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Foreword

Teaching mathematics in prekindergarten–grade 12 requires a spe-
cial understanding of mathematics. Effective teachers of mathemat-
ics think about and beyond the content that they teach, seeking 
explanations and making connections to other topics, both inside 
and outside mathematics. Students meet curriculum and achieve-
ment expectations when they work with teachers who know what 
mathematics is important for each topic that they teach.

The National Council of Teachers of Mathematics (NCTM) pres-
ents the Essential Understanding Series in tandem with a call to 
focus the school mathematics curriculum in the spirit of Curriculum 
Focal Points for Prekindergarten through Grade 8 Mathematics: A 
Quest for Coherence, published in 2006, and Focus in High School 
Mathematics: Reasoning and Sense Making, released in 2009. The 
Essential Understanding books are a resource for individual teach-
ers and groups of colleagues interested in engaging in mathematical 
thinking to enrich and extend their own knowledge of particular 
mathematics topics in ways that benefit their work with students. 
The topic of each book is an area of mathematics that is difficult 
for students to learn, challenging to teach, and critical for students’ 
success as learners and in their future lives and careers.

Drawing on their experiences as teachers, researchers, and 
mathematicians, the authors have identified the big ideas that are 
at the heart of each book’s topic. A set of essential understandings—
mathematical points that capture the essence of the topic—fleshes 
out each big idea. Taken collectively, the big ideas and essential 
understandings give a view of a mathematics that is focused, con-
nected, and useful to teachers. Links to topics that students encoun-
ter earlier and later in school mathematics and to instruction and 
assessment practices illustrate the relevance and importance of a 
teacher’s essential understanding of mathematics.

On behalf of the Board of Directors, I offer sincere thanks and 
appreciation to everyone who has helped to make this series pos-
sible. I extend special thanks to Rose Mary Zbiek for her leadership 
as series editor. I join the Essential Understanding project team in 
welcoming you to these books and in wishing you many years of 
continued enjoyment of learning and teaching mathematics.

Henry Kepner
President, 2008–2010

National Council of Teachers of Mathematics





	 vii    

Preface
From prekindergarten through grade 12, the school mathematics 
curriculum includes important topics that are pivotal in students’ 
development. Students who understand these ideas cross smoothly 
into new mathematical terrain and continue moving forward with 
assurance.

However, many of these topics have traditionally been chal-
lenging to teach as well as learn, and they often prove to be barriers 
rather than gateways to students’ progress. Students who fail to get 
a solid grounding in them frequently lose momentum and struggle 
in subsequent work in mathematics and related disciplines. 

The Essential Understanding Series identifies such topics at all 
levels. Teachers who engage students in these topics play critical 
roles in students’ mathematical achievement. Each volume in the 
series invites teachers who aim to be not just proficient but out-
standing in the classroom—teachers like you—to enrich their under-
standing of one or more of these topics to ensure students’ contin-
ued development in mathematics. 

How much do you need to know?
To teach these challenging topics effectively, you must draw on a 
mathematical understanding that is both broad and deep. The chal-
lenge is to know considerably more about the topic than you expect 
your students to know and learn. 

Why does your knowledge need to be so extensive? Why must 
it go above and beyond what you need to teach and your students 
need to learn? The answer to this question has many parts. 

To plan successful learning experiences, you need to under-
stand different models and representations and, in some cases, 
emerging technologies as you evaluate curriculum materials and 
create lessons. As you choose and implement learning tasks, you 
need to know what to emphasize and why those ideas are math-
ematically important.

While engaging your students in lessons, you must anticipate 
their perplexities, help them avoid known pitfalls, and recognize 
and dispel misconceptions. You need to capitalize on unexpected 
classroom opportunities to make connections among mathematical 
ideas. If assessment shows that students have not understood the 
material adequately, you need to know how to address weaknesses 
that you have identified in their understanding. Your understanding 
must be sufficiently versatile to allow you to represent the math-
ematics in different ways to students who don’t understand it the 
first time.
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In addition, you need to know where the topic fits in the full 
span of the mathematics curriculum. You must understand where 
your students are coming from in their thinking and where they are 
heading mathematically in the months and years to come.

Accomplishing these tasks in mathematically sound ways is 
a tall order. A rich understanding of the mathematics supports the 
varied work of teaching as you guide your students and keep their 
learning on track. 

How can the Essential Understanding Series help?
The Essential Understanding books offer you an opportunity to 
delve into the mathematics that you teach and reinforce your con-
tent knowledge. They do not include materials for you to use direct-
ly with your students, nor do they discuss classroom management, 
teaching styles, or assessment techniques. Instead, these books focus 
squarely on issues of mathematical content—the ideas and under-
standing that you must bring to your preparation, in-class instruc-
tion, one-on-one interactions with students, and assessment.

How do the authors approach the topics?
For each topic, the authors identify “big ideas” and “essential un-
derstandings.” The big ideas are mathematical statements of over-
arching concepts that are central to a mathematical topic and link 
numerous smaller mathematical ideas into coherent wholes. The 
books call the smaller, more concrete ideas that are associated with 
each big idea essential understandings. They capture aspects of the 
corresponding big idea and provide evidence of its richness.

The big ideas have tremendous value in mathematics. You 
can gain an appreciation of the power and worth of these densely 
packed statements through persistent work with the interrelated es-
sential understandings. Grasping these multiple smaller concepts 
and through them gaining access to the big ideas can greatly in-
crease your intellectual assets and classroom possibilities.

In your work with mathematical ideas in your role as a teacher, 
you have probably observed that the essential understandings are 
often at the heart of the understanding that you need for present-
ing one of these challenging topics to students. Knowing these ideas 
very well is critical because they are the mathematical pieces that 
connect to form each big idea.

How are the books organized? 
Every book in the Essential Understanding Series has the same 
structure:

•  The introduction gives an overview, explaining the reasons 
for the selection of the particular topic and highlighting some 
of the differences between what teachers and students need 
to know about it.

Big ideas and 
essential 

understandings are 
identified by 

icons in the books.

marks a big idea,

and

marks an essential
understanding.

deai
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• �Chapter 1 is the heart of the book, identifying and examining 
the big ideas and related essential understandings.

• �Chapter 2 reconsiders the ideas discussed in chapter 1 in 
light of their connections with mathematical ideas within 
the grade band and with other mathematics that the students 
have encountered earlier or will encounter later in their study 
of mathematics.

• �Chapter 3 wraps up the discussion by considering the chal-
lenges that students often face in grasping the necessary 
concepts related to the topic under discussion. It analyzes the 
development of their thinking and offers guidance for pre-
senting ideas to them and assessing their understanding.

The discussion of big ideas and essential understandings in 
chapter 1 is interspersed with questions labeled “Reflect.” It is im-
portant to pause in your reading to think about these on your own 
or discuss them with your colleagues. By engaging with the material 
in this way, you can make the experience of reading the book par-
ticipatory, interactive, and dynamic.

Reflect questions can also serve as topics of conversation 
among local groups of teachers or teachers connected electronically 
in school districts or even between states. Thus, the Reflect items 
can extend the possibilities for using the books as tools for formal 
or informal experiences for in-service and preservice teachers, indi-
vidually or in groups, in or beyond college or university classes.

A new perspective
The Essential Understanding Series thus is intended to support you 
in gaining a deep and broad understanding of mathematics that 
can benefit your students in many ways. Considering connections 
between the mathematics under discussion and other mathematics 
that students encounter earlier and later in the curriculum gives the 
books unusual depth as well as insight into vertical articulation in 
school mathematics.

The series appears against the backdrop of Principles and 
Standards for School Mathematics (NCTM 2000), Curriculum Focal 
Points for Prekindergarten through Grade 8 Mathematics: A Quest 
for Coherence (NCTM 2006), Focus in High School Mathematics: 
Reasoning and Sense Making (NCTM 2009), and the Navigations 
Series (NCTM 2001–2009). The new books play an important role, 
supporting the work of these publications by offering content-based 
professional development. 

The other publications, in turn, can flesh out and enrich the 
new books. After reading this book, for example, you might select 
hands-on, Standards-based activities from the Navigations books 
for your students to use to gain insights into the topics that the 
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Essential Understanding books discuss. If you are teaching students 
in prekindergarten through grade 8, you might apply your deeper 
understanding as you present material related to the three focal 
points that Curriculum Focal Points identifies for instruction at 
your students’ level. Or if you are teaching students in grades 9–12, 
you might use your understanding to enrich the ways in which you 
can engage students in mathematical reasoning and sense making 
as presented in Focus in High School Mathematics.

An enriched understanding can give you a fresh perspective 
and infuse new energy into your teaching. We hope that the under-
standing that you acquire from reading the book will support your 
efforts as you help your students grasp the ideas that will ensure 
their mathematical success.

The authors would like to acknowledge thoughtful reactions to an 
earlier draft from Tenille Cannon, Linda Coutts, Heather K. Ervin, 
Ben Freeburn, Maureen Grady, Duane T. Graysay, Pia M. Hansen, 
Kim Johnson, Shiv Karunakaran, Svetlana Konnova, Nursen Konuk, 
Dale R. Oliver, Ashley Patefield, Jeanne K. Shimizu, and Pam 
Thatcher.
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Introduction 

This book focuses on ideas about mathematical reasoning. These are 
ideas that you need to understand thoroughly and be able to use 
flexibly to be highly effective in your teaching of mathematics in 
prekindergarten–grade 8. The book discusses many mathematical 
ideas that are common in early childhood, elementary school, and 
middle school curricula, and it assumes that you have had a variety 
of mathematics experiences that have motivated you to delve into—
and move beyond—the mathematics that you expect your students 
to learn. 

The book is designed to engage you with these ideas, helping 
you to develop an understanding that will guide you in planning 
and implementing lessons and assessing your students’ learning in 
ways that reflect the full complexity of mathematical reasoning. A 
deep, rich understanding of ideas about reasoning will enable you 
to communicate their importance to your students, showing them 
how these ideas permeate the mathematics that they have encoun-
tered—and will continue to encounter—throughout their school 
mathematics experiences.

The understanding of mathematical reasoning that you gain 
from this focused study supports the vision of Principles and 
Standards for School Mathematics (NCTM 2000): “Imagine a class-
room, a school, or a school district where all students have access to 
high-quality, engaging mathematics instruction” (p. 3). This vision 
depends on classroom teachers such as you, who “are continually 
growing as professionals” (p. 3) and routinely engage their students 
in meaningful experiences that help them learn mathematics with 
understanding. 

Why Mathematical Reasoning?
Like the topics of all the volumes in NCTM’s Essential Understanding 
Series, mathematical reasoning composes a major area of school 
mathematics that is crucial for students to learn but challenging for 
teachers to teach. Students in prekindergarten–grade 8 need to apply 
mathematical reasoning if they are to succeed in these grades and in 
their subsequent mathematics experiences. Learners often struggle 
with mathematical reasoning. How do students determine whether 
a mathematical statement is true or false? Many students rely on a 
teacher, a textbook, or testing various examples to determine whether 
a statement is true or false. To know how statements can be justified 
(or refuted), it is essential for teachers of prekindergarten–grade 8 to 
understand mathematical reasoning themselves.
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Your work as a teacher of mathematics in these grades calls for 
a solid understanding of the mathematics that you—and your school, 
your district, and your state curriculum—expect your students to 
learn about mathematical reasoning. Your work also requires you to 
know how this mathematics relates to other mathematical ideas that 
your students will encounter in the lesson at hand, the current school 
year, and beyond. Rich mathematical understanding guides teachers’ 
decisions in much of their work, such as choosing tasks for a lesson, 
posing questions, selecting materials, ordering topics and ideas over 
time, assessing the quality of students’ work, and devising ways to 
challenge and support their thinking. 

Understanding Mathematical Reasoning
Teachers teach mathematics because they want others to under-
stand it in ways that will contribute to success and satisfaction in 
school, work, and life. Helping your students develop their capacity 
to reason mathematically as they work on any mathematical topic 
requires that you understand mathematical reasoning deeply. But 
what does this mean?

It is easy to think that understanding mathematical reasoning 
as a mathematical process means knowing why certain things are 
mathematically appropriate and being able to solve particular types 
of problems. For example, you are expected to know the reasons 
why regrouping works in common algorithms for addition and 
subtraction, why we use common denominators when adding or 
subtracting fractions but we need not when multiplying and divid-
ing them, or why multiplying the length by the width of a rectangle 
yields its area. You are likely to have encountered problems that re-
quire you to recognize patterns, describe them with algebraic sym-
bols, and explain why the symbols make sense. You are expected to 
be skillful in determining whether mathematical statements about 
the content you teach are true and whether relevant mathematical 
terms are used appropriately. 

Obviously, facts, vocabulary, and techniques for solving certain 
types of problems are not all that you are expected to know. For 
example, in your ongoing work with students, you have undoubt-
edly discovered that you need not only to know reasons why par-
ticular statements are true but also to be able to follow reasoning 
that your students articulate and be prepared to justify or refute 
their reasoning.

It is also easy to focus on a very long list of mathematical 
ideas that all teachers of mathematics in prekindergarten–grade 
8 are expected to know and teach about mathematical reasoning. 
Curriculum developers often devise and publish such lists. However 
important the individual items might be, these lists cannot capture 
the essence of a rich understanding of the topic. Understanding 
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mathematical reasoning deeply requires you not only to know im-
portant mathematical ideas but also to recognize how these ideas 
relate to one another. Your understanding continues to grow with 
experience and as a result of opportunities to embrace new ideas 
and find new connections among familiar ones. 

Furthermore, your understanding of mathematical reason-
ing should transcend the content intended for your students. Some 
of the differences between what you need to know and what you 
expect them to learn are easy to point out. For instance, your un-
derstanding of the topic should include a grasp of how to extend 
students’ ideas to new situations that they have not yet considered.

Other differences between the understanding that you need to 
have and the understanding that you expect your students to ac-
quire are less obvious, but your experiences in the classroom have 
undoubtedly made you aware of them at some level. For example, 
how many times have you been grateful to have an understanding 
of mathematics that enables you to recognize the merit in a student’s 
unanticipated mathematical question or claim? How many other 
times have you wondered whether you could be missing a counterex-
ample to a student’s conjecture because of a gap in your knowledge?

As you have almost certainly discovered, knowing and being 
able to do familiar mathematics are not enough when you’re in 
the classroom. You also need to be able to identify and justify or 
refute novel claims. These claims and justifications might draw on 
ideas or techniques that are beyond the mathematical experiences 
of your students and current curricular expectations for them. For 
example, you might want to use an algebraic proof to verify that a 
student’s statement is valid.  Although that formal reasoning might 
be beyond your students, you might draw on your knowledge of al-
gebraic principles to help students to connect examples and reason 
more generally when using examples to justify a statement.

Big Ideas and Essential Understandings
Thinking about the many particular ideas that are part of a rich 
understanding of mathematical reasoning can be an overwhelming 
task. Articulating all of those mathematical ideas and their connec-
tions would require many books. To choose which ideas to include 
in this book, the authors considered a critical question: What is 
essential for teachers of mathematics in prekindergarten–grade 
8 to know about mathematical reasoning to be effective in the 
classroom? To answer this question, the authors drew on a vari-
ety of resources, including personal experiences, the expertise of 
colleagues in mathematics and mathematics education, and the 
reactions of reviewers and professional development providers, 
as well as ideas from curricular materials and research on math-
ematics learning and teaching.

Introduction 
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As a result, the mathematical content of this book focuses on es-
sential ideas for teachers about mathematical reasoning. In particular, 
chapter 1 is organized around one big idea related to this important 
area of mathematics. The big idea is supported by smaller, more specific 
mathematical ideas, which the book calls essential understandings.

Benefits for Teaching, Learning, and 
Assessing
Understanding mathematical reasoning can help you implement 
the Teaching Principle enunciated in Principles and Standards for 
School Mathematics. This Principle sets a high standard for instruc-
tion: “Effective mathematics teaching requires understanding what 
students know and need to learn and then challenging and support-
ing them to learn it well” (NCTM 2000, p. 16). As in teaching about 
other critical topics in mathematics, teaching about mathematical 
reasoning requires knowledge that goes “beyond what most teachers 
experience in standard preservice mathematics courses” (p. 17). 

Chapter 1 comes into play at this point, offering an overview 
of mathematical reasoning that is intended to be more focused and 
comprehensive than many discussions of the topic that you are 
likely to have encountered. This chapter enumerates, expands on, 
and gives examples of the big idea and essential understandings 
related to reasoning, with the goal of supplementing or reinforcing 
your understanding. Thus, chapter 1 aims to prepare you to imple-
ment the Teaching Principle fully as you support and challenge your 
students in developing more robust mathematical reasoning. 

Consolidating your understanding in this way also prepares 
you to implement the Learning Principle outlined in Principles and 
Standards: “Students must learn mathematics with understand-
ing, actively building new knowledge from experience and prior 
knowledge” (NCTM 2000, p. 20). To support your efforts to help 
your students learn about mathematical reasoning in this way, chapter 
2 builds on the understanding of reasoning that chapter 1 com-
municates by pointing out specific ways in which the big idea and 
essential understandings connect with mathematics that students 
typically encounter earlier or later in school. This chapter supports 
the Learning Principle by emphasizing longitudinal connections in 
students’ learning about mathematical reasoning. For example, as 
their mathematical experiences expand, students move from form-
ing generalizations about limited sets of instances to generalizing 
across broader sets of instances. 

The understanding that chapters 1 and 2 convey can strengthen 
another critical area of teaching. Chapter 3 addresses this area, 
building on the first two chapters to show how an understanding of 
mathematical reasoning can help you select and develop appropriate 
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tasks, techniques, and tools for assessing your students’ reasoning. 
An ownership of the big idea and essential understandings related 
to mathematical reasoning, reinforced by an understanding of stu-
dents’ past and future experiences with reasoning, can help you 
ensure that assessment in your classroom supports the learning of 
significant mathematics.

Such assessment satisfies the first requirement of the Assessment 
Principle set out in Principles and Standards: “Assessment should 
support the learning of important mathematics and furnish useful 
information to both teachers and students” (NCTM 2000, p. 22). 
An understanding of mathematical reasoning can also help you 
satisfy the second requirement of the Assessment Principle, by 
enabling you to develop assessment tasks that give you specific 
information about how your students are reasoning and what they 
understand. For example, providing fifth-grade students with nets 
(i.e., two-dimensional representations) of boxes (right rectangular 
prisms) and asking them to make and explain predictions about 
the number of cubes needed to fill particular boxes can reveal 
their skill in developing and generalizing counting strategies (see 
Battista [1999], discussed in greater detail in chapter 3). The students’ 
responses to this task also reveal how students understand volume 
formulas, such as V  lwh, as a product of the area of a base and 
the corresponding height. 

Ready to Begin
This introduction has painted the background, preparing you for the 
big idea and associated essential understandings related to math-
ematical reasoning that you will encounter and explore in chapter 1. 
Reading the chapters in the order in which they appear can be a very 
useful way to approach the book. Read chapter 1 in more than one 
sitting, allowing time for reflection. Absorb the ideas—both big idea 
and essential understandings—related to mathematical reasoning. 
Appreciate the connections among these ideas. Carry your newfound 
or reinforced understanding to chapter 2, which guides you in seeing 
how the ideas related to reasoning are connected to the mathematics 
that your students have encountered earlier or will encounter later in 
school. Then read about teaching, learning, and assessment issues in 
chapter 3.

Alternatively, you may want to take a look at chapter 3 before 
engaging with the mathematical ideas in chapters 1 and 2. Having the 
challenges of teaching, learning, and assessment issues clearly in mind, 
along with possible approaches to them, can give you a different per-
spective on the material in the earlier chapters. 

No matter how you read the book, let it serve as a tool to 
expand your understanding, application, and enjoyment of math-
ematical reasoning.


