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pPicture a fifth-grade classroom where 
students are learning about frac-
tions. Fraction circles are being used 
to introduce the topic and build on 
the basic concepts. Near the end of 
the fraction unit, the teacher asks his 
students to compare the relative sizes 
of 3/7 and 7/8. All but three of his 
students reach for their fraction circles 
instead of reasoning about the rela-
tionships between the two fractions.
The teacher had expected many stu-
dents to compare the given fractions 
to the benchmark measurement of 
1/2, recognizing that 3/7 is less than 
1/2 and 7/8 is greater than 1/2. 

The teacher had the same uneasy 
feeling as occurs when students reach 
for a calculator to complete a simple 
calculation. He was concerned that 
his students’ use of fraction circles was 
not helping them internalize frac-
tion concepts in the way that he had 
intended. This concern resonates with 
research on learning and teaching 
fractions. 

Researchers caution against using 
models in a rote way that does not 
develop students’ understanding of 
the mathematical ideas underlying the 
models (Clements 2000). Rote use of 
fraction circles could explain why the 
students needed the tool to compare 
3/7 and 7/8 instead of using under-

standing derived from the models, as 
the teacher had intended. Behr, Post, 
and Lesh (1981) concluded from their 
studies that students need to inter-
act with multiple models that differ 
in perceptual features, which causes 
them to rethink and ultimately gener-
alize the mathematical concepts being 
investigated with the models. 

BUILDING CONCEPTS WITH 
MULTIPLE MODELS
Evidence abounds that students’ 
learning of skills, concepts, and 
principles are assisted through the 
instructional use of manipulatives as 
well as pictorial models that vary in 
their features (Fennema 1972; Kieren 
1969; and Suydam and Higgins 1977, 
cited in Behr, Lesh, Post, and Silver 
1983). However, the use of models in 
the classroom should be a means to 
understanding mathematics—not the 
end. Research by Fosnot and Dolk 
(2002) describes how mathematicians 
use models as mental maps stored in 
their heads as they solve problems or 
explore relationships. 

Although mathematicians can rou-
tinely recall their mental models, stu-
dents are in the midst of developing 
both their mental models and their 
understanding of the concepts. There-
fore, many students will need multiple 
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experiences in which they physically 
construct models or use manipula-
tives, either commercially prepared or 
teacher-made, as they solve problems, 
represent concepts, and ultimately 
make sense of these ideas. 

A recent study by the Vermont 
Mathematics Partnership Ongoing 
Assessment Project (VMP OGAP) 
(2005) revealed the value of empha-

sizing the use of multiple models, 
including student-drawn models, 
to solve problems. The data col-
lected from a sample of fourth-grade 
students revealed that the percent 
of students who were able to effec-
tively solve fraction problems using 
student-generated models increased 
from 23 percent to 80 percent from 
preassessment to postassessment. 

Karen’s responses to both assessments 
are shown in figure 1. The use of a 
number line to make sense of the rela-
tive magnitude of 7/10 is illustrated 
in this fourth grader’s postassessment 
response. 

Over time, if students are allowed 
to interact with models whose percep-
tual attributes vary as well as construct 
their own models to solve problems, 
their mental images of, and under-
standings derived from, the models will 
be sufficient to solve problems. Mike’s 
solution in figure 2 illustrates this 
point. His reasoning about the relative 
size of “pieces” and his extension of his 
understanding of unit fractions (1/7 
and 1/5) to comparing fractions with 
the same numerator (3/7 and 3/5) was 
most likely derived from models. 

Figure 3 illustrates a trajectory (i.e., 
learning sequence) represented in the 
OGAP Fraction Framework (2008, 
2009). When students are guided by 

Linda hiked 3/7 of the way up Mt. Mansfield. Jen hiked 3/5 of the way up 
Mt. Mansfield. Who hiked the farthest?

Source: Petit, Laird, and Marsden 2010

Fig. 2 Mike’s solution shows evidence of reasoning that is based on knowledge of the 
size of the pieces.

Preassessment 	 Postassessment

    
Source: VMAP OGAP 2007

Fig. 1 Karen’s preassessment and postassessment responses show that the use of a 
number line helped her solve the problem.

Strands That Interweave 
to Form a Foundation
The National Research Council 
panel identified five interwoven 
strands that are foundational for 
students as they develop their un-
derstanding of concepts and learn 
to flexibly and efficiently solve 
problems (NRC 2001):

1. Conceptual understanding;
2. Procedural fluency;
3. Productive disposition;
4. Adaptive reasoning; and 
5. Strategic competence.
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knowledgeable teachers, they learn to 
use models to develop understandings 
that will help them transition from 
nonfractional understanding to efficient 
and generalizable strategies. Notice 
that Karen’s accurate use of a number 
line (see fig. 1) in her postassessment 
response showed growth from her 
preassessment. However, Mike’s use 
of unit fractions to compare 3/7 to 3/5 
demonstrates a more developed level of 
understanding. At this level of under-
standing, students can demonstrate 
their ability to choose among effective 
strategies as they compare fractions, 
such as with the use of benchmarks, 
unit fractions, equivalence, common 
denominators, and algorithms. This 
idea of helping students move along a 
trajectory that values development of 
conceptual understanding with a goal 
of attaining procedural fluency is sup-
ported by a National Research Council 
(2001) panel. 

The use of models to develop 
understanding of fraction concepts 
is an iterative process. For example, a 
sixth-grade student, similar to Mike, 
should no longer need to use a model 
to compare two given fractions. He 
should be able to analyze the frac-
tions, the context of the problem, and 
then flexibly select from a range of 
strategies to make the comparison. 
However, as middle school students 
begin to solve problems involving 
new concepts, such as multiplication 
and division of fractions, models can 
again be used to help bring meaning 
to these concepts. This idea is demon-
strated by Kelyn’s work (see fig. 4a). 

Karen’s Preassessment 	 Karen’s Postassessment	 Mike’s Response

Nonfractional reasoning (e.g., used 
magnitude of the numerator or denom-
inator, not the value of the fraction)

	

Transitional strategies 
(e.g., used models)

	

Flexible, efficient, and general-
izable fraction strategies (e.g., 
used unit fraction reasoning)

Source: OGAP Fraction Framework 2008, 2009

Fig. 3 This trajectory shows the progression of reasoning. The end result, it is hoped, is the use of flexible, efficient, and generalizable strategies.

(a) Kelyn
Source: Petit, Laird, and Marsden 2010

(b) Cameron
Source: VMP OGAP 2009

(c) Abdi
Source: VMP OGAP 2009

Fig. 4 Students respond differently to a question about division involving fractions. In 
(a), Kelyn shows a strong understanding. In (b), Cameron relies on procedure rather 
than meaning of the operation or numbers. In (c), Abdi attempts to calculate an answer 
after he has developed a model that is sufficient for answering the question.
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Using models to highlight the 
meaning of division should precede the 
learning of an algorithm for division 
involving fractions. Researchers agree 
that students may struggle with the use 
and understanding of formal algo-
rithms when their knowledge is depen-
dent primarily on memory, rather than 
anchored within a deep understanding 
of the foundational concepts (Kieren, 
as cited in Huinker 2002). For ex-
ample, Cameron (see fig. 4b) seemed 
to have jumped to a procedure without 
paying attention to the meaning of the 
operation or the numbers involved. 

If we return to the OGAP Fraction 
Framework, we find that Cameron is 
using nonfractional reasoning, whereas 
Kelyn’s (see fig. 4a) and Abdi’s (see  
fig. 4c) responses show evidence of 
transitional strategies and an under-
standing of the meaning of division. 
Kelyn explicitly restates the problem as 
“How many 1/4s are in 4 wholes.” Abdi 
creates an effective area model that 
shows the answer 16, then goes beyond 
his model to attempt a calculation. 

Kelyn’s and Abdi’s use of models to 
solve these division problems provides 
a teacher with the opportunity to cap-
italize on understandings evidenced in 
their work. Progressing toward more 
generalized and efficient approaches 
or to a deeper conceptualization of 
a mathematical idea does not come 
simply from the use of models alone, 
rather from “The teacher makes the 
system work” (Hiebert et al. 1997, 
p. 41). The teacher is responsible for 
providing tasks that engage students 
in the mathematical concepts and 
then engineering discussions to bring 
out the mathematics represented in 
the models (Hiebert et al. 1997). 

TIPS FOR CLASSROOM 
PRACTICE
The real challenge is to use models to 
help students develop a deep under-
standing of concepts and relationships 
and to move the students to the use of 

efficient and generalizable strategies 
for solving problems. For example, a 
teacher might want to build on Kelyn’s 
and Abdi’s understandings about divi-
sion of a whole number by a unit frac-
tion. To do so, the teacher may lead off 
a discussion using their solutions as a 
way to engage all students in develop-
ing further their understanding of the 
meaning and impact of dividing by a 
fraction. In particular, he or she could 
show these two solutions and pose 
questions that help all students analyze 
aspects of the models that reinforce 
a deeper, more complete meaning 
of division. A set of well-engineered 
questions could be posed to extend 
their reasoning beyond unit fractions, 
such as the following: 

•	 Your model shows that there are 4 
one-fourths in every whole. How 
many one-fourths do you think are 

in 5 (or 6, or 10, or 100)?
•	 How many thirds, fifths, or sixths 

are in 4 (or 5, or 6, or 100)? 
•	 What patterns do you see?
•	 Make and test a conjecture about 

the patterns that you see. (Give 
students the chance to say, “I 
noticed that . . .”) (Petit, Laird, and 
Marsden 2010).

As students begin to see patterns 
and relationships when dividing by a 
unit fraction, it is important to pose 
questions that extend the investiga-
tion beyond unit fractions and include 
dividends that are fractions and divi-
sors that are not unit fractions, such 
as these: 

•	 How many three-fourths are in 3 
(or 6; or 3/4; or 1 1/2)?

•	 Make and test a conjecture about 
the patterns that you see. 

Jim is making decorations for a school dance. He has 4 1/4 yards of wire. 
Each decoration needs 3/4 of a yard of wire. 

1) How many full decorations can Jim make from 4 1/4 yards of wire? Show 
your work.

Source: VMP OGAP 2009

Fig. 5 Alex uses the “common denominator” algorithm for solving this division problem.

Mrs. Jenkins has 2 3/4 gallons of juice for the class picnic. The juice is 
divided equally into four pitchers. How much juice is in each pitcher? Show 
your work.

Source: VMP OGAP 2009

Fig. 6 Kim’s invert-and-multiply strategy helps her solve the problem. 
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Because mathematics can be con-
sidered a study of patterns, students’ 
success in mathematics will be based, 
in part, on their ability to organize 
information in a way that makes pat-
terns obvious. For example, students 
investigating the questions based 
on Kelyn’s and Abdi’s models may 
be more likely to see patterns and 
relationships as they develop if they 
organize their information in a table.

Over time, as students make obser-
vations, test conjectures, and discover 
patterns and relationships, they should 
develop efficient and generalizable 
strategies that they can apply to prob-
lem situations, such as what occurs 
with Alex’s and Kim’s work in figures 
5 and 6, respectively. Alex uses the 
common-denominator algorithm, and 
Kim employs the invert-and-multiply 
algorithm.

Ultimately, one wants to know 
whether students can apply efficient 
fractional strategies across a range of 
problem situations. However, we use 
these single samples of student work in 
figure 7 to further describe the OGAP 
Fraction Framework first introduced in 
figure 3 to highlight a trajectory from 
nonfractional reasoning to flexible and 
efficient strategies, in this case, for the 
division of fractions. 

Cameron’s Response 	 Kelyn’s and Abdi’s Responses	 Kim’s and Alex’s Responses

Nonfractional reasoning 
(e.g., applied a procedure 
without attention to the 
meaning of division)

	

Transitional strategies (e.g., 
used models and showed 
some evidence of understand-
ing the impact of division by 
fraction)

	

Flexible, efficient, and general-
izable fraction strategies (e.g., 
used common-denominator or 
invert-and-multiply algorithm)

Source: OGAP Fraction Framework 2008, 2009

Fig. 7 This trajectory runs the gamut from nonfractional reasoning to flexible, efficient, and generalizable strategies as applied to the 
division of fractions.
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Teachers involved in OGAP 
reported that using the trajectory 
described in the OGAP Fraction 
Framework, and the research that 
underpins the Framework, has—

1.  improved their capacity to recog-
nize students’ mathematical under-
standing and misunderstanding in 
student written work and in-class 
discussions; and 

2. 	empowered them to make more 
informed instructional decisions.

BIBLIOGRAPHY
Behr, Merlyn, Richard Lesh, Thomas 

Post, and Edward Silver. “Rational 
Number Concepts.” In Acquisition of 
Mathematics Concepts and Processes, 
edited by Richard Lesh and Marsha 
Landau, pp. 91−125. New York: Aca-
demic Press, 1983. 

Behr, Merlyn, and Thomas Post. “Teach-
ing Rational Number and Decimal 
Concepts.” In Teaching Mathematics in 
Grades K−8: Research-Based Methods, 
2nd ed., edited by Thomas Post, pp. 
201−48. Boston: Allyn & Bacon, 1992. 

Behr, Merlyn, Thomas Post, and Richard 
Lesh. “Construct Analysis, Manipula-
tive Aids, Representational Systems 
and the Learning of Rational Num-
bers.” Proceedings of the Fifth Annual 
Conference of the International Group for 
the Psychology of Mathematics Educa-
tion, pp. 203−9. Grenoble, France: 
PME, 1981. 

Clements, Douglas H. “ ‘Concrete’ Ma-
nipulatives, Concrete Ideas.” Con-
temporary Issues in Early Childhood 1 
( January 2000): 45−60.

Fennema, Elizabeth. “Models and 
Mathematics.” Arithmetic Teacher 19 
(December 1972): 635−40.

Fosnot, Catherine, and Maarten Dolk. 
Young Mathematicians at Work: 
Constructing Fractions, Decimals, and 
Percents. Portsmouth, NH: Heine-
mann, 2002.

Hiebert, James, Thomas Carpenter, Eliza-
beth Fennema, Karen C. Fuson, Diana 

Wearne, Hanlie Murray, Alwyn Ol-
ivier, and Piet Human. Making Sense: 
Teaching and Learning Mathematics 
with Understanding. Portsmouth, NH: 
Heinemann, 1997.

Huinker, Deann. “Examining Dimen-
sions of Fraction Operation Sense.” In 
Making Sense of Fractions, Ratios, and 
Proportions, 2002 Yearbook of the Na-
tional Council of Teachers of Math-
ematics (NCTM), edited by Bonnie 
H. Litwiller, pp. 72−78. Reston, VA: 
NCTM, 2002. 

Kieren, T. E. “Review of Research Activ-
ity Learning.” Review of Educational 
Research 39 (October 1969): 509−22.

National Research Council (NRC). 
“Mathematical Proficiencies.” In 
Adding It Up: Helping Children Learn 
Mathematics, edited by Jeremy Kilpat-
rick, Jane Swafford, and Bradford Fin-
dell, p. 4. Washington, DC: National 
Academies Press, 2001. 

Petit, Marjorie, Robert Laird, and Edwin 
Marsden. A Focus on Fractions: Bringing 
Research to the Classroom. New York: 
Routledge-Taylor Francis Group, 2010.

Post, Thomas. “The Role of Manipulative 
Materials in the Learning of Math-
ematical Concepts.” In Selected Issues in 
Mathematics Education, edited by Mary 
Lindquist, pp. 109−13. Berkeley, CA: 
McCutchan Publishing, 1981. 

Saxe, Geoffrey B., Meghan M. Shaugh-
nessy, Ann Shannon, Jennifer M. 

Langer-Osuna, Ryan Chinn, and 
Maryl Gearhart. “Learning about 
Fractions as Points on a Number 
Line.” In The Learning of Mathemat-
ics, 2007 Yearbook of the National 
Council of Teachers of Mathematics 
(NCTM), edited by W. Gary Martin, 
Marilyn E. Strutchens, and Portia 
C. Elliot, pp. 221−37. Reston, VA: 
NCTM, 2007.

Sutton, John, and Alice Krueger. 
EdThoughts: What We Know About 
Mathematics Teaching and Learning. 
Denver: McREL, 2002.

Vermont Mathematics Partnership 
Ongoing Assessment Project (VMP 
OGAP). Unpublished raw data, 
student work samples, surveys, and 
personal communication, 2005−2009. 

VMP OGAP. Vermont Mathematics 
Partnership Ongoing Assessment 
Project Fraction Framework. 2008, 
2009. http://margepetit.com/.

Marjorie M. Petit, 
mpetit@gmavt.net is an 
independent consultant in 
mathematics curriculum, 
instruction, and assess-
ment. Robert Laird, 
rlaird@uvm.edu, is a 
mathematics professor at 
the University of Vermont. 
Edwin Marsden was also 
a mathematics profes-
sor at the University of 
Vermont. All three authors 
played major roles in the 

development of the Vermont Mathematics 
Partnership Ongoing Assessment Project 
(OGAP). Petit and Laird would like to 
dedicate this article to their coauthor,  
Edwin Marsden, who passed away in 
June 2010. Marsden worked in the  
K–12 system providing professional 
development and in schools and class-
rooms with teachers and students. It was 
not uncommon to see this man, who had 
a huge impact on Vermont mathematics, 
with a bunch of elementary students  
sitting around a table solving a problem. M

arge



 

P
etit



The real challenge is 
to use models to help 
students develop a 
deep understanding 
of concepts and 
relationships and 
move them to use 
efficient strategies.


