? Predict what effect
such a translation will have on the descriptive statistics and enter

your predictions in the space provided in the top chart on this sheet.

. Translate your data set by adding the appropriate constant and recal-

culate the same descriptive statistics as you did for your original data
set. The calculator/spreadsheet can help you do the calculations. Share
your results with those in your group, and enter them into the appro-
priate “translated” columns in the chart at the bottom of sheet 1.

. Compare the statistics in the “translated” column with those of the

data set in the “original” column for each of the four variables. What
do you see happening? Are they the same? Are they changed? If so,
how are they changed? Is the change related to the number you
added to each piece of data? Conjecture what would happen in gen-
eral for each of these statistics when the data set is translated. Sum-
marize your conjectures in the bottom chart on this sheet.

. Construct a box plot for your assigned data variable for both the

original data set and the translated data set. Compare the two box
plots. Use the TRACE feature of your calculator to locate values on
your box plot.

Do your box plots confirm your conjectures in question 4 regard-
ing the median?

the first and third quartiles?

the IQR?

the range?

Share this with the others in your group. Re-examine and re-
formulate any conjectures that do not agree and place any new
conjectures in the chart.
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Mean

Median

Mode

Variance

Standard
Deviation

Range

1st
Quartile

3rd
Quartile

IOR

Mean

Median

Mode

Variance

Standard
Deviation

Range

1st
Quartile

3rd
Quartile

IOR




Descriptive Statistics and

Translations and Scale Changes

Scale Changes

Suppose we want to make unit conversions on our original data, converting our height, arm span,

neck circumference, and wrist circumference from centimeters to inches.

1.

Convert several measurements in centimeters to inches. Compare the measurements and look for a
pattern. Each measurement in inches is what multiple of the corresponding measurement in cen-
This number will be our scale factor for the data that we collected and placed

timeters?
on sheet 1.

. Predict what effect a scale change on a data set will have on the fol-

lowing descriptive statistics. Place your predictions in the top chart.

. Your graphing calculator can perform this scale change on your

original data set. Place the scale-changed data set in the third col-
umn of your statistics editor/spreadsheet.

. Calculate the same descriptive statistics for your scale changed

data set. Share your statistics with your group and enter them
into the “scaled” column for each of the variables in the chart at
the bottom of sheet 1.

. Compare the statistics in the “scaled” column with those of the

data set in the “original” column for each of the four variables.
What do you see happening? Are they the same? Are they
changed? If so, how are they changed? Is the change related to
the number by which you multiplied each piece of data? Conjec-
ture what would happen in general for each of these statistics
when the data set undergoes a scale change. Summarize your
conjectures in the bottom chart.

If you multiply each data point in a set by a factor m, what happens
to the statistics in the table?
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Mean

Median

Mode

Variance

Standard
Deviation

Range

1st
Quartile

3rd
Quartile

IOR

Mean

Median

Mode

Variance

Standard
Deviation

Range

Ist
Quartile

3rd
Quartile

IQR

Sheet 3




Descriptive Statistics and Sheet 4
Translations and Scale Changes

1. Construct a box plot for your assigned data variable for both the original data set and the scale
changed data set. Compare the two box plots. Use the TRACE feature of you calculator to locate
values on your box plot.

Do your box plots confirm your conjectures with regard to the median?

the first and third quartiles?

the IQR?

the range?

Share this with the others in your group. Re-examine and re-formulate any conjectures that do not
agree and place any new conjectures in the second chart on sheet 2.
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