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EDITORIAL

Reflections on the First

3 Years of Mathematics
Teacher Educator:
Successes and Challenges

Margaret S. Smith

Editor, Mathematics Teacher Educator

As | indicated in my editorial in the inaugural issue of
MTE, the publication of MTE represented an historical
moment for mathematics teacher education, providing for
the first time a much-needed forum for supporting and
improving the practice of educating teachers of math-
ematics. This current issue of MTE, the last one for which
[ will serve as editor, seems an appropriate time to reflect
on the successes of the journal to date and the challenges
that the editorial board is actively addressing.

Successes

Most notably, the 29 articles that have been published
over the past 3 years (including those found in the current
issue) provide the starting point for the knowledge base
for mathematics teacher education that was conceived

by the National Council of Teachers of Mathemat-

ics (NCTM) and Association of Mathematics Teacher
Educators (AMTE) visionaries who laid the groundwork
for the journal. As the Editorial Board stated in the call for
manuscripts, first published in 2011, “The journal is a tool
to build the personal knowledge that mathematics educa-
tors gain from their practice into a trustworthy knowledge
base that can be shared with the profession.” While we
have yet to see articles that explicitly build on work that
has previously been published in the journal, the foun-
dation for such building has been laid with articles that
address a breadth and depth of issues faced by math-
ematics teacher educators in their work.

Many of the articles that have been published in MTE
have taken advantage of the online nature of the journal.
For example, in the article “Using Simulations to Foster
Preservice Mathematics Teachers’ Self-Assessment, Learn-
ing, and Reflections on Teaching” (Volume 1, Issue 2),
Garofalo and Trinter (2013) link to a movie of one of the
simulations created by a preservice teacher. In the article
“Developing Teachers’ Knowledge of a Transformations-
Based Approach to Geometric Similarity” (Volume 2,
Issue 1), Seago and her colleagues (2013) include dynamic
figures that make the relationships they describe salient.

In addition, they link to video clips of students applying
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transformation-based and static perspectives in solving a

geometry task. In both these cases, the technology serves
to enhance the article and make the content more acces-
sible to the reader.

Other authors have taken advantage of the journal’s
online presence by providing additional content. For
example, in the article “Using ‘Lack of Fidelity’ to
Improve Teaching” (Volume 1, Issue 1), Morris (2012)
includes an example of the type of detailed lesson plan
she refers to in the article. Not only does the inclusion

of the lesson plan allow the reader to see exactly what
she is describing, but the link within the article makes it
possible to view the lesson plan when it is first mentioned
and then return to the main article. In addition, teacher
educators might choose to use or adapt the lesson plan
in their own work. While we may have only scratched
the surface in terms of what is possible with our online
format, these examples highlight some of the possibilities.

A key element in building the desired knowledge base is
helping educate authors and reviewers about the nature
of the journal and the characteristics of articles that are
consistent with our mission. We have operationalized
this educative function primarily by providing feedback
to authors and reviewers. All authors are given detailed
feedback on how to improve their manuscripts, regard-
less of whether the author received a decision of accept,
reject, or revise and resubmit. For manuscripts that have
been rejected, reviewers make an effort to clearly explain
the decision to the author and to cite specific ways in
which the manuscript could be improved. | have been
pleasantly surprised at the number of authors who have
written to express their appreciation for this feedback
even though their manuscripts were not accepted. Below
are two examples from emails | have received (reprinted
with permission from the authors).

Thank you for the feedback regarding my submitted
article. The feedback was very helpful and I think it has
given me a better sense of the scope of the journal as a
whole. | do not know if you typically do things like this,
but | would appreciate you sending my particular thanks
along to reviewer 2. His/Her comments were very insight-
ful and helpful in moving forward. I plan on composing
another article framing this work from a different perspec-
tive and providing more emphasis on the details of my
study and the evidence. | hope that it will be a better fit
for the journal. [Author 1]

Thank you very much for this notification. | appreci-
ate your time, the reviewers’ time, and the thoughtful
response you composed and reviews you forwarded. |

Mathematics Teacher Educator ¢ Vol. 3, No. 2, March 2015
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look forward to reworking the paper given this helpful
feedback. [Author 2]

Every manuscript is reviewed by three people—two
selected from the reviewer database who have some
level of expertise with the topic addressed in the manu-
script, and one member of the editorial panel. All review-
ers receive copies of the decision letter that is sent to

the author as well as copies of all three of the reviews.
The purpose of this is to help reviewers improve their
reviews. Although this feedback is less direct than what

is provided to authors, notes from two different reviewers
provide evidence that this process has helped reviewers
reflect on the quality of their reviews. One reviewer (who
wrote a very short review with very little detail) wrote to
say that after reading the other reviews and the decision
letter for the manuscript she had reviewed, she had a bet-
ter understanding of what was expected and hoped she
would be given another chance to review. In a second
case, after receiving and reading the other reviews and
the decision letter, another reviewer wrote to say that she
realized that she needed to “step up her game.”

In addition to receiving reviews and decision letters for
manuscripts they have reviewed, members of the editorial
panel engage in a group review of one or two manu-
scripts each year in order to ensure consistency in ratings
across members of the panel. This calibration activity pro-
vides an opportunity for members of the panel to discuss
the review criteria and how they are applied to particular
manuscripts. New members of the board receive addi-
tional training through a webinar conducted each spring
that orients them to the roles and responsibilities of mem-
bers of the editorial panel.

Challenges

The key challenge the journal is facing is the relatively
small number of submitted manuscripts (30 out of 294)
that have met the established standards for the journal.
While the journal can accommodate as many as six
manuscripts in a single issue, this has only been accom-
plished twice (Volume 1, Issue 2; Volume 2, Issue 1), and
we have published as few as three manuscripts in an
issue (Volume 3, Issue 1). The editorial board has taken
several steps to address the issue of manuscript flow and
quality: 1) make criteria for the journal more transparent;
2) feature successful authors at conference sessions who
can “tell their stories”; 3) put out a call for manuscripts on
a particular topic; and 4) invite manuscripts.

Make criteria more transparent. The Editorial Board is

working to make the criteria for manuscripts more trans-
parent through two efforts. First, the call for manuscripts

Vol
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is being revised to make clearer the types of manuscripts
we are looking for and the essential elements of the
manuscripts. In particular, we are articulating criteria for
manuscripts that do not fall into the category of describ-
ing a successful intervention. Second, the editorial feature
of the journal has been and will be used to specifically
address limitations reviewers frequently identify in sub-
mitted manuscripts. Most notably, the editorial “Linking
Claims and Evidence” (Volume 1, Issue 2) attempted to
articulate the nature of evidence appropriate for MTE
and provide specific examples of what does and does
not constitute sufficient evidence to support a claim. We
targeted this particular issue because the most common
reason for reviewers to reject a manuscript is a lack of
evidence for the authors’ claims.

Feature successful authors. The Editorial Board invited
Eva Thanheiser to share her and her coauthors” experi-
ence with the revise and resubmit process at a session
held at the annual AMTE meeting in January 2013. The
purpose of this session was to provide a specific exam-
ple, from the first author’s perspective, of the relation-
ship between an original article that is submitted to the
journal, the feedback that is sent to the authors, and the
final version of the article. The intent was to encourage
authors not to give up when asked to revise a manuscript
and to seriously consider the feedback that is provided.
(See the editorial in Volume 2, Issue 1 for a description of
this session and Volume 1, Issue 2 for the article.) Given
the positive reaction to this session, the Editorial Board
decided to showcase additional authors in 2015. At the
annual AMTE meeting in February 2015, Michael Steele
and Amy Hillen discussed how they turned a 2011 AMTE
presentation into a published article (which appeared

in Volume 1, Issue 1 of MTE). Similarly, at the NCTM
Research Conference in April 2015, Kevin Moore will
describe how he and his colleagues turned their research
work into a successful MTE submission that addressed a
teacher education audience (see Volume 2, Issue 2).

Call for manuscripts on a specific topic. Calls for
manuscripts that focus on particular topics and have
specific deadlines can provide a focus for potential
authors. Toward this end, the Board developed a call

for manuscripts related to Principles to Actions: Ensuring
Mathematical Success for All NCTM, 2104). This call was
introduced in the summer 2014 issue of Connections,
appeared in the September 2014 issue of MTE, and was
posted on the AMTE and NCTM websites. The call invites
authors to submit manuscripts by September 1, 2015, that
address the following questions: How can Principles to
Actions: Ensuring Mathematical Success for All be used to
design learning experiences for teachers? What impact do
these experiences have on teachers and their students?

.3, No. 2, March 2015 e Mathematics Teacher Educator
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Invite manuscripts. To augment the number of articles
submitted to the journal and hence provide more content
to readers in each issue of MTE, the Board decided to
invite authors to submit manuscripts. According to the
Handbook for the Editorial Board for MTE (p. 15):

The editor is authorized to invite manuscripts for the
journal to highlight particular issues in mathematics
teacher education or for other reasons that may enhance
the journal. The selection of authors and topics is at the
discretion of the editor. In general, no more than one
invited piece should be published in each issue (although
two shorter pieces might be published in a point/counter-
point fashion).

Any manuscript that is invited will be sent to two editorial
panel members who will provide feedback to strengthen
the manuscript. This review will not be blind and will be
done outside of the manuscript system. Invited manu-
scripts will not be included in journal statistics related to
acceptance rate or time to decision.

The first invited manuscript, written by Melissa Boston,
Jonathan Bostic, Kristen Lessig, and Milan Sherman,
appears in this volume of the journal. The article, “A
Comparison of Mathematics Classroom Observation Pro-
tocols,” is based on a session that the four coauthors pre-
sented at the 2014 AMTE meeting. The article was invited
for several reasons: 1) the session was very popular, with
standing room only, and hence was of interest to AMTE
members; 2) the topic, observation tools, continues the
focus on tools that was first introduced in a MTE editorial
(Volume 3, Issue 1); and 3) the author team provides a
example of a partnership between more and less expe-
rienced authors. In fact, the analysis of classroom obser-
vation tools described in this manuscript began within

a working group in the Service, Teaching, and Research
Program (STaR) in Mathematics Education in which the
second, third, and fourth authors participated.

Looking Forward

While launching a new journal is not without challenges,
there are lots of reasons to be optimistic about its future.
The number of manuscripts reviewed increased by more
than 20% in the past year. Individual subscriptions to the
journal rose more than 70% from 2013 to 2014, while the

Editorial
number of institutional subscriptions more than doubled
in the same time period. The mathematics teacher educa-
tion community has supported the journal by volunteer-
ing to review manuscripts, returning prompt and detailed
reviews of manuscripts, and attending journal sessions
held at annual meetings.

To remain viable, the journal needs more contributions of
high-quality manuscripts. Help us increase awareness of
the journal by sharing particular articles with colleagues
and students. Please read the revised call for manuscripts
and think about what you might submit. Also, share the
call with your colleagues and graduate students and
encourage them to submit manuscripts to the journal. If
you are in a position to do so, consider mentoring a col-
league or student by coauthoring a manuscript or actively
supporting them in writing a manuscript for the journal.
Consider also the ways in which the presentation of your
work or your colleagues” work could be enhanced by the
online nature of this journal.

The journal will continue to grow and develop over the
next few years under the leadership of Sandra Crespo
(Michigan State University), who will take over as editor
of MTE in May 2015. Sandra is an accomplished teacher
education scholar who will provide new energy and
creativity for the journal. | appreciate having had the
opportunity to serve as the founding editor of MTE and
to work with a talented associate editor and dedicated
members of the editorial panel. | look forward to seeing
how MTE grows and evolves toward the goal of building
“a trustworthy knowledge base that can be accessed and
shared widely in the profession” (Hiebert, Gallimore, &
Stigler, 2002, p. 3).

Reference
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Multiplication by 10,

ive:

Making Sense of Place

Value Structure Through an Alternate Base

Jodi Fasteen
Portland State University, Oregon

Kathleen Melhuish
Portland State University, Oregon

Eva Thanheiser
Portland State University, Oregon

Prior research has shown that preservice
teachers (PSTs) are able to demonstrate
procedural fluency with whole number rules
and operations, but struggle to explain why
these procedures work. Alternate bases
provide a context for building conceptual
understanding for overly routine rules. In
this study, we analyze how PSTs are able to
make sense of multiplication by 10, in base
five. PSTs” mathematical activity shifted from
a procedurally based concatenated digits
approach to an explanation based on the
structure of the place value number system.

Keywords: Alternate bases; Place value; Preservice
teachers; Whole numbers/Natural numbers/Counting
numbers

Mathematical knowledge is based on both convention
and logic. However, convention in this case serves as

a shelter for those who don’t have a conceptual under-
standing of a mathematical procedure (Ma, 1999, p. 31).

Setting the Stage: An Example for
the Reader

When school children encounter base ten numbers, they
often have limited knowledge of the structure of our base
ten system. To simulate a similar experience for preser-
vice elementary teachers (PSTs), we often ask them to
construct numbers in a different base for which they do
not have an explicit structure yet in place. To allow the
reader to experience some of what the PSTs experience,
we begin with an example situated in base five. In base
five we collect units until we have 5 units, then we create
a group of 5 to form a new unit. We continue this way,
grouping 5 of each unit type to form the next larger unit.
Consider the number 123, , which refers to 1 group of
twenty-five, 2 groups of five and 3 ones (see Figure 1a).
To provide some language to talk about the numbers

in base five, a group of 5 ones will be referred to as a
long, a collection of 25 ones (or 5 longs) will be referred
to as a flat, and a collection of 125 ones (or 5 flats) will
be referred to as a long flat (see Figure 1b). The numeral
23 . can be read aloud as 2 longs 3 ones. While it is
possible to convert a base five number like 123 , into
base ten (it is 38), we ask the reader to take a minute and
try to solve the following problem without converting out
of base five. This will allow you to experience working

in an unfamiliar base before reading the remainder of

the paper.

Problem: Find the product 3, x 23, ..

123;,, refers to 1 flat (worth 25),
2 longs (worth 5), and 3 ones.

O0oad

one long flat

long flat

Figure 1. An introduction to base five language and imagery.
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Introduction

Current educational policy documents in the United
States advocate that children develop a conceptual
understanding of mathematics, focusing on sense making
in addition to procedural fluency (Kilpatrick, Swafford, &
Findell, 2001; National Council of Teachers of Mathemat-
ics, 2000; National Governors Association Center for
Best Practices & Council of Chief State School Officers,
2010). We will adopt Hiebert and Lefevre’s (1986) char-
acterization of conceptual and procedural knowledge.
Conceptual knowledge is knowledge where “the linking
relationships are as prominent as the pieces of informa-
tion” (1986, pp. 3—4). For example, conceptual knowl-
edge of base ten might include an understanding of the
relationship between adjacent unit types (ones, tens, hun-
dreds), and thus a number like 300 might be understood
as being 300 ones, 30 copies of ten, 3 copies of hundred,
etc. In contrast, Hiebert and Lefevre identify procedural
knowledge as knowledge of symbols, rules, and algo-
rithms. Knowledge that the 3 in 345 is in the hundred’s
place because that is the name of the place (label) rather
than the value would be considered procedural knowl-
edge. In order to support their students’ development of
conceptual knowledge, teachers also need to have con-
ceptual knowledge of the mathematics they teach.

Preservice teachers (PSTs) often demonstrate the abil-

ity to use procedures efficiently but lack the knowledge
to explain why these procedures work (Ball, 1988; Lo,
Grant, & Flowers, 2008; Ma, 1999; Thanheiser, 2009a).
Further, the PSTs may be unaware that there is a rationale
(@ “why”) for each step in the procedure (Thanheiser,
Philipp, Fasteen, Strand, & Mills, 2013). However, the
PSTs’ lack of conceptual knowledge may be masked by
their use of mathematical terminology, including proce-
dural use of place value language (Ma, 1999; Thanheiser,
2009a). For example, a PST who is multiplying the multi-
digit numbers 24 x 38 may state that the product of the 2
and 3 is a 6 that is placed in the hundreds column, using
the term hundreds as a label, but without understanding
that the 2 refers to 2 tens or 20, the 3 refers to 3 tens or
30, and the 6 refers to 6 hundreds.

In this article, we examine how an alternate base con-
text might contribute to the development of conceptual
knowledge of the multiplicative structure of place value
in a preservice mathematics content course on number
and operation. By understanding place value we mean
understanding that a digit has a face value (value of a
digit) and a place value (value of the unit type the digit
represents) and that there is a consistent 10 to T multi-
plicative relationship (in base ten) between adjacent unit
types. The place value and face value are combined to
determine the value of the digit. We use the context of

base five to allow PSTs to work in a system in which they
do not have access to preestablished labels for place val-
ues or preestablished procedures that might interfere with
or mask their sense making.

We leverage base five to provide an opportunity to
compare across bases. This may enable PSTs to see and
understand more clearly the structure of place value
number systems in general and base ten in particular.
Prior researchers indicate that, rather than being trapped
within base ten, students may see that base ten is an
example of a type of place value number system (Treffers,
1987; Vygotsky, 1962). In particular, we will focus on the
mathematical task of multiplying by the base (10, ) in
base five in order to focus on the multiplicative structure
of place value number systems.

In base five, the numeral 10, , refers to 1 group of five.
To avoid confusing base ten and base five, we do not
refer to 10;,, as ten. Rather, we may call 10;, . a long,
following the notation given in Figure 1 (Bennett, Burton,
& Nelson, 2011). The difference between ten (written 10)
and a long (written 10;, ) was a source of disequilibrium
for the PSTs. This disequilibrium was explored within our
task, where the PSTs compared the role of multiplying
by 10, in base five with the role of multiplying by 10 in
base ten, examining the multiplicative structure of both
number systems. We explain this in more detail after the
solution to the earlier example problem.

A Solution to the Example 3. x 23

five five

We now solve the problem posed to the reader above.
The problem 3,  x 23 . can be modeled as repeated
addition, creating three copies of 23, . (Figure 3a). To
group like units we rearrange the base five manipula-

A solid understanding of place value is
important to developing strategies for multidigit
multiplication.

—>
-

An investigation of multiplication,
particularly by the base, can deepen
understanding of place value.

Understanding
place value

Investigating
multiplication

Figure 2. Linking growth in place value understanding to
investigating multiplication.

Mathematics Teacher Educator ¢ Vol. 3, No. 2, March 2015
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tives to place the longs together and to place the ones
together (Figure 3b). One characteristic of place value
systems is that we need to create minimal collections
(i.e., no more than 4 of any one type of unit) for notation,
as there are only symbols for values less than the base.
To regroup, we look for 5 of one type of unit. Five longs
are regrouped to create 1 flat and 5 ones are regrouped
to create 1 long (Figure 3c). Once a minimal collection
has been established, the solution can then be recorded
symbolically as 124, . (Figure 3d).

The reader may want to try to find the product of

104, X 23, and reflect on the solution before reading
the remainder of this paper. This problem is the central
focus of the rest of paper.

Why Times 10?

In base ten, multiplying a number by 10 causes all of the
digits in that number to be shifted to the left one place
value and a zero to be appended at the end of the num-
ber (in the ones place). This is also true in base five when
multiplying a number by 10y, ., (or in any base when mul-
tiplying by 10, ,..). This phenomenon is important for PSTs
to make sense of for two reasons. First, unpacking why
digits shift (unchanged) to the left places a focus on the
multiplicative structure of base five and base ten place
value number systems. Second, multiplication by the
base is a key phenomenon to exploit when developing or
making sense of multidigit multiplication strategies.? Both
of these reasons are discussed further in this section, but
first we discuss what to name this phenomenon.

What'’s in a name? There are many options when select-
ing a name for the multiplication by 10;, . rule. Possibili-
ties include the Times Ten Rule, Times One Zero Rule,
Times Five Rule, and Times Base Rule. Each of these titles

85

has its affordances and its limitations. In base ten, the
Times Ten Rule is an appropriate title, but in base five

it is a misleading use of base ten language (Danielson,
2010). The Times One Zero Rule is independent of base,
but implies a concatenated digits conception by ignor-
ing place value when naming the number 10;, .. The
Times Five Rule is a name specific to base five rather than
being a name that could be applied across bases. Further,
five has an associated symbol representation in base

ten, namely 5, that is not transferrable to base five. The
Times Base Rule is a more mathematically accurate and
general title but may not be authentic to the PSTs" own
informal language.

For the purpose of this article, we use the Times Base
Rule with the caveat that this is not the language that was
utilized in the classroom.? The Times Base Rule is math-
ematically accurate, captures the generalizability, and
does not have the conceptual limitations of the alternative
titles. The Times Base Rule refers to the generalization
that multiplying a number by the base (written 10, ) of
that number system causes the digits of that number to
move one place to the left and a zero to be written in the
ones place.

Multiplication by 10 and Multiplicative Structure. Multi-
plication by 10, ... in any base means that we make base
copies of that number. In base ten this means 10 copies;
in base five this means 5 copies. Having base copies of a
unit results in regrouping the base copies to 1 copy of the
next larger unit. Thus all digits are moved one place to
the left in a number and a zero is appended at the end (in
the ones place). (See Figure 4.)

In base ten, each digit’s place value is 10 times larger
than that to its right. For this reason, multiplication by 10
can serve an essential role in probing understanding of

(b)

(] (] [l Oooo
(] (] [l Oooo
(] (] [l Oooo
3iive X 23, is modeled Manipulatives rearranged to
as 3 groups of 23, place longs with longs and ones

with ones

e
(2
<

(d)

O O)m O
O 0O0o O
O|0 o oo

5 longs regrouped as a flat Solution of 1 flat 2 longs 4

ones is written 124, -

5 ones regrouped as a long

Figure 3. A solution to 3, _ x 23

five

five’

modeled with manipulatives.

1 Note: In the task given to PSTs, the numbers in the problem were given in the opposite order, 23 . x 10, .. Nevertheless, the PSTs inter-

preted the problem as 10y, , groups of 23
1Ofive x 23five'

five

rather than 23  groups of 10, .. In the updated version of the task, the prompt is changed to

2 Infact, this is an essential step in the standard U.S. multiplication algorithm, where numbers are implicitly broken into multiples of powers

of ten.

3 The students referred to this rule as the Times Ten Rule or “adding a zero.”
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The Times Base Rule: Multiplying a number by the
base causes all of the digits to shift to the left and a
zero to be appended to the end of the number.

(e.g., 10 x 45 = 450 and 10, x 32, = 320,

five
Note: This rule is true in any base. In this study,
PSTs investigate multiplying by 10 . in base five.

Figure 4. Statement of the Times Base Rule.

the base ten system. Baturo and Cooper (1998) illustrated
this point by utilizing times ten tasks to show conceptual
gaps in students understanding of the multiplicative base
ten system. Focusing on multiplication by 10, __, brings
PSTs attention to this consistent multiplicative relationship
between unit types (i.e., between columns in multidigit
numbers).

Utility of multiplication by 10. Multiplication by 10

and multiples of 10 in base ten also plays an important
mathematical role in student generated strategies for mul-
tidigit multiplication (Ambrose, Baek, & Carpenter, 2003).
Because of the multiplicative structure of the place value
system, students often split multiplication problems along
place value to make use of the efficiency of multiply-

ing by 10. For example, consider the problem 12 x 23.

A student may split the 12 into 10 and 2, changing the
problem from 12 groups of 23 to 10 groups of 23 plus

2 more groups of 23. This creates two easier problems
(10 x 23 and 2 x 23), the products of which can then be
added together. The student generated strategic use of the
distributive property may lead to a more general multipli-
cation strategy of splitting numbers along place values.

The role of multiplying by 10 in base ten is essential but
is often hidden within the procedure for the standard

Multiplication by 10, .: Making Sense of Place Value Structure Through an Alternate Base

algorithm. (See Figure 5 for an example of multiplying 23
by 42 using the standard algorithm.) During the first set
of steps of the standard algorithm, 3 is multiplied by 42
to result in 126. In the second set of steps, it appears that
the digit 2 is multiplied by 42 to get 84. The 2 from 23

is actually 20 (i.e., 10 x 2). Because the value of 2 x 42

is 84, the value of 20 x 42 (which is 10 times more

than 2 x 42) can be found by appending a zero to 84 to
arrive at 840. Because of the efficiency and compact-
ness of the algorithm, it is possible for students to follow
the correct steps and place 84 in the correct location
(moved to the left one place) without understanding the
relationship between multiplying by 2 and multiplying
by 20. Unpacking the meaning of multiplication by 10
may help PSTs to make sense of how multiplication by
20 is related to multiplication by 2. Further, this relation-
ship can serve to highlight the underlying multiplicative
structure of place value that allows for the efficiency of
the standard algorithm.

Brief Literature Background

Preservice Teachers’ Understanding of Place
Value, Number, and Operation

A small body of research exists on PSTs’ conceptions of
number and operation within the traditional base ten con-
text (Thanheiser et al., 2014). A conceptual understanding
of multidigit whole numbers requires an understanding

of place value and the relevant 10 to 1 relationship found
in base ten (Fuson, 1990; Fuson et al., 1997; Kamii, 1986;
Thanheiser, 2009a). For example, the 2 in 234 represents
2 groups of a hundred. Since a hundred is equivalent

to 10 tens (adjacent unit types), the 2 also represents 20
tens; and since a hundred is equivalent to 100 ones (each
ten is equivalent to 10 ones), the 2 also represents 200
ones. PSTs should be able to move flexibly between these
three interpretations using the 10 to 1 multiplicative rela-

X 23
126
+ 840
966

Consider the problem 23 x 42. In the standard U.S. algorithm, the multiplicand (42) is
49 multiplied by each digit of the multiplier (23) and then added up with all of the digits

properly shifted. The written algorithm is shown on the left. First the 3 is multiplied by
the 2, resulting in 6, which is noted below the 3; then the 3 is multiplied by the 4 in
42, resulting in 12, which is noted under the 2, thus resulting in 126 in the first line of
the result. Next, the 2 in 23 is multiplied by the 2, resulting in 4, which is shifted one
column to the left and noted under the 2 of the 126; then the 2 in 23 is multiplied by the
4, resulting in 8, which is noted to the left of the 4. Sometimes a zero is placed in the
ones column after the 84, either to indicate that the 84 refers to 84 tens or merely as a
placeholder to remind the algorithm user to shift to the left. Finally, the partial products
are summed to arrive at the total of 966.

Figure 5. A brief description of the standard U.S. algorithm for multidigit multiplication.
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tionships between columns. This flexible understanding of
multidigit numbers is referred to by Thanheiser (2009a) as
a reference units conception. This conception of number
was the most sophisticated held by PSTs in that study, fol-
lowed by another correct conception in which PSTs were
able to see the digits representing the correct values but
did not have the flexibility to move between unit types.
Thus for the number 234, PSTs would be able to state
that the 2 represents 200, the 3 represents 30, and the

4 represents 4, but they would struggle finding alternate
interpretations. Thanheiser also identified two incorrect
conceptions based on seeing the values of the digits as
concatenated. PSTs either saw the digits in 234 as 2 ones,
3 ones, and 4 ones, or combined this incorrect con-
catenated digits conception with aspects of the correct
conception, thus seeing some digits in terms of correct
unit types but others incorrectly in terms of ones (i.e., 2
as 2 hundreds, 3 as 3 ones, and 4 as 4 ones). Thanheiser
found that two thirds of the PSTs she interviewed held
one of the two incorrect conception of multidigit num-
bers at the beginning of their content (Thanheiser, 2009a)
and methods (Thanheiser, 2010, 2014) courses.

PSTs and teachers with an incorrect conception of
multidigit numbers struggle to explain the mathemat-

ics embedded in standard algorithms (Ball, Hill, & Bass,
2005; Ma, 1999; Thanheiser, 2009a, 2012), such as
regrouping, which is often termed carrying or borrow-
ing in the PSTs’ language. Simply informing PSTs about
the 10 to 1 relationship between adjacent place values

is not sufficient to build conceptual understanding of the
structure of the base ten number system (Thanheiser,
2009b, 2014) or to make sense of commonly used multi-
digit algorithms. Ma’s (1999) study of in-service teachers
revealed that U.S. teachers were proficient in performing
multidigit multiplication, but 61% were unable to provide
a conceptually based explanation. The teachers focused
on how to perform the algorithm, rather than why the
algorithm worked. This is consistent with other research
on operations that indicates that PSTs or teachers may
believe that knowing how to find an answer is equivalent
to understanding (Graeber, 1999; Lo et al., 2008). Despite
this documented lack of conceptual understanding, little
research has been done to support PSTs” development of
place value understanding (Thanheiser, 2014). This study
focuses attention on developing an understanding of the
multiplicative structure of place value by investigating
multiplication by the base in an alternate base context
(base five).

Prior Research Using Alternate Bases

Alternate bases have been used as a research and educa-
tional tool to both uncover and deepen PSTs" understand-
ing of number and operation. Zazkis and Khoury (1993,

Vol
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1994) used the context of base five decimal fractions
(such as 12.34 ) to reveal PSTs" conceptions of the
underlying place value structure of numbers that would
have been masked by procedural use of base ten lan-
guage and symbols. The study showed that PSTs struggled
to maintain a consistent 5 to T multiplicative relationship
between place values, sometimes shiftingtoa 10 to 1 or
2 to 1 relationship instead. The base 20 Mayan numeral
system has been used as a context to explore shifts in
the value of digits when comparing the values of a “one”
with 1, 2, and 6 zeros attached at the end (Thanheiser &
Rhoads, 2009; Thanheiser, 2014). This study showed that
PSTs struggled to make sense of three-digit and larger
numerals within an alternate base.

McClain (2003) and Yackel, Underwood, and Elias (2007)
used a base eight context in preservice teacher content
courses, focusing on number, coordinating units, and
addition and subtraction. Both studies found that learning
trajectories from prior research with children were infor-
mative in creating learning trajectories for PSTs. The base
eight context in those two studies provided an opportu-
nity for PSTs to experience a sense-making approach to
early arithmetic. This context provided an alternate view
from the procedural approach previously experienced by
the PSTs. The work of McClain and Yackel, Underwood,
and Elias focused on counting and single and multidigit
addition and subtraction of whole numbers. In this study,
we build on that work and leverage alternate bases in a
multiplication setting. Particularly, we address multiply-
ing by the base as a way to highlight the multiplicative
structure of place value number systems.

For this study, our primary research question is: How
might PSTs build understanding for multiplication by
10, and how does this impact their understanding of
place value structure? In answering this, we (1) show that
making sense of multiplication by 10, .. is not a trivial
task, (2) provide insight into how one group of PSTs was
able to make sense of multiplication by 10 ., and (3)
discuss shifts in the PSTs” understanding of place value.

Methods

Description of the Course

The multiplication task discussed below was used in

the first quarter of a three-term mathematics content
sequence designed for preservice K-8 teachers at a large
urban university in the Pacific Northwest. The class met
twice a week for 10 weeks, with each class 1 hour and
50 minutes in length. The focus of the first course in the
sequence was whole number and operation. The second
author was the teacher for the class, while the first author

.3, No. 2, March 2015 e Mathematics Teacher Educator



A2/ )

88

designed the multiplication tasks and played the role of
observer during the class sessions.

In the first five weeks of the term, PSTs investigated num-
ber and operation in base ten and alternate bases focus-
ing on counting, addition, and subtraction. The alternate
base sequence began with an investigation of a fictional
base five context called Alphabitia* (Bassarear, 2011),

in which PSTs invented and compared number systems
using base five manipulatives. The goal of this activity
was for the PSTs to develop an understanding of a group-
ing system and a place value system and the difference
between those. In the first two weeks of the term the
PSTs also explored historic number systems, including the
base 20 Mayan system and the base 60 Babylonian sys-
tem, as well as the alternate base context of time (hours,
minutes, seconds) to examine the underlying structure
across the systems (grouping by base, identifying place
values, exploring the relationship between place values,
etc). Then the PSTs investigated addition and subtraction
in base ten and other bases in weeks 3 and 4 and began
multiplication in base five in week 5. The central base
five multiplication task is shown in Figure 6.

Description of the Task Design

The design of classroom mathematical tasks is a cyclic
process of creating, trying, and modifying tasks (Liljedahl,
Chernoff, & Zazkis, 2007). This study is part of a larger
project that focuses on the design of tasks that leverage
alternate bases for supporting PSTs in developing under-
standing of multidigit multiplication strategies. This article
focuses on a portion of one cycle, related to the task of
multiplying by the base, and provides insight into how the
task was modified for a subsequent cycle.

Multiplication by 10, .: Making Sense of Place Value Structure Through an Alternate Base

The design of the initial multiplication task was based

on the design heuristic of guided reinvention, taken from
Realistic Mathematics Education (RME) (Freudenthal,
1991; Gravemeijer & Terwel, 2000). Students begin in a
familiar context where they can use informal strategies to
make sense of the situation. Then tasks are provided that
move students’ mathematical activity to more general
and formal strategies. “The idea is to allow learners to
come to regard the knowledge they acquire as their own
private knowledge, knowledge for which they themselves
are responsible” (Gravemeijer & Doorman, 1999, p. 116).
By working in base five, the students had the opportunity
to reinvent an algorithm for multiplication and develop
conceptual knowledge with a degree of ownership.
Within this article, we focus on a key stage in the rein-
vention: making sense of multiplication by the base. In
particular, we focus on shifts in PSTs understanding of the
structure of place value as they investigated multiplication
by the base.

The task was designed to move from simpler to more
complex multidigit multiplication problems, with the
intention that students would develop more sophisticated
strategies based upon the structure of the place value sys-
tem in order to cope with larger numbers. The multiplica-
tion task was designed with the intention of allowing the
PSTs to invent their own sense-making solution strategies
by placing the PSTs in the nonroutine context of base five
rather than base ten. A classroom culture of sharing and
explaining ideas was key to the implementation of the
task and had been established by the classroom teacher
in the prior weeks of class. In the task directions, the PSTs
were invited to choose problems to share that would
purposefully highlight some aspect of what they learned.
The prompt for this task is given in Figure 6. This study

Multiplication Task

236 X 3five

236 X 10qe
42, x 31
2430 X 12500

five

Create a poster that demonstrates and explains how to multiply in base 5 (without converting to base
10). Choose two of the following problems to present in your poster, along with an additional problem
that highlights something that you find interesting/ challenging/awesome about multiplication in base 5.

Make sure you are showing what you are doing and why. We are interested in the CONCEPT of
multiplication. Use the base 5 manipulatives and try to include pictures.

Figure 6. The multiplication task given to PSTs.

4 Alphabitia is similar to the base five investigations in Xmania (Schifter & Fosnot, 1993) and Orpda (Hopkins & Cady, 2007).
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focuses on one group of PSTs who chose to investigate
the multiplication by 10y, , subtask.

Description of the Data Collection

The first author observed the two and a half class periods
devoted to the multiplication tasks. She took detailed
field notes with a focus on the PSTs’ strategies and areas
of struggle. A videographer captured the work of a focus
small group during the first two days of the multiplication
study. During the third day, the camera was focused on
the whole class discussion rather than the small group.
Photographs were taken to capture student work and
posters. A brief, written presurvey was collected to pro-
vide context for the PSTs” knowledge of the Times Base
Rule prior to the start of task (Figure 7).

The small group observed for the study consisted of two
women and three men: Alice, Karen, Danny, Lee, and Joe
(@ll names are pseudonyms). One of the five PSTs, Karen,
was absent for the second day of the multiplication task.

Description of the Data and Data Analysis

The primary data source was video recordings of small
group work within the classroom. In addition, we ana-
lyzed responses to a written presurvey (see Figure 7) to
determine whether each student demonstrated an aware-
ness of the Times Base Rule in base ten. Rather than
focusing on pre- and post-snapshots of knowledge, this
study focuses more heavily on the PSTs learning process,
following a recent commendation for more motion stud-
ies of learning (Thanheiser et al., 2014).

Presurvey

1. Solve the problem 23 x 42 IN TWO
DIFFERENT WAYS and explain your reasoning
for each step. Include both the how and why
for each step, if possible.

2. (a) Show how to solve 24 x 10 and explain
your reasoning.

(b) Show how to solve 24 x 13 and explain
your reasoning.

(c) Are 2(a) and 2(b) the same difficulty level,
or is one easier or harder for you?
Explain why.

Figure 7. Prior knowledge about multiplication and
Times Base Rule in base ten.
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The focus small group video was analyzed retrospec-
tively with the following steps adapted from Lesh and
Lehrer (2000). (1) Each video was watched by the first
author, who created a detailed log of events, marking
critical events (Maher & Martino, 1996), which provide
insight into the generation of student strategies. Criti-

cal events included episodes of struggle, discussions of
procedures, teacher presses, explanations or justifica-
tions within the small group, and comparisons between
base five and base ten. For example, one critical event
occurred when students misrepresented the number 10y,
as ten groups rather than 5 groups. (2) Episodes contain-
ing critical events were transcribed. (3) The detailed log
and transcribed episodes were examined for themes
within the base five multiplication data. Themes were
identified if they appeared as a common idea or thread
linking a number of critical events. Examples of themes
include making sense of multiplication by 10, reli-
ance on procedural knowledge, and comparing base five
and base ten. The first of these themes, making sense of
multiplication by 10y . is the focal theme of this paper.
(4) The detailed video log was reanalyzed to create a
narrative of all events related to multiplication by 10,
including transcripts of student conversations and analy-
ses of those transcripts. (5) This narrative was analyzed to
find key points in the learning sequence, allowing for the
identification of both areas of struggle and conjectures for
overcoming struggle.

Results and Discussion

The results section is structured in four parts. These parts
focus both on how the PSTs made sense of multiplica-
tion by the base and on the PSTs’ shifting conceptions of
place value structure.

1. We provide brief background information on PSTs’
prior engagement with multiplication by 10 in
base ten.

2. We show evidence that PSTs struggle to provide
a conceptual justification for the Times Base Rule
in base five. Their struggles demonstrate a lack of
understanding of the multiplicative structure of the
place value system.

3. We tell the story of how the PSTs built a concep-
tual justification for the Times Base Rule by shifting
toward viewing 10 . as a quantity rather than as two
concatenated digits.

4. We highlight how both repeated addition and area
imagery were used by the PSTs to develop a better
understanding of the Times Base Rule and the multi-
plicative structure of the place value system.
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Background About Small Group’s
Prior Knowledge

By considering the baseline surveys, we provide a brief
snapshot of the PSTs” general awareness of the Times
Base Rule in base ten. When comparing 24 x 10 and

24 x 13, three PSTs in the group (Karen, Lee, and Joe)
appeared to be aware of the Times Base Rule. The
remaining two PSTs (Danny and Alice) did not use the
Times Base Rule when comparing the difficulty of the
problems. (See Table 1 for the PSTs’ responses.) Because
several of the PSTs already used the Times Base Rule in
base ten, they were primed to notice the same rule occur-
ring during the base five task.

The small group’s initial conceptions were similar to the
whole class, where 12 of the 20 PSTs used the Times
Base Rule and the other eight did not. While the task
prompt for the baseline data included a request for

Multiplication by 10, .: Making Sense of Place Value Structure Through an Alternate Base

explaining their reasoning, the PSTs did not show evi-
dence that they could explain why the Times Base Rule
worked. If any explanation was attempted, it tended to
involve statements of the following form: 24 x 10 = 240
“because we can move the 0 from the 10 to the 24,”
using the Times Base Rule as the justification rather than
justifying the Times Base Rule.

Struggling to Justify Times Base Rule
(Procedural Justifications)

During the two days of small group work, the PSTs

were asked to attempt four specific base five problems
(Figure 5), and they were invited to try out multiplying
other numbers to investigate their ideas. Despite teacher
encouragement for sense making and an opportunity for
inventing algorithms, the small group’s strategies initially
relied heavily on the standard U.S. algorithm for multi-
plication, which the PSTs borrowed from base ten and

Table 1
Analysis of each student’s level of awareness of a Times Base Rule
PST Use of Times Base Rule Evidence, when comparing 24 x 10 to 24 x 13.

Karen Uses Times Base Rule “When multiplying a number by 1, 10, or 100 . . . simply add as
many or as little zeros as the 1, 10, 100 . . . has.” (ellipses were
included by the student)

Lee Uses Times Base Rule “24 x 10] is easier because it is a multiple of ten number. I just take
the zero from ten and put it to the right of 24 for shortcut math in my
head.”

Joe Uses Times Base Rule .
“You can break multiplication down to easier problems. | broke it
into base 10 then the remainder 3, then added.”
“[24 x 10] is easier [than 24 x 13]. When big #’s are multiplied by
more than 10 it is hard for me and | have to break it down to groups
of 10.”

Alice No evidence of use of Times “They are similar for me. If you think of it as groups, it is the same.”

Base Rule
Danny No evidence of use of Times

Base Rule

a) : b)

“[24 x 10] is less difficult than [24 x 13] as it is multiplied by 10,
[24 x 10] makes for an easier process and the problem does not
include any carrying.”
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modified to work in base five. (An example of the stan-
dard U.S. algorithm for multiplication was given in Figure
5 and its modification for base five is given in Figure 8a.)

The group’s first solution for 23, . x 10, relied entirely
on the standard algorithm, which was written out to
include a row of zeros, followed by 230, and summed
to 230 (Figure 8b). The teacher pressed the PSTs to make
sense of their solution. The following episode demon-
strates the PSTs' reliance on the standard algorithm to
justify why the Times Base Rule works for this example.

91

The PSTs” explanations treat the algorithm as the source
of justification. The standard multiplication algorithm
treats each digit in a multidigit problem as a single digit
independent of place value. The efficiency of the algo-
rithm allows its users to solve large problems knowing
only single digit facts. Perhaps it is this aspect of the
algorithm that invites the PSTs to see the 0 and 1 in 10,
as two separate issues to explain, rather than looking at
multiplication by 10;, . as a number of copies of a speci-
fied number. This can be seen in Karen'’s statement above
about multiplying by 1 causing a number to remain the
same. Continuing the conversation, Karen deals with the

Teacher: So why can we just add a zero to zero separately.
the end?
Karen: When you multiply things by zero it’s
Joe: Because if you do it the standard zero. So | think that’s why we're getting
algorithm way it works and that’s why | that whole “place holder thing” [student
do that. gestures air quotes]. ‘Cause it’s just add-
ing zeros. When you go down the line
Karen: When you multiply by 1 you always you have to add more zeros anyway.
know it’s going to be the same num- [She makes hand gestures as if she’s
ber. So when it’s a ten or hundred or a writing out the algorithm, pointing at the
thousand® you add as many zeros as are zeros.]
behind that number.
While the group has developed a type of procedural
Teacher: Why does that work? Why do you explanation that relies on the standard algorithm, they
always add a zero there? continue to express discomfort with the explanation. We
see evidence in the conversation that follows Karen’s
Joe: Because you put a one, a ones col- previous explanation.
umn there, and the zeros are just
place holders.
@ 1 In order to modify the standard algorithm to base five, PSTs regroup whenever they have
42five 5 or more of something. For example, 3 ones x 2 ones = 6 units, which is regrouped as
X 23. 1 long 1 ones, with the 1 long “carried” above the 4 and added to the product of 3 units
S=five x 4 longs. This results in thirteen longs, which is, in turn, regrouped to 2 flats 3 longs.
231 It is unknown whether the PSTs consider the values as units, longs, and flats, or merely
4134 concatenated digits.
2121,
(b) : , o
23 The steps of the standard algorithm are dutifully followed, resulting in a row of Os when 0
five is multiplied by 23, . In the second step, the 1 in 10;, , is multiplied by 23 , resulting in
mﬁve a 23 shifted one place to the left. The 00 is added to the 23 to arrive at 230, .
00 The separate steps of the algorithm were used as a justification for why multiplication by
+23 105, results in adding a zero to the end of a number.
230five

Figure 8. The Standard U.S. Algorithm for multiplication in base ten and modified to base five.

5  Karen has incorrect use of base ten language in a base five context.
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Danny: Is there another way to describe it,
though? The one copies the number, the
zeros just add. It's really easy to think of.
And it works in base five.

Karen: You know if you just say it, a kid will be
like, Oh that’s what | have to do . . . but
why? It’s hard to explain.

Danny: See | can’t even remember, | can’t

explain why in regular base ten.

We see students looking back to their base ten knowl-
edge and actively making connections between the base
ten and base five systems. What they know in one sys-
tem, they may import to the other system (e.g., standard
algorithm), while what they don’t know (e.g., explana-
tions) may become more apparent to both the teacher/
researcher and the PSTs. Danny’s acknowledgment that
he cannot explain why the Times Base Rule works in
base ten may demonstrate that he is reflecting on his own
conceptual knowledge gaps as a result of investigating
within base five.

Shifting from 10, , as Two Distinct Digits
to 10, _as a Quantity

five
After a teacher suggestion that the group tries to unpack
the Times Base Rule to make it more accessible to
children, Karen returns to the group’s bag of manipula-
tives and takes out 2 longs, 3 units, and 1 long, creating
23 . and 10, .. While Karen’s selection of manipulatives
(Figure 9a) represents both numbers in the base five prob-

Multiplication by 10, .: Making Sense of Place Value Structure Through an Alternate Base

lem, she struggles to use accurate language in describing
the numbers.

Karen: If it’s twenty times ten,® there’s ten sets
of twenty-three.

Joe: Yeah

Karen: This is going to take a while.

Karen’s use of base ten language to talk about base five is
problematic. Multiple group members initially make the
mistake of gathering ten [base ten] copies of 23  instead
of gathering five (10, ) copies.

The small group works through this confusion by invent-
ing a strategy based on repeated addition, which Danny
voices below (visual provided in Figure 9b.)

If we could line this [pointing to 1 long]
up with the groups we are using, there
would only be one, two, three, four, five
groups. [As he talks he points to one unit
at a time on the long, until he gets to the
fifth unit.]

Danny:

Joe: Of two longs and three units.

Joe: Yeah, | like how you are touching it.
[Referring to Danny counting out on the
long manipulative to find the number of
groups of 23, ]

The process of touch counting with the long (10;,,.)
manipulative allows the group to unpack the meaning

I
T S

(@) Karen represents 23, , with 2 longs 3 ones, and
she represents 105y with 1 long. Verbally, she
misnames the 105 as ten.

(b) Danny associates each single square in the long with 1 group of 2
longs 3 ones, allowing him to make explicit use of both numbers in
the product.

Tullls

Figure 9. Using manipulatives to visualize 23,

five X 10five'

6 Karen refers to 20 , x 10, but uses base ten language inappropriately, calling 20, . twenty and 10 , ten.
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of 10, both as 1 long and as 5 units. This represents a
shift from the previous strategy of treating 10y, , as two
concatenated digits, “1” and “0.” The strategy also allows
the group to overcome the confusion between 10, and
104, differentiating between the meaning in base ten
and the meaning in base five.

Multiplication by 10, .: Assembling a
Conceptual Justification

The small group discussion has shifted from treating 10,
asa 1 anda 0 and is now treating 10, ., as a quantity that
can be considered either as 1 long or as 5 units. With
this conception in mind, the teacher presses once again
for making sense of the Times Base Rule. This time the
teacher prompt shifts from asking why a zero is placed at
the end of a number and focuses on why the rest of the
digits have shifted (without change) to the left.

Teacher: So what happens when you move it
over? What does that mean?

Alice: It's holding a place or something. The
fact that there’s nothing in that column.

Teacher: So what caused it to move over?

Joe: Because we have enough.

Alice: We had enough to go to the
next column.

Joe: So in this case you have five groups of

this which bumps it over to the next
group and you have five groups of this
which bumps it over to the next group.
Because that’s what it takes, the qualifi-
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cation to move over to another group is
to completely be full with five units of
that, so if you multiply by five you have
five units of this which puts you over
here [gesturing at an empty table] the
same amount of five, just, you know,
five units of it, so it goes in the next one
and then you have five units of this thing
so that goes to the next one.

This new explanation is not based on the standard algo-
rithm, but instead relies on the consistent multiplicative
structure of the place value system. The PSTs" language
highlights the consistent 5 to 1 multiplicative relationship
between adjacent unit types as a result of investigating
the Times Base Rule. This can be seen in Joe’s language
about having five groups and in his explicit attention to
the number of items needed to allow for regrouping. Next
Joe explains why a long times a long is a flat.

Joe: For every one block here [pointing to
each unit on the long] you get one of
these [points to a long]. So you get one
is one [associates a long for each unit he
counts on the original long] two equals
two, three equals three, four four, a fifth
one gets you up to these [pointing to a
flat] so if you were to do that for three
[pointing to 3 longsl, you'd just get three
of these [flats].

The PSTs assemble two key pieces of information to cre-
ate this conceptual explanation.

1. Multiplication by 10, . means repeatedly add a num-
ber 5 times.

[TTTT]

// 1N

/RN

which he regroups to 1 flat.

For each unit he touches in the first long (the multiplier), Joe counts out another long. This results in a collection of 5 longs,

Figure 10. Joe devises a touch counting strategy for multiplying 10

hive X 105ye-
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2. Adding 5 copies of one unit type allows you to
upgrade to the next larger unit type.

Multiplication by 10, : Makin

While students may have held the two pieces of this idea
separately, combining them into a conceptual explanation
for the Times Base Rule occurred only after continued
teacher press for justification. The conceptual explanation
created by the students’ touches on the very structure

of the base five number system: that each column or
place value represents a grouping of 5 times the previous
column. This explanation stands in contrast to the earlier
procedural explanations that treated the 1 and 0 in 10,
as two separate digits. This indicates a shift from discuss-
ing concatenated digits toward explaining the multiplica-
tive structure of a place value system.

Multiplication by 10, .: Making
Generalizations & Comparing Strategies

After using the touch counting method to justify why a
long times a long is a flat, the small group begins to gen-
eralize this strategy.

Joe: So you used to have three of these
[longs] living is this column and now
you have three of these [flats]. So you
just move over a column. And if you
had these [flats] you’d move over to a
different column.

Mathematically, Joe uses the fact that 10, x 10,
=100;,,, to conclude that 10, x 30, . = 300, ., and

that 10, x 100, = 1000, .. Thus, it seems that Joe is
explicitly aware that if a base five manipulative (or quan-

g Sense of Place Value Structure Through an Alternate Base

tity of matching manipulatives) is multiplied by a long, it
upgrades to the next larger type of base five manipulative.

Near the end of the second class period, each small
group is asked to share their investigations with the
whole class. Members of the focus small group share
their exploration of multiplication by 10, , at the board,
focusing on the touch counting approach for repeated
addition using the example 20;, , x 105, (Figure 11a).
Viveca, a member of a different small group, requests
permission to rearrange the group’s manipulatives. Viveca
sets the two factors perpendicular to each other (Figure
11b—e) and creates a rectangular array of longs. The class
spontaneously applauds this new area model, and Danny
announces to his group: “That was a breakthrough.” Hav-
ing created a justification for the Times Base Rule through
their repeated addition model of multiplication, they
were primed to make sense of an area based justifica-
tion for the Times Base Rule. This justification creates a
visual model that focuses on the multiplicative structure
of the base five system. The number being multiplied

by the base (in Figure 11, this is 20, ) is treated as one
dimension of the rectangle, while the base is treated as
the other dimension. The visual model highlights how
each long is multiplied by 10, , and becomes a flat. The
structure of the number system, as well as the area model
imagery, continued to be a focus of later class discussions
of multidigit multiplication in both base five and base ten.

Overview of the Shifts in Place
Value Understanding

When investigating why the Times Base Rule would make
sense in base five, the small group initially focused on
the separate digits of 1 and 0 in 10;, ., pointing to the

(©)

..'p"‘h'

/m

a) The focus small group presented 20

group of 2 longs for each one in 10,

to create a rectangle that is 2 longs by

of 2 flats, or 200

five*

(c)—(e) Viveca fills the rectangle with longs, using the area model to find the solution

x10
(1 long).

(b) Viveca (from another small group) rearranges the manipulatives for 20

five ive 10 the whole class by creating one

five X 10five

1 long.

Figure 11. Rearranging the manipulatives to visualize the area model.
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separate ideas that multiplication by 1 causes no change
to the other factor, while multiplication by 0 results in a
zero. These two facts were assembled haphazardly as

a justification for why a zero was placed at the end of a
number when multiplying by 10 .. An important shift
in understanding of the Times Base Rule appears to be
related to reconceiving of 10;, . as a quantity (equivalent
to 5 units) rather than as two separate single digits.

Using the language of Thanheiser’s framework (2009a) for
conceptions of multidigit numbers, the PSTs seem to have
shifted from one of the concatenated digits approaches
toward a groups of ones and/or reference units approach.
Moreover, the PSTs recognized that 10, , happens to be
the special quantity that results in regrouping. That is, if
you add 10y, ., copies of a single item you get one copy of
the next larger item. For example, 10;, ., copies of a long
results in a flat. The importance of conceiving of 105, ,

as a quantity is consistent with research by Kamii (1986),
who notes a similar importance for children when think-
ing of ten.

Reflections

Modifications to the Task

The data presented in this study represents part of one
cycle in the development of a classroom mathematical
task (Liljedahl et al., 2007). Each cycle consists of design,
enact, reflect, and modify/redesign phases. The last

part informs changes to the task for future cycles. Two
key changes will be made in the task for the next cycle.
First, rather than giving the task as four subtasks, the
subtasks will be given one at a time, to allow for class-
room discussions and cross-pollination of ideas between
subtasks. While the focal group for this study was able
to make sense of multiplication by the base, the other
small groups did not devote as much attention to the

95

Times Base Rule and may have missed an opportunity
to develop a better understanding of the multiplicative
structure of place value systems. By breaking the task
into four subtasks, all small groups would be encouraged
to unpack the Times Base Rule. The Times Base Rule

is an important phenomenon to investigate because it
serves as a building block for making sense of multidigit
multiplication as well as a tool for making sense of place
value structure.

The second overall task change that will be made for the
next cycle is a stronger focus on the guided reinvention
of a general strategy for multidigit multiplication. (See
Figure 6 for the prior task sequence and Figure 12 for the
modified task sequence.) The PSTs will be asked to create
a general strategy for finding the area of any rectangle

in a box of base five rectangles. We anticipate that PSTs
will make use of the Times Base Rule and the multiplica-
tive structure of base five when reinventing their own
multiplication strategies.

This refined task sequence will be subject to further
study and revision in the next iteration of the task design
study. Attention will be paid to prompts and investiga-
tions that promote PSTs’ guided reinvention of multidigit
multiplication strategies.

The Role of an Alternate Base

The exploration of base five as a context for number and
operation has two intended pedagogical goals. The first
goal is to provide an alternate base to compare against
base ten. The differences between the bases can serve

to draw attention to the meaning of place value and the
relationships between columns. The similarities between
bases, particularly the Times Base Rule, can draw atten-
tion to the multiplicative structure of place value number
systems. In alignment with the Common Core Mathemati-

Task 1

AT
0% 08 0%

Task 2

=

Structure of base five

Repeated addition

Area model (situated level)

Task 3 Task 4

Box of

&ed-mol:.s

Area model (generalizing)

Figure 12. Modified instructional sequence for multidigit multiplication in base five.
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cal Practice Look for and make use of structure (National
Governors Association Center for Best Practices & Coun-
cil of Chief State School Officers, 2010), the structures
of base five and base ten become a focal point of class
discussion and student reasoning.

The second goal in using base five was to provide PSTs
with the type of sense-making learning experience advo-
cated by the current reform movement and by the tenets
of RME. This was done by placing the PSTs in a context
where they might explore ideas in number and opera-
tion without relying on their prior wealth (or burden) of
memorized number facts and rules. This opportunity was
successful in leading PSTs to focus on sense making and
the structure in mathematics, rather than on memoriz-
ing and practicing rules. While base five was a conve-
nient base to use for this teaching experiment (it aligned
with the course textbook), we imagine that investigating
other alternate bases could also serve the purposes of

(a) providing a comparison to base ten and (b) providing
a context for sense-making experiences. The discussion
of which base is best is a discussion we will leave for
the readers.

Take-away

While PSTs may be aware that when you multiply by

10 you can just append a zero, they may not be able to
justify why this is true. Investigating the Times Base Rule
in alternate bases serves to bring forward the question

of why this phenomenon occurs generally and what that
indicates about the structure of place value number sys-
tems. Creating a valid justification for the Times Base Rule
is not a trivial task for PSTs, but it is a worthy task for two
mathematical reasons. First, making sense of the Times
Base Rule helps PSTs develop a conceptual understand-
ing of the multiplicative structure of place value number
systems. Second, the Times Base Rule is a fundamental
part of making sense of multidigit multiplication strate-
gies, including both student-invented strategies and
standardized algorithms.
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Elementary Teacher Candidates’ Use of
Number Strings: Creating a Math-Talk
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This article presents the results of an
exploratory study detailing 4 teacher
candidates’ initial implementations of

a number string protocol in which they
presented sequences of related problems

to 3rd graders. We detail how the teacher
candidates were taught the components of
the protocol in their methods course and
describe the math-talk (student-participation)
levels that occurred during their 1st number
string experience with their students. We
coded the lesson transcripts for math-talk
levels, which range from teacher-led to
student-driven, and provide examples of the
number strings and excerpts from the teacher
candidates’ reflections to illustrate our
results. Results indicate that number strings
are a supportive structure for beginning
teachers as they facilitate math talk.

Key words: Elementary teacher candidates; Math-talk
levels; Number strings; Sequences of related problems

With the introduction of the Common Core State Stan-
dards for Mathematical Practice, there is renewed
momentum for mathematical discussion in classrooms.
Teachers are expected to elicit students’ reasoning and
explanations as well as help students listen and respond
to each other’s mathematical thinking (National Council
of Teachers of Mathematics, 2000; National Governors
Association Center for Best Practices & Council of Chief
State School Officers, 2010). These processes are difficult
to manage, especially for new teachers who often expe-
rienced teaching as telling (Smith, 1996; Nicol, 1999):
“There is a strong tendency for novice teachers, once
they have entered the profession, to revert to their default

model of teaching as they were taught” (Borg, 2004,

p. 275). Further, teachers may rely on “telling” to avoid
the daunting task of making sense of students’ thinking
(Smith, 1996). Without purposeful planning about how to
respond to students’ comments in a mathematical discus-
sion, new teachers are often not able to give pedagogi-
cally meaningful responses to their students and often
ignore unanticipated responses, hindering the meaning-
making process (Inoue & Buczynski, 2011).

As teacher educators, one of our goals is to help teacher
candidates move beyond telling to eliciting and build-

ing on students’ thinking. One way we can do this

is through modeling a specific routine, during which
teacher candidates participate as students in the lesson
and we as teacher educators periodically step outside
our elementary teacher roles to discuss the elements of
the practice. Along with this, we can provide classroom
and clinical experiences where teacher candidates are
directly involved in rehearsing this particular routine and
reflecting on their practice (Grossman et al., 2009). In this
article, we present results from an exploratory study on
teacher candidates’ use of a specific routine or practice—
number strings—and explore its potential to support nov-
ice teachers’ efforts to facilitate mathematics discussions.

Number Strings

Researchers have identified number strings' as a dis-
cussion routine that could help teachers focus less on
teaching as telling and more on exploring the mathemat-
ics and facilitating conversations about students’ solutions
and reasoning (Lampert, Beasley, Ghousseini, Kazemi,

& Franke, 2010). Number strings consist of a series of
related problems that highlight a particular mental math
strategy or big idea. Each problem in a particular string

is written horizontally and is completed one at a time;
students mentally work out a solution to the problem
and share their methods with the class (DiBrienza &
Shevell, 1998; Fosnot & Dolk, 2001; Parrish, 2011). For
example, students might first see 3 x 4, then 3 x 8, then
6 x 8, followed by 6 x 16. The underlying strategy here is
doubling, although students might also use other mental

1 It may be more appropriate to call this routine problem strings; however, we use the term number strings to reflect popular terminology. For
a more detailed account of number strings and how they differ from other forms of math talk, see numberstrings.com/2014/05/27/whats-in-a-

name/.

*This manuscript is based on a presentation given at the 2014 annual meeting of the Association of Mathematics Teacher Educators in Irvine, CA.
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math strategies. When conducting the number string rou-
tine, teachers are encouraged to elicit and probe student
strategies, record these strategies to facilitate clarity, foster
an understanding of representations, encourage compari-
sons, address incorrect answers, and encourage students
and their classmates to clarify or justify their strategies,
especially in terms of efficiency and utility (Lampert et al.,
2010).

There are a few accounts of teachers implementing
number strings with their students (e.g., Fosnot & Dolk,
2001; Lampert et al., 2010; Parrish, 2011), and some
include a focus on the types of strategies that students
develop when given the opportunity (e.g., Murata et al.,
under review; O’Loughlin, 2007). However, there is little
research on how teacher candidates implement the rou-
tine and whether those who use them can do so faithfully
and maintain higher levels of math talk with elementary
students. In the following section, we describe a frame-
work for characterizing levels of math talk and discuss
how the elements embedded in the number string routine
have the potential to support higher levels of math talk.

Math-Talk Theoretical Framework

Hufferd-Ackles, Fuson, and Sherin (2004) illustrated four
main components that contribute to a math-talk learning
community: questioning, explaining mathematical think-
ing, source of mathematical ideas, and responsibility for
learning. They describe each of these components within
a series of levels, highlighting a trajectory toward effec-
tively incorporating many of the Common Core math-
ematical practices into teaching. Scoring a zero across all
four math-talk components constitutes the lowest level, at
which teaching involves telling, asking right/wrong ques-
tions, dictating how to solve problems, and making little
attempt to elicit student thinking. Math talk at levels 1 and
2 involves a shift in focus from answers and teacher-pro-
vided explanations to students providing explanations of
their solution strategies. The teacher begins to ask probing
questions and involve other students in helping make
sense of each other’s strategies. As teachers and students
shift toward using discourse to “extend one’s own think-
ing as well as the thinking of others” (p. 82), they advance
to the highest level within the framework and a more
learner-centered mathematics community, a level 3.

Questioning

Teachers may ask students questions in order to clarify
terminology, lead students through a method, extend
students’ thinking, and involve other students in the
discussion (Boaler & Brodie, 2004). Further, the style, sub-
stance, and quantity of teachers’ questions greatly affect

Elementary Teacher Candidates’ Use of Number Strings

the classroom learning environment (Kemmerle, 2013;
Hiebert & Wearne, 1993). In low math-talk classrooms,
teachers do not leverage questioning; instead, they ask
yes/no or quick computation questions (Hufferd-Ackles
et al., 2004). Teacher candidates struggle with asking
questions in order to learn more about students’ think-
ing; instead, they often ask questions to move students
toward the correct answer (Nicol, 1999). When students
fail to answer a question or provide an incorrect answer,
teacher candidates might ask leading questions or have
difficulty responding (Inoue & Buczynski, 2011). Because
one of the first steps in the number string routine involves
additional questioning, our conjecture was that teacher
candidates using the routine would move beyond telling
and answer seeking; using the routine, teachers would
elicit and encourage students to explain their strategies by
using a low-press question (Kazemi & Stipek, 2001), such
as “How did you get that?” Teachers’ strategy-eliciting
exposes students to a diversity of methods and helps
them progress toward thinking about when particular
methods are more efficient (National Research Council,
2001). Further, part of the number string protocol (see
Kazemi, Franke, & Lampert, 2009, for details) involves
asking additional low-press, clarifying questions (Chapin,
O’Connor, & Anderson, 2009), such as “Where does the
2 come from?” or “How did you decompose the 12?” as
well as some high-press questions that require more jus-
tification (Kazemi & Stipek, 2001), such as “Why did you
add instead of subtract?” A final aspect of number strings
that encourages high-press questions and elevates the
level of math talk is having students consider connections
among mathematical ideas, strategies, and representa-
tions (DiBrienza & Shevell, 1998; Kazemi & Stipek, 2001;
National Research Council, 2001; Parrish, 2011). Teach-
ers can do this by asking questions such as “How are
these two strategies similar or different?” or “How can we
change our representation to show the new strategy?”

Explaining Mathematical Thinking

Through questioning, teachers can elevate the class’s
mathematical discourse by encouraging students to
explain their solution strategies. However, teacher candi-
dates often define successful teaching as providing clear
explanations (Minor, Onwuegbuzie, Witcher, & James,
2002) and may feel compelled to explain mathematical
concepts and procedures in order to meet their percep-
tions of what teachers do (Parrish, 2011). This practice
results in low math-talk discourse (Hufferd-Ackles et al.,
2004). As teacher candidates shift toward letting students
lead the explanations, they encounter the challenge of
attending to and noticing the relevant details of students’
mathematical explanations (Jacobs, Lamb, & Philipp,
2010). Moreover, if teacher candidates do not understand
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a student’s reasoning, they may lose confidence in their
own understanding of mathematics (Nicol, 1999). The
number string routine encourages teacher candidates to
use revoicing and restating, which help students learn

to explain more thoroughly (Chapin et al., 2009). When
revoicing, teachers repeat or summarize what students
say using more precise language and ask students to
evaluate whether the statement accurately represents
their thoughts. This practice helps students justify and
take ownership of their ideas, and “the revoicing move
entails a collaborative effort at building and explicating a
complex idea” (O’Connor & Michaels, 2007, p. 281). As
more students restate (Chapin et al., 2009) or clarify each
other’s ideas, the class moves to higher levels of math talk
(Hufferd-Ackles et al., 2004).

Source of Mathematical Ideas

Many teacher candidates espouse a view that their role

is to dispense information (Brookhart & Freeman, 1992),
which can lead to low math-talk classrooms where teach-
ers do the explaining and are the source of mathemati-
cal ideas (Hufferd-Ackles et al., 2004). Because teacher
candidates also value being student centered (Minor et
al., 2002), they may compensate by using “show and tell”
(Stein, Engle, Smith, & Hughes, 2008)—having multiple
students explain their strategies without providing input,
without supporting other learners to learn from the expla-
nation, or without attempting to help them make connec-
tions among their strategies. In classrooms with higher
levels of math talk, teachers use students’ ideas to a
greater extent; therefore, students’ ideas guide mathemat-
ics lessons. Additionally, students” more detailed explana-
tions engender comparisons (Hufferd-Ackles et al., 2004),
especially when they are given time to grapple with a
variety of strategies (Murata et al., under review).

The number string routine can help teacher candidates
transition to building on students’ thinking and to giv-

ing students more control over the conversation. One
important element of the number string routine is accept-
ing all student answers, even incorrect ones, when first
posing a problem. This encourages students to be the
source of the ideas rather than the teacher. At the same
time, teachers can use the incorrect answers as an oppor-
tunity for students “to confront their thinking” (Parrish,
2011). Another integral part of the number string routine,
representing students’ strategies, ensures that students
have access to each other’s methods and also provides a
means for comparing students’ strategies visually (Fosnot
& Dolk, 2001). Although teacher candidates may have
difficulty using representations to highlight similarities and
differences among problems (Bofferding, 2012), with the
visuals as a guide, students can talk about each other’s
strategies, resulting in higher math talk. The comparisons
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are important because making connections among strate-
gies and the underlying mathematics is a key purpose of
number strings.

One prevalent model for representing student thinking

is the empty number line, which encourages multiple
strategies (Klein, Beishuizen, & Treffers, 1998), helps high-
light potential shortcuts (Bobis, 2007), and can improve
students’ procedural competence (Klein et al., 1998)—all
of which are goals of number strings. Empty number

lines best illustrate jumping strategies (adding on or find-
ing a difference) or showing addition and subtraction
together, such as when students round one number and
compensate for the change at the end (Fosnot & Dolk,
2001). Some strategies, however, such as splitting, do

not lend themselves to illustration via the empty num-
ber line (Bobis, 2007). Splitting involves decomposing
numbers according to their place values and adding the
parts in stages. In these situations, the use of branching or
recomposing notation (drawing lines from the number to
show how it is broken up) is more appropriate (Fosnot &
Dolk, 2001). (An example of an empty number line and
the use of branching notation can be found in Table 1 for
String B.)

Responsibility for Learning

When teachers are the source of mathematical ideas—
that is, their classrooms are at a lower level of math talk—
they also hold responsibility for the learning of others
(Hufferd-Ackles et al., 2004). In an effort to encourage
students to take a more active role in conversations, work
together to make sense of the mathematics, and feel

more comfortable with sharing, teachers can use a think-
pair-share strategy or partner talk (Chapin, O’Connor, &
Andersen, 2009; Reinhart, 2000). Aside from making all
students responsible for solving the problems, talking with
a partner could improve students’ explanations, mak-

ing them more confident in sharing. Further, as students
participate in a classroom where their thinking is valued,
they will begin to take a more active role in their learning
(Hufferd-Ackles et al., 2004).

Based on a survey of 134 teacher candidates, Minor,
Onwuegbuzie, Witcher, and James (2002) found that
28.4% believed the role of the teacher is to transmit infor-
mation to students while only 12.7% held the progressive
belief that students should be actively engaged in solving
learner-generated problems. Experiences with number
strings could support progressive beliefs and higher levels
of math talk because an important element of the number
string routine—applying reasoning (Chapin et al., 2009)—
supports a shift in responsibility from teacher to student
by encouraging students to help their classmates under-
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stand the mathematics, even agreeing or disagreeing with
other students’ reasoning when necessary.

Research Questions

Based on the elements that are part of the number string
protocol, we hypothesized that utilizing them could

help teacher candidates facilitate higher levels of math
talk. However, even though the number string protocol
includes steps for addressing different levels of questions,
focusing on explanations, and letting students take a more
central role, novice teacher candidates might struggle to
enact all parts of the protocol. Therefore, it is important
to know what parts of the protocol teacher candidates
do enact and to what extent they can support higher
levels of math talk, leading us to pose the following
research questions:

1. To what extent do elementary teacher candidates
enact the elements of the number string protocol in
an initial lesson?

2. What levels of math talk are they able to facilitate
across the four categories?

3. What are their successes and struggles in enacting
number strings meaningfully in terms of the levels of a
math-talk learning community?

Methods

Participants and Setting

The participants were 24 master’s degree students taking
a mathematics methods course as part of a 1-year, full-
time elementary education teacher training program in
California. The teacher candidates assisted in placement
classrooms during the morning and took classes at the
university in the afternoon. In their placement classrooms,
the teacher candidates worked with individual students
or small groups around mathematics and taught several
mathematics lessons to the whole class. The mathemat-
ics methods course met once per week for 3 hours. We
selected four teacher candidates (Zoe, Lana, Becca, and
Stephanie—all names are pseudonyms) for our focus
because they all worked in third grade, English-speaking
classrooms. According to Zoe and Stephanie, students in
their classrooms often did mental math problems where
they could write their work on white boards and compare
answers, but only students in Zoe’s classroom regularly
shared their strategies. Students in Lana and Becca’s
classrooms did not regularly participate in mental math
activities as a class. Three of the four teacher candidates

Elementary Teacher Candidates’ Use of Number Strings

designed and used the same number string. Eliminating
variation helped us focus on the implementation of the
number string in the teacher candidates’ placement class-
rooms as well as the math-talk levels that occurred during
the number strings.

Modeling Number Strings in Methods Class

A major goal of this methods class was to prepare the
teacher candidates for leading a student-centered series
of mathematics lessons with a focus on eliciting student
thinking, and we felt the number string routine had the
potential to help teacher candidates elicit and build on
student thinking in an accessible way. At the beginning of
each class session throughout January and February, the
instructors conducted a number string (see Appendix A
for examples) with the teacher candidates to familiarize
them with the protocol, as described by Kazemi, Franke,
and Lampert (2009). The number string problems were
selected to be hard enough to give the teacher candi-
dates an authentic number string experience. In Table 1,
we present excerpts from two example number strings
conducted with the teacher candidates that highlight
how the instructors incorporated elements of the number
string protocol.

As seen in the excerpt from String B (see Table 1), the
instructors introduced and talked about open number
lines and branching notation as key representations to use
to illustrate students’ strategies. In String A and other mul-
tiplicative examples, they highlighted the use of arrays.

Data Sources

After participating in six number strings, during which
the instructors explicitly discussed the components of
the routine, the teacher candidates designed and eventu-
ally taught a number string in their practicum placement.
For the assignment, they had to (1) identify the big idea
for their string, (2) develop or find a number string, (3)
anticipate students’ strategies (both correct and emerg-
ing), (4) identify possible representations they could use
to illustrate students’ strategies, and (5) list possible ques-
tions they could use to facilitate the discussion around
the problems. The teacher candidates had read sections
of Sherry Parrish’s book, Number Talks: Helping Children
Build Mental Math and Computation Strategies (Grades
K-5); however, most candidates designed their strings
based on the examples from class and the level of their
students in their practicum placements. They worked
together in grade-level teams to design strings appropriate
for their students.
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Table 1
Class Number String Descriptions (I = instructor, TC = teacher candidate)
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Excerpts from Demos

Instructor’s role

String A: Instructor writes 15 x 18 on the board.
I: Think about how you might mentally find the product.

TC: First, I knew 10 x 18 is 180. Then | knew 5 x 18 was half that, so 90.
Then | added 180 + 90 to get 270.

I: Is there another way to think about the problem?

TC: I knew that 15 x 20 is 300, and that is two too many fifteens, so |
subtracted 30 from 300 to get 270.

I: It's wonderful how many different ways there are of thinking about
this problem.

TC: I cut 18 in half to get 9 and doubled 15 to get 30. Then | multiplied

9 x 30 to get 270.

I: That is an interesting approach. Will you please tell me more about
why you did that?

TC: [Repeats statement without adding anything.]
I: Who can use their own words to explain the strategy?

Two more candidates explain the doubling and halving strategy using
different words.

I: Thank you to everyone for helping us all understand this strategy. At
first | wasn’t sure about the strategy, but our discussion has helped
clarify things more for me.

TC: [Pretending to be a student] | got 140 because 10 x 10 is 100 and
8 x 5 is 40.
I: Thank you for sharing. [The instructor drew an array to illustrate the

components of the product and show the missing parts before writing
the next problem: 18 x 27]

Writes problem horizontally.
Invites participation.

Instructor writes equations on the board.

Elicits multiple strategies.

Instructor writes equations on the board.
Places an emphasis on the celebration of
diverse thinking.

Instructor writes equations on the board.

Demonstrates how to handle unclear
strategies by probing.

Invites others to restate.

Emphasizes class participation.

Accepts incorrect answers and uses
representations to illustrate strategies.

String B: Instructor writes 435 + 32 on the board.

TC: | made three jumps of ten and then two jumps of one.

TC: First, | added 30 + 30, then 5 + 2. | took that 67 and added it to 400
and got 467.

Writes problem horizontally.

Shows the jumping strategy using an empty
number line.

10 10 10

435 445 455 465 487

Shows the recomposing strategy using
branching lines.

435=++ 5 32=+ 2
7

&)
.
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Once candidates developed their number strings, the
instructors provided feedback on them. The most com-
mon feedback was to begin the string with an easier
problem—selection of problems that were too difficult
came perhaps from the fact that the number strings
done in the methods class were designed for the teacher
candidates. Other feedback included ideas on connect-
ing possible student strategies as well as using visual
representations to capture possible student thinking. In
their written reflections, teacher candidates stated that
this feedback, especially suggestions for the first prob-
lem of the string, was very helpful. Each candidate then
taught the number string in her placement classroom and
submitted a video of her enacted number string and a
reflection that described (1) the actual strategies students
used during the number string, (2) any changes they made
to the problems as the string progressed, (3) descriptions
of their experiences using representations to highlight
student thinking, and (4) a discussion of changes they
would suggest or insights they had that would be helpful
to others using their number string.

Data Analysis

The second author transcribed each number string video.
After dividing each lesson video transcript into chunks
consisting of a problem introduction or a strategy request
plus a response, we used the descriptions of the math-talk
levels (see Hufferd-Ackles et al., 2004) to code the level
of questioning, explaining, source, and responsibility evi-
dent in each exchange. It should be noted that the teacher
candidates were not familiar with the math-talk levels;
these were used for research purposes only. As we coded
the first participant, we found that some responses were
not solidly at one level but fell in between two sequential
levels. After discussion, we marked these as transition-

ing between the two levels to capture these nuances (see
Table B1 in Appendix B for descriptions of the levels). We
individually coded the remaining participants and had
77%—81% agreement across the four categories. Next,
we discussed the discrepancies until we reached consen-
sus (see Table 2 for an example of our coding).

The teacher candidates’ planning notes provided insight
into the big idea for their strings, and their reflections
were coded for references to the four math-talk categories
as well as the elements of the number string protocol,
which enabled us to triangulate the results of our cod-

ing with the teacher candidates’ thoughts about their
number strings.

Elementary Teacher Candidates’ Use of Number Strings

Results

Enacting Number Strings

Lana, Becca, and Stephanie used the problems 4 + 7
and 44 + 7 to encourage students to break apart num-
bers, regroup them, and notice similarities in the ones
places.? Zoe, at her cooperating teacher’s request, taught
a different string and emphasized a common difference
strategy using 25 — 3, 25 — 13, 26 — 14, and 28 — 16. All
four candidates successfully focused on students’ strate-
gies rather than just their answers and were able to use a
variety of representations to make the strategies visible to
the students. Although the teacher candidates facilitated
some conversations around making connections among
strategies, highlighting the big idea of the number string
was more challenging. Table 3 provides a summary of
number string elements that the candidates enacted.

Math-Talk Levels Across Categories

Overall, the number string routine provided a help-

ful structure for all four teacher candidates to progress
beyond a level 0 teacher-focused community toward

a level 1 student-focused math-talk community. Their
average percentage of math talk for each level of the four
categories is shown in Table 4. The prevalence of level 1
codes for questioning reflects the candidates’ emphasis
on asking students about how they solved the problems;
if students had asked each other more questions, the
level for questioning would be higher. Similarly, the high
percentage of explaining at level 1 occurred because

the candidates frequently had to ask several follow-up
questions in order to obtain a complete explanation;
students did not offer full explanations on their own. The
most common level of coding for source (1-2) reflects
the candidates’ efforts to build on students’ thinking by
representing their strategies in various ways. The most
common level of coding for responsibility (0—1) occurred
because although students were listening to each

other’s thinking, they were not yet initiating or leading
the conversations.

Next we give examples of the candidates’” use of the
math-talk components and discuss practices that sup-
ported or hindered their efforts to move toward higher
levels of math talk.

2 None of the three teacher candidates got to their other three planned problems: 49 + 7, 49 + 17, and 56 + 18.
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Table 2
Example Codes for a Transcript Excerpt
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Transcript for lower levels of math talk

Codes based on Hufferd-Ackles et al. (2004)

[One student shares a strategy for solving 7 + 4 prior to
this excerpt.]

Stephanie: Did someone do it differently?
Student: | looked at 7 plus 4 and you could break 4 into
3 plus 1.
Stephanie: Okay, so you knew that 3 plus 1 is 4.
Student: ... and then I did 7 plus 3 and then added the 1.
Stephanie: So you knew that 7 plus 3 is?
Student: ~ 10.
Stephanie: So you knew that was 10. And then you added

the 1 to get 112
Student:  Yes.

Stephanie: Oh, this is exciting—we're solving it in

interesting ways.

Questioning: Level 1 (Teacher allows student to explain and is
interested in the response.)

Explaining: Level 1-2 (Student gives a more complete
explanation with some details missing initially.)

Source: Level 1-2 (Teacher expands on student’s explanation.)

Responsibility: Level 0—1 (Teacher elicits multiple strategies,
but other than that, students are not involved in talking about
strategies.)

Transcript for higher levels of math talk

Codes based on Hufferd-Ackles et al. (2004)

[After discussing how 28 — 16 and 26 — 14 are related]

Questioning: Level 1 (Teacher allows student to explain and is
interested in the response.)

Zoe: Okay, last comment, Dorothy?
Student: | just wanted to say to Alicia that her answer of Explaining: Level 2-3 (Student gives an unprompted statement
22 could not be possible because you have 28 that stakes a position, but teacher does not advance it.)
and you’re minusing 16. There is no possible
way to get 22. Source: Level 3 (Teacher allows students to interrupt and
s We're just off by a one [ten]. We're all really provide their own explanations or interpretations.)
close today. . ) )
Responsibility: Level 3 (Students agree or disagree with each
other without prompting and work together to establish the
answers to problems.)
Questioning student noticed that 12 was the answer to all of the prob-

All four candidates asked level 1 questions, such as “How
did you get your answer?” Notably, all candidates let
students” explanations dictate correctness. Also, because
they asked, “Who solved the problem a different way?”
students began to take responsibility for listening to their
peers so as not to repeat strategies.

Low press. All candidates used low-press questions

to encourage clarification: “So you started with seven
and put four in a group. What did that look like in your
head?” (Becca) “You counted by ones. What did you start
with?” (Stephanie)

High press. All four candidates used at least one high-
press question during their number string. When one

lems, Zoe asked the students to determine the reason for
the pattern. However, most high-press questions focused
less on patterns and more on clarifying the mathematics
in explanations, especially around splitting or decompos-
ing and recomposing numbers. For 7 + 4, one student
said that she added 7 + 3 to get 10 and then added 1
more to get 11. Becca asked, “So how did you know to
add one more after you added three?”

These high-press questions drew attention to the decom-
positions and set an expectation for the students to justify
their strategies, and the low-press questions encour-

aged students to explain their strategies in more detail.

By pursuing students’ strategies in more depth, these
teacher candidates communicated to the class that their
ideas formed the basis of their learning. Further, Zoe was
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Table 3

Number String Elements Enacted by the Teacher Candidates

Zoe Lana Becca Stephanie

Video length (in minutes) 25 22 18 28
Number of coded chunks 24 12 10 9
Number of strategies elicited 13 10 8 10
Probed student thinking 12 35 24 29
Addressed mistakes 4 4 0 0
Highlighted friendly numbers 1 3 1 2
Made strategy connections 1 1 1 3
Use of representations
Number lines 3 0* 2 8
Recomposing lines 5 0 0 0
Pictures (e.g., dots) 0 4 1 0
Written equations only 4 5 5 2

*In her reflection, Lana indicated that she used number lines, although they were not visible in the video.

R?;;e Percentage of Math Talk Across the Four Teachers
T Categories

Levels Questioning Explaining Source Responsibility

0 1% 13% 1% 0%

0-1 19% 8% 6% 68%

1 64% 46% 9% 9%

1-2 6% 13% 57% 13%

2 0% 17% 15% 8%

2-3 0% 2% 0% 0%

3 0% 0% 2% 2%

successful in transitioning toward a level 2 as she asked,
“Should we ask our friends if they know anything? Do
you want to call on a friend?” to encourage peers to ask
each other questions.

Challenges. Although low-press questions came naturally
to the candidates, they sometimes asked leading ques-
tions, limiting students’ responses. For example, one stu-
dent said that she saw 4 + 7 as seven dots and four more.
Lana asked her if she counted (assuming this was her
method); a more generative question would have been,
“What did you do next?” Lana then referred to an illustra-
tion of dots on the board, demonstrating, “I'm going to
start [counting] from here: 1,2, 3 ... ?2 Or did you say 7,
8,9, 10, 112" Asking the student, “How did you count?”

would have given the student an opportunity to explain
more deeply.

Explaining Mathematical Thinking

Across the candidates’ number strings, 46% of their
explanations of mathematical thinking were characteris-
tic of level 1 math talk, with 30% of their explanations
transitioning to or reaching level 2. As the candidates
continued to probe, students’ explanations became more
detailed with less prompting. Lana explained, “When
students explained their thinking as ‘just knowing’ the
answer, | pushed them further by asking them to picture
what they saw in their minds and really think about the
process they went through to get the answer. . . . When
this [more detailed explanation] happened, other students
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started to recognize their own processes and the discus-
sion became richer.”

Revoicing. The teacher candidates played a strong role
in eliciting student thinking and then revoicing students’
explanations to encourage more complete answers. The
candidates’ use of revoicing fell into several catego-
ries. In some cases, they repeated students’ statements
verbatim; this served to make sure all students heard
their peers’ ideas. Other times, candidates revoiced and
named a student’s strategy or used more precise math-
ematical language, which gave legitimacy to the stu-
dents’ explanations:

(Solving 25 - 3)

Student: | pretended that the 2 wasn't there, and |
knew that 5 minus 3 equals 2 and then |
just added the 2 and it equaled 22.

Zoe: So you kinda used our canceling out

strategy up there. So you pretended that
it was 5 minus 3 and pretended that [2]
wasn'’t there and then you put it back.

Zoe acknowledged that the student was using the cancel-
ing strategy that the class had talked about previously for
non-regrouping problems, making connections to the
class’s prior knowledge.

Challenges. Even though all four candidates probed their
students” explanations during the number strings, they
often over-revoiced, which took away the opportunity
for students to do the bulk of the explaining. This shifted
the focus away from the students and back to the teacher
and moved the discourse community back toward level 0
math talk, where the teacher is considered the source of
mathematical ideas and holds the responsibility for stu-
dent learning. Although the candidates” methods instruc-
tors had talked to them about listening to the students,
revoicing, asking questions, and not telling too much,

the candidates had not discussed what is considered too
much prompting or revoicing.

The candidates’ over-revoicing may have resulted from
the difficulty they thought students experienced in
response to their probing. For instance, in her reflection,
Zoe wrote, “1 asked a student to explain how she knew
what to do with the remaining numbers, but she seemed
a bit confused by the question, so | moved on.” Becca
said, “I'm not sure if the students’ difficulties explain-
ing their answers result from a lack of experience doing
mental math with various strategies, or if they were
confused about their own thought processes.” Despite
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students’ struggles explaining their mathematical thinking,
however, the teacher candidates seemed optimistic about
the effect of consistently doing number strings. Becca
hypothesized, “I expect that [students] would develop
the needed mathematical vocabulary with more frequent
math string activities.”

Source of Mathematical Ideas

A large percentage (57%) of the segments in the number
strings were coded Level 1-2 in the “source” category,
making it the most successful component. During their
number strings, the teacher candidates elicited multiple
strategies. More importantly, the candidates allowed
students to use their own strategies and make errors and
gave students opportunities to identify their miscalcula-
tions rather than telling them the correct answers. This
shifted the source of mathematical ideas away from the
teacher candidate and onto the students.

Representing student thinking. The candidates legiti-
mized students’ strategies by representing them visually.
Overall, the teacher candidates used empty number lines,
branching/recomposing lines, pictures, and/or equa-
tions to illustrate students’ strategies, especially when the
students’ strategies were easy to understand. Zoe used
empty number lines when students talked about counting
back or making jumps and used recomposing or branch-
ing lines whenever students talked about breaking apart a
number, even if the student only broke apart one number
and then made jumps. When solving 26 — 14, one student
suggested subtracting 4 from the 26 and 4 from the 14
and then subtracting the two resulting answers. Zoe
wrote the horizontal equations 26 — 4 =22, 14 — 4 =10,
and 22 - 10 = 12 vertically stacked on the board.

Connections among strategies. After students shared
their strategies, the candidates found ways to help stu-
dents make connections among strategies. For example,
when one student explained an important strategy for
solving 28 — 16, Zoe capitalized on it to make connec-
tions to 26 — 14 and the big idea of the number string:

Student 1: 1 put 28, and right next to 28 | put a 16,
and then minused 6 [from 28] and it
equaled 22, and then 16 minus 6 equals
10, and then 22 minus 10 is 12.

Zoe: So [Student 1] noticed that we can do

the same thing to both numbers. So 28
minus 6 and then 16 minus 6 to get 10,
a friendly number. And then he subtracts
the two numbers. What did we do to get
from 26 to 28?
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Student 2:  We just added 2.
Zoe: What did we do to get from 14 to 162
Student 2:  We also added 2.
Zoe: That’s kind of what [Student 1] did, only

in reverse.

Lana also helped students make connections among the
ways to make 10 when adding 4 + 7, depending on if the
student started with 7 or 4. According to her reflection,
she felt that “this was a great opportunity to compare the
two equations and show how making tens in regrouping
seemed to be a trend.” Later, for 44 + 7, when a student
made a multiple of 10 by adding 44 + 4 = 48 and then 48
+ 2 =50, she told the class, “Are you noticing a pattern
here? People are wanting to make tens.”

In other cases, students made connections to each other’s
strategies. While working on the problem 4 + 7 and after
one student had found 10 as a friendly number (7 + 3)

and then added 1 to get 11, Stephanie asked her students:

Stephanie:  Did anyone do it differently?

Student: [ did it like [the previous student], but |
did 6 plus 4 is 10. And then added on.

The student was able to connect his thinking to another
student’s regarding ways of finding 10 as a friendly num-
ber, which further solidified that the students were the
ones presenting the mathematical ideas. In her reflection,
Stephanie said, “Thirty minutes and two problems into
this number string—after | had informed the class that

it was time for recess—many students were still shar-

ing their ideas.” Her statement shows that not only were
students able to be the source of mathematical thinking
during the number string, but they were also enthusiastic
about doing so.

Elementary Teacher Candidates’ Use of Number Strings

Challenges. Although the teacher candidates helped
students make some connections among strategies, they
had a difficult time showing these connections with their
representations. For example, writing the equations
26-4=22,14-4=10, and 22 — 10 = 12 vertically
stacked on the board did not help Zoe show why 26 — 14
and 22 — 10 have a common difference. If she had written
each problem vertically side by side (Bofferding, 2012)

or on a number line, she could have highlighted that this
student was keeping a common difference (see Figure 1).

Showing connections requires that candidates know
multiple ways to represent each strategy and can decide
which representation will be most effective for a particu-
lar situation, which may require additional experience.

Responsibility for Learning

Overall, 68% of the exchanges were coded at a Level
0-1 for the responsibility component. Zoe had a nice
moment, however, near the end of her number string
that met the criteria for a Level 3 exchange. She put the
problem 28 — 16 up on the board, and students ini-
tially presented three different answers (12, 22, and 11).
Four students shared their strategies, and the consensus
seemed to be that the answer was 12. Then one student
raised her hand, and Zoe called on her:

Zoe: Okay, last comment. Dorothy?

Student: [ just wanted to say to Alicia that her
answer of 22 could not be possible
because you have 28 and you’re minus-
ing 16—there is no possible way to

get 22.

While this could, on the surface, be seen as an affront

to Alicia, Dorothy’s tone of voice indicated that she was
trying to be helpful to her classmate. This depicts a subtle
shift in responsibility away from the teacher and onto the

26 - 14 = 12 2
4 -4 PN
22-10 =12 10514 202

Figure 1. Two ways to highlight how to maintain a common difference.
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students. They were beginning to care about each other’s
learning, and they wanted to help each other understand.
In her reflection, Stephanie said, “I really enjoyed hearing
some of the students—particularly those who normally
like to work on their own—respond to their classmates’
strategies and compare their solutions to the work on

the board.” While there is still much room to grow in

this area, three of the candidates specifically encouraged
collaboration during their number string. Zoe asked, “Do
you want to call on a friend?” Becca asked, “Does any-
one know where [Student] was going with this?” Stepha-
nie asked, “Can anyone explain [Student’s] way?” These
types of probes encouraged students to take responsibility
for understanding each other’s mathematical thinking.

Challenges. This component of a math-talk community
was the most challenging for the teacher candidates
during their number strings. The prevalence of level 01
codes indicates that teacher candidates held onto the
notion that they ultimately were responsible for managing
and facilitating the mathematical discussion. While there
were moments when students directed their comments to
each other or referenced a peer’s strategy, the bulk of the
exchanges were between teacher and student, with the
teacher directing the flow of the conversation.

Discussion

Number String Elements and
Math-Talk Levels

Overall, the results provide an encouraging account of
the power of number strings in helping teacher candi-
dates use more student-centered levels of math talk.
Because the number string routine requires that teachers
ask students how they solved the problems and record
their strategies, teachers naturally asked prompting ques-
tions to make sure they understood how to represent
students’ strategies accurately. This practice helped them
be better prepared to deal with unanticipated responses.
Rather than ignoring responses (Inoue & Buczynski,
2011), the candidates tried to record students’ thinking
on the board and asked clarifying questions. Although
the candidates did not always feel they truly understood
the students’” methods, they actively tried to and, by
recording the methods, provided an opportunity for other
students to try to clarify the methods as well.

Later in their number string conversations, students then
began to reference each other’s work or make explicit
comparisons between their strategies. Rather than the
teacher determining correctness (Muis, 2004), the stu-
dents had a more active role. Another math-talk strategy
that likely contributed to students’ participation was

Vol

109

candidates’ specifically asking students to make sense of
what their classmates said or to add on to each other’s

statements. Both experiences provided students with ref-
erence points on which to build. All this is evidence that
even within one number string, all four candidates were
able to move the class toward higher levels of math talk.

The teacher candidates used revoicing naturally (and
liberally) throughout their lessons; however, they could
increase their use of restating, having other students
summarize each other’s strategies. This would provide
students with additional opportunities to actively engage
with their peers’ thinking. Although encouraging students
to build on each other’s thinking did help students start
to take responsibility for their learning, the responsibility
category was consistently coded the lowest in terms of
the math-talk levels. This is not surprising because this
category is the most dependent on establishing a class-
room culture based on student-centered practice. Such
extended collaboration is not likely to surface in one
initial lesson. However, teacher candidates can encourage
collaboration through partner talk and a more targeted
focus on helping students make connections among
strategies. Three types of comparisons emerged in these
cases: the teacher relating students’ strategies to the big
idea of the string, the teacher comparing two or more
students’ strategies, and students making comparisons to
peers’ strategies. Beyond these, though, teacher candi-
dates need to capitalize on the comparisons, especially in
terms of having the class analyze the efficiency and utility
of their strategies.

Teacher candidates can also encourage students to

take responsibility by providing more opportunities for
students to agree and disagree by addressing students’
mistakes. Candidates often had students explain their
strategies in the order that they volunteered their answers.
If the second student they called on had an incorrect
answer, it was often not probed because the correct
answer was already discussed; therefore, two candidates
did not address any mistakes. Candidates could have
students who presented incorrect answers describe their
solution processes, even though they were incorrect,

to give the rest of the class a chance to disagree; alter-
natively, they could point out that the class got several
possible answers and ask the students to agree or dis-
agree with one of the answers and explain why. Having
students think critically about the answers and strategies
would help them transition to taking more responsibility
for the conversation.

Common Core Mathematical Practices

In terms of the Common Core State Standards for Math-
ematical Practice (National Governors Association Center
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for Best Practices & Council of Chief State School Offi-
cers, 2010), the results of this study provide some insights
into ways to help students construct viable arguments and
critique the reasoning of others (practice #3). One key
practice that all teacher candidates used was recording
students’ strategies on the board using equations, number
lines, and branching notation, which teaches students
how to use appropriate tools strategically (practice #5)
and how to model with mathematics (practice #4).

Using the Number String Protocol in
Methods Classes

The ease with which the teacher candidates enacted the
number string protocol suggests that this type of lesson

is a powerful first step in learning to facilitate productive
mathematical discussions with students. Well-thought-out
protocols, such as the number string protocol, can pro-
vide a structure that helps beginning teachers incorporate
more student-centered practices into their teaching.

However, the number string structure does not guarantee
that all of the discourse will be rich. Lana in particular
struggled to move away from the role of teacher as the
source of mathematical ideas. Although she success-
fully moved away from teaching as telling, about half of
her questions led students to answer in particular ways
(Nicol, 1999). A discussion in methods courses about
leading versus open questions could bring these chal-
lenges to the surface, especially when combined with
rehearsals (Kazemi, Franke, & Lampert, 2009) focused on
the use of questioning.

In contrast to prior reports about teacher candidates
having difficulty understanding the mathematics con-
tent (e.g., Nicol, 1999), the teacher candidates in our
study expressed frustration with understanding students’
strategies, particularly as it related to representing their
strategies. Providing opportunities for teacher candi-
dates to rehearse and represent strategies “on the spot”
in methods courses could give them experience repre-
senting while others are explaining yet also give them a
space where they can stop and ask for suggestions and
the class can problem-solve effective representations for
various strategies.

Although all candidates were able to elicit multiple
strategies from students, the end goal of the number
strings was not always clear. Only Zoe specifically moved
students toward thinking about the constant difference
pattern among problems in their string. One suggestion
to improve candidates” and students’ attention to the
relations among the problems and strategies would be to

Elementary Teacher Candidates’ Use of Number Strings

identify specific questions instructors could incorporate
as necessary elements into the number string protocol to
promote the higher levels of talk. For example, (1) after
students share their strategies for a problem, ask them to
describe how their strategy is similar to or different from
another student’s, (2) after solving a few problems, have
students identify how two of the previous problems are
similar and different, and (3) at the end of the string (if no
one has noticed the pattern in the problems), ask, “How
could you use the first problem to help you solve the
second?” (Wickett, 2003).

Limitations and Future Work

While this study examines the math-talk levels that occur
during four teacher candidates’ first number string enact-
ment with their students, there is no comparison data that
allows us to look at the math-talk level of these teachers
during other kinds of math lessons. We also do not know
how their talk compares to average new teachers. A next
step would be to not only videotape and code teacher
candidates’” number string lessons, but also other math
lessons they teach to see if there are differences and/or
spillovers from the number string protocol. Additionally, it
would be interesting to compare the math talk in num-
ber strings and math lessons to discussion/talk in other
subjects. Are there cross-curricular discussion skills that
can help teachers engage their students in meaningful talk
across subjects?

Given the success the teacher candidates had implement-
ing number strings, we should continue to explore issues
surrounding their use. Future work should also explore
when (if at all) leading questions are beneficial, what
factors influence the types of questions teachers ask, and
explore instructional activities, such as rehearsals, that
can help support teachers to move toward more open
questions that will enable them to elevate the math talk
in their classrooms. Additionally, it would be meaning-
ful to follow teacher candidates into the first 2—3 years of
their career to see to what extent they are able to main-
tain or build on what they have learned from the number
string protocol.
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Appendix A: Example Number Strings Used in the
Methods Course With the Teacher Candidates

1.
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Find Friendly Numbers (Decomposing Branching Notation)

35+ 36

75 + 36

37 +59

175 + 46

Making Jumps to Helpful Numbers (Number Lines)
1999 - 4

2002 - 4

2002 - 14

1898 - 14

Compensating (x 20 and Subtract Groups); Using Place Value (Arrays)

15 x 20 (*not given, but would help prompt the targeted strategy)

15x 18

24 x 18

(Return to page 102)
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Appendix B: Example Explanations of Codes
Table B1
Explanations of Codes Used in Data Analysis of Teacher Candidates’ Lessons
Level Questioning % Math talk
0 Teacher asks question for sole purpose of getting answer (no inquiry into students” methods). 1%
0-1 Teacher asks a question that indicates an interest in students’ explanations, but follows up by asking 19%

(mostly) leading questions instead of allowing students to do most of the explaining.

1 Teacher asks questions about how students got their answers (and why they did what they did). 64%
Teacher allows students to explain.

1-2 Teacher encourages students to think about questions they have about their peers’ explanations. 6%

2 Teacher prompts students to ask each other questions. 0%

2-3 Student initiates questions but does not follow up on the responses. 0%

3 Student initiates questions about classmates” work and probes the responses. 0%

Explaining Mathematical Thinking

0 Student provides an answer to a math problem but offers no explanation of his or her thinking. 13%
0-1 Student names the strategy he or she used but provides little detail on what this entailed. 8%
1 Student gives more explanation about the details of the strategy, but teacher does a lot of helping 46%

(asks leading questions or adds too much detail when revoicing what the student said).

1-2 Student gives a more complete explanation with some imprecise language. 13%
2 Student gives a full explanation; teacher doesn’t have to clarify much. 17%
2-3 Student gives an unprompted statement that stakes a position, but teacher does not advance it. 2%
3 Student provides justification as part of an explanation and teacher encourages deeper thinking 0%

about strategies.

Source of Mathematical Ideas

0 Student only gives answer and doesn’t expand upon it. 1%

0-1 Student gives barely more than an answer, but it is evident that he or she is beginning to think 6%
about the strategy (instead of the answer only).

1 Student gives an explanation with little response or building on by the teacher. 9%

1-2 Teacher expands on student’s explanation by illustrating it with a representation, naming a strategy, 57%
or helping the students start to compare; may attempt to address errors but in a vague way. Student
is more confident.

2 Students are beginning to take charge and explain their thinking to each other. Teacher takes 15%
advantage of students’ errors as opportunities for learning.

2-3 Teacher begins to use students’ ideas for building new understanding. 0%

3 Teacher allows students to interrupt and provide their own explanations or interpretations. 2%
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Responsibility for Learning

0 Teacher affirms students’ answers as correct or incorrect (not observed). 0%

0-1 Teacher elicits multiple answers, and there is some sense that students need to listen (because they 68%
will have to say whether they have a different or similar answer). Students listen to each other.

1 Student references or repeats what another student said but provides little further explanation. 9%

1-2 There is some sense of comparison or analysis between strategies. A student might reference a 13%
classmate’s strategy and say something such as “I did another jump.”

2 Students work together to understand and get the answer at the teacher’s prompting. 8%
2-3 Students agree or disagree with each other but need prompting, especially to decide on answers. 0%
3 Students agree or disagree with each other without prompting and work together to establish the 2%

answers to problems.

(Return to page 104)
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Reshaping Teachers’ Mathematical Perceptions:
Analysis of a Professional Development Task
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As the focus of mathematics education moves
from memorization toward reasoning and
problem solving, professional development
for in-service teachers must model these
activities while simultaneously increasing
participants’ mathematical knowledge.

We examine a representative task from a
mathematics professional development
course that uses rational number operation
as an opportunity for problem solving and
modeling. Transcripts exemplify the growth
teachers make in deeply understanding
the content—division of fractions—

while engaging in guided reinvention

and classroom discourse. We propose 4
interconnected qualities of this task that
allow participants to engage in and reflect
on the process of guided reinvention: (1)
authentic context with multiple solution
methods, including visual; (2) cognitive
dissonance; (3) deep engagement; and

(4) impact on mathematical knowledge

for teaching.

Keywords: Content knowledge; Fraction division;
Mathematical knowledge for teaching; Professional
development

Since the publication of A Nation at Risk in 1983 (Gard-
ner, 1983), multiple educational institutions and research-
ers within the United States have called for increased
rigor in mathematics instruction and a shift from a strict
focus on procedural fluency to incorporation of prob-
lem solving and critical thinking (National Governors
Association Center for Best Practices & Council of Chief
State School Officers, 2010; National Council of Teach-
ers of Mathematics, 1989; National Council of Teachers
of Mathematics, 2000; Stigler & Hiebert, 1999). Several

authors have suggested that tasks that progressively for-
malize number operations can be used as sense-making
activities in and of themselves (Fosnot & Dolk, 2002;
Gravemeijer & van Galen, 2003; Hiebert, 1997). The
outcome for students of such lessons would be a combi-
nation of procedural fluency and conceptual understand-
ing specific to the topic, as well as general experience
with the practices of mathematics, including conjecture,
reasoning, justification, and modeling.

But such classroom activity can be difficult for teach-
ers who themselves experienced mathematics instruc-
tion that focused on memorization of formal algorithms
(Ball & McDiarmid, 1989; Schoenfeld, 1988). Teaching
mathematics rather than computation requires several
different types of knowledge, collectively referred to as
mathematical knowledge for teaching (Ball, Thames, &
Phelps, 2008; Hill, Rowan, & Ball, 2005). Teachers must
understand the conceptual basis for number operations
and be able to construct and facilitate problem-solving
situations for students around those operations. Building
upon student thinking also requires a fundamental shift
in teachers’ beliefs about the nature of mathematics itself,
from that of mathematics as a set of rules and algorithms
to mathematics as a product of quantitative reasoning
(Ernest, 1989; Schoenfeld, 1988). The widespread adop-
tion of the Common Core State Standards (CCSS) and
the accompanying assessments has, to some degree,
forced this shift because students must demonstrate
content knowledge and engage in authentic practice

of mathematics.

Professional development for in-service teachers has
been widely seen as one method for increasing teachers’
mathematical knowledge for teaching (Borko, 2004; Hill
& Ball, 2004). Here we describe a single activity from a
mandated professional development course—the Math-
ematical Thinking for Instruction (MTI) course. Within this
single problem, we identify attributes of the task (and thus
the course) that allow teachers to experience the process
of guided reinvention as though they were students. The
purpose of this paper is to (1) describe the MTI profes-
sional development course in order to situate the task; (2)
describe the task and its facilitation, including class tran-
scripts and participant-generated figures; and (3) examine
participants’ course evaluation reflections in order to
identify attributes of the intervention that make it effective
in modeling guided reinvention.
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The Mathematical Thinking for
Instruction (MTI) Course

In 2008, based on a call for improved mathematics
instruction by the Idaho State Department of Education,
the Idaho legislature mandated that all teachers who
might potentially teach mathematics, as well as admin-
istrators (about 11,000 people), take the MTI course for
recertification by 2014. The pool of MTI participants
includes all teachers in the state with a K-8, special
education, or secondary mathematics certification, and
all those with administrator certifications. Although the
course is offered at three levels with largely overlap-
ping content (early elementary, intermediate, and sec-
ondary), a single class may include individuals with a
very broad spectrum of mathematics backgrounds. It is
not uncommon, for example, to have a middle school
English teacher, a high school calculus teacher, and a
district administrator all in the same secondary course.
The 45-hour course focuses on early number, rational
number, operations, and algebra. More detail on the
development and implementation of the course can be
found in Brendefur, Thiede, Strother, Bunning, and Peck,
2013; Brendefur, Carney, Hughes, and Strother, 2015; and
Carney, Brendefur, Thiede, Hughes, and Sutton, 2014.

Changes in educators’ mathematical content knowledge
were measured precourse and postcourse, using items
around number and algebra from the Learning Mathemat-
ics for Teaching project at the University of Michigan
(Learning Mathematics for Teaching, 2008). In addition,
retrospective changes in teachers’ beliefs about math-
ematics and self-efficacy in teaching mathematics were
measured postcourse with a survey. (Survey items were
designed by RMC Research and Math in the Middle
project staff at the University of Nebraska—Lincoln in
2005.) For example, participants were asked whether
they agree, disagree, or neither agree nor disagree with
the statements “All students can learn challenging content
in mathematics” and “Mathematics should be learned

as sets of algorithms or rules that cover all possibilities.”
[tems were administered retrospectively postcourse in
order to avoid pre- to post-intervention response-shift
bias, in which participants” understanding of the sur-

vey items changes in response to the intervention (Bray,
Maxwell, & Howard, 1984), in this case the MTI course.
For example, prior to the course, many participants were
unfamiliar with the word algorithm and may have based
their definition of “challenging content” solely on proce-
dural complexity rather than conceptual depth. Using a
retrospective presurvey/postsurvey design has been docu-
mented as addressing this issue (Aiken & West, 1990;
Lam & Bengo, 2003).

117

Data from the first 3 years of the MTI project show sta-
tistically significant gains in participants’ content knowl-
edge as well as significant shifts in their beliefs about
the nature of mathematics and how it should be taught
(Carney, Brendefur, Thiede, Hughes, & Sutton, 2014).
These initial results led us to think more deeply about
what aspects of the course and its facilitation might be
responsible for shifts in participants’ content knowledge
and beliefs. In this article we analyze participant work,
course transcripts, and evaluation feedback around the
facilitation of a single task that exemplifies the overall
course structure.

MTI Course Theoretical Background

The MTI course uses social-constructivist learning theory
and was built around the concepts of teaching for under-
standing as described by Hiebert and others (Hiebert &
Carpenter, 1992; Hiebert, 1997), in which learners con-
struct their mathematical knowledge through their own
mathematical activity and interactions with their peers
and their teacher. More specifically, the course seeks

to build teachers” mathematical knowledge for teaching
through a series of tasks that require them to take part

in the process of progressive formalization based on the
Dutch concepts of “guided reinvention” and “realistic
mathematics education” (Freudenthal, 1973; Freudenthal,
1991; Gravemeijer & Doorman, 1999; Treffers & Vonk,
1987). In guided reinvention, students are given an expe-
rientially “real” task that allows them to use the mathe-
matics they do know as an entry into a new mathematical
concept (horizontal mathematization). From these initial
strategies, students then move through tasks, classroom
discussion, and instruction to move toward more efficient
and abstract mathematics (vertical mathematization).

Guided reinvention can still take place in professional
development interventions because many teachers have
memorized algorithms but have little understanding of
why they work. When pressed to solve tasks without
those algorithms, teachers with limited conceptual under-
standing will go through the process of reinventing math-
ematics, albeit in an accelerated form, connecting their
own initial informal methods to progressively more formal
methods introduced by their peers and instructor. Teach-
ers with a more conceptual mathematical background are
pressed to consider what initial informal methods might
look like and how they connect to more formal methods.

The actual facilitation of the MTI course largely mirrors
the orchestrating classroom discussions framework, which
consists of (1) anticipating how students will approach a
task; (2) monitoring students’ progress, in part through
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questioning; (3) selecting students’ solutions for discus-
sion in order to highlight specific mathematical ideas; (4)
sequencing the student work in order to press connec-
tions; and (5) connecting across strategies to highlight key
ideas and connect to formal mathematics (Smith, Hughes,
Engle, & Stein, 2009; Stein, Engle, Smith, & Hughes,
2008). Participants in the MTI course are also asked to
solve or examine a given task by creating and connecting
between enactive representations (physically constructing
or acting out the situation), iconic representations (visually
modeling the situation with a drawing or visual tool such
as a number line), and symbolic representations (num-
bers, variables, tables, and equations) that characterize
various levels of formality (Bruner, 1964).

The Developing Mathematical
Thinking Framework

The MTI course highlights five central practices for devel-
oping mathematical thinking that combine socio-con-
structivist theory and progressive formalization: (1) take
students’ ideas seriously, (2) press students conceptually,
(3) encourage multiple strategies and models, (4) focus on
the structure of mathematics, and (5) address misconcep-
tions (Brendefur, 2008). This framework forms the basis
of both our work with teachers in their classrooms as it
pertains to students and for professional development
with teachers. Each practice is discussed briefly below;
detailed descriptions can be found in related publications
(Brendefur et al., 2015; Carney et al., 2014).

Take students’ ideas seriously. Of centrality is the idea
that instruction should be based on student thinking.

By monitoring students” approaches to a mathematical
problem, the teacher determines what students know,
what misconceptions they may have, and the breadth of
understanding or experience across the class. One must
also anticipate students’ strategies so they can be quickly
identified during the monitoring process. In addition, by
selecting student (or participant) representations for class
discussion, students can take ownership of the mathemat-
ical knowledge that emerges.

Press students conceptually. Once students (or partici-
pants) have applied their own thinking to a problem, the
teacher must press them to generalize and abstract. This
can largely be accomplished by pressing students to make
connections between different student representations or
solution strategies and by further connecting those rep-
resentations to more formal concepts or representations.
In this way, students gain familiarity with formal math-
ematics but see its direct connection to their own initial

Reshaping Mathematical Perceptions Task

mathematical knowledge. This reflects a cyclic process
of guided reinvention whereby students are pressed from
their initial thinking to invent more formal efficient meth-
ods, which in turn become future initial strategies.

Encourage multiple strategies and representations. In
the process of solving a rich contextual problem, a class
may generate several solution strategies and ways of rep-
resenting them. The course stresses that formal algorithms
are simply one strategy for solving problems and that
working with multiple approaches and enactive, iconic,
and symbolic models strengthens students” understanding
of the mathematics.

Focus on the structure of mathematics. There are
fundamental mathematical ideas that run throughout
mathematics. By focusing on these structural ideas and
connecting them to student solutions and representations,
teachers ensure students make connections across their
mathematical experiences, which helps them become
problem solvers. For example, decomposing numbers
(e.g., 5 equals 3 + 2) is necessary for developing derived
facts strategies and for seeing equivalent forms of alge-
braic expressions (e.g., 5x equals 3x + 2x). Tricks, such as
the “add a zero” rule for multiplying by 10, circumvent
structural mathematical understanding and can thus

be forgotten or misapplied. The MTI course intends to
increase teachers’ awareness of these structural compo-
nents of mathematics.

Address misconceptions. We frequently observe deep
misconceptions that stem from a lack of structural math-
ematical understanding. For example, a student who
performs 1/2 + 1/3 = 2/5 is missing a central understand-
ing of what fraction notation indicates and possibly the
deeper idea of “unit.” This misconception would tradi-
tionally be addressed by simply restating the algorithm
for adding fractions. The MTI course addresses how such
mistakes indicate deeper mathematical misunderstanding
and need to be addressed at a foundational level.

These five practices for developing mathematical thinking
are central to the facilitation of the entire course, par-
ticularly in the division of fractions task described in this
article, called the Maren’s Garden problem. The Maren’s
Garden problem was also chosen because comments
from participants and related feedback on the course
evaluation (discussed under Implications: A Framework
for Tasks that Exemplify Guided Reinvention) led us to
consider that the attributes of this particular task may

be useful for those creating mathematics professional
development courses.
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Task Facilitation

Prior Work

Prior to this task, participants spend 20-30 hours inves-
tigating number, operations, and algebra. Precursors
relevant to this task include the following.

1. Understanding the power of context when making
sense of operations. Participants investigate how
computation algorithms develop from the need to
model real situations and are based on foundational
properties of numbers.

2. Developing multiple models for division from infor-
mal solution strategies.

3. Modeling fractions and fraction operations with num-
ber lines, bar models, and Cuisenaire® rods.

4. Investigating the following three concepts founda-
tional for number understanding in general and frac-
tion work in particular.

e [terating and partitioning: Iterating refers to the
process of repeating a single unit, such as count-
ing by thirds up to four, whereas partitioning refers
to the opposite process of breaking into equal-
sized pieces.

 Units and unitizing (Lamon, 1999): Fluently and
flexibly changing the unit being considered. For
example, conceptualizing and operating with two
1/3 pieces as a new unit of 2/3.

e Equivalence and relationships: Comparing and
equating rational numbers, such as determining
whether two fractions are equal.

These concepts overlap substantially in practice. For
example, one might change the units of a given quan-
tity by partitioning the unit (e.g., moving from fourths

to eighths) in order to establish equivalence to another
quantity. The Maren'’s Garden task is generally part of the
culminating set of activities for this topic. This task would
address fifth-grade standards in the CCSS around division
of a whole number by a fraction and using visual repre-
sentations and equations to solve real-world problems.

The Maren’s Garden Task

The task is presented to participants as follows:

119

Maren ordered 4 bags of soil for her raised flower gar-
dens. Each garden needs three-fourths of a bag of soil.
How many gardens can she fill completely with soil?
How much soil does she have left?!

Participants are asked to solve the problem with two dif-
ferent methods of their choosing, but at least one method
must incorporate a visual model. The answer to the task
is 5 gardens with 1/4 of a bag of soil left over, but the
traditional multiply by the reciprocal algorithm yields

5 1/3. This discrepancy is intentional and leads to cogni-
tive dissonance and engagement as seen in the partici-
pant solutions below.

Video of the Maren’s Garden problem facilitation was
taken for two MTI courses. Segments of this video
thought to exemplify participants’ responses to the
problem were transcribed, and pictures of participants
work are used where possible. Participant names have
been changed.

’

Initial Participants’ Solutions

Participants tend to approach the problem in one of
two ways. Many begin by drawing a visual representa-
tion (informal iconic) of the four bags, divide them into
fourths, and count how many groups of the three 1/4
pieces there are, as shown in participant Jane’s work
(Figure 1).

Participants using this method generally arrive at the
answer of 5 with 1/4 left over. In Transcript 1 Jane
describes her representation to the whole class.

Transcript 1
Jane: [ just had four bars there; each bar
represented a bag. Then | divided
each bag into fourths. | thought, OK, a
garden would take—first garden [gestur-
ing to leftmost bar] would take up the
first three [pointing to vertically striped
boxes], then | did different pattern for
the second garden, then [ just kept on
taking threes, um, until | got to where |
couldn’t take any more threes. And then
went back and found | had one, two,
three, four, five gardens with one quarter
of a bag left.

1 This task was first used in a professional development workshop funded by a Mathematics and Science Partnership grant for Brendefur in

2004.
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Figure 1. Jane’s picture—showing gardens in bags via different shading.

Of particular note is that she begins to call the three 1/4
bags that make up a garden just “three,” dropping the unit
of “1/4 bag” altogether until the very end of her explana-
tion. In essence, she has turned the problem into
(M 4+§:1—6+i:16 quarters = 3 quarters =5 R 1
4 4 4
where the remainder is in the unit of quarter bags. Thus,
in participants’ answer of 5 and 1/4, the 5 refers to gar-
dens, whereas the 1/4 refers to bags. Most participants,
however, simply see their solution in the picture itself
rather than as this common denominator algorithm.

Participants using more traditional mathematics tend to
jump to the algorithm for solving 4 divided by 3/4, multi-
plying 4 by 4/3 and ending with an answer of 5 1/3.
(2) 4+§:4><i:E:51

4 3 3 3
Because we require a visual model, many participants
discover this discrepancy within their own work, while
others identify it within their group.

Lines of Questioning

Depending on their thinking and models, groups are then
presented with a series of questions and prompts.

1. Why is there a discrepancy between the answer from
the picture and the answer from the algorithm?

Subquestion: Represent the problem with one of the
other models for division or fractions used in the course
(e.g., Cuisenaire rods, double number line, ratio table,
partial quotient).

Subquestion: What part of a garden could you make with
the leftover soil? How much of another bag would you
use to fill another garden?

2. How does the traditional algorithm make sense in
context? What does 4/3 mean in the context of the
problem, and why does it make sense to multiply it
by 4?

Subquestion: If you have created a ratio table that starts
with 1 garden = 3/4 bags, create a ratio table that starts
with 1 bag =__ gardens.

Subquestion: If you have created a picture or double
number line, where can you see the 16/3?

These questions have three goals with respect to teach-
ers’ content knowledge. First, we want participants to
make the connection that 1/4 of a bag of dirt is equiva-
lent to 1/3 of a garden and thus realize that the unit one
chooses to operate with is flexible. Second, they should
be able to articulate that the “multiply by the reciprocal”
algorithm is operating with the inverse of the original unit,
changing from dividing by bags per garden to multiplying
by gardens per bag (equation 2). And lastly, participants
should be able to develop a common denominator algo-
rithm for fraction division (equation 1) by recognizing that
in many of their strategies they are converting the divi-
dend into the same units as the divisor, namely quarters.
Pedagogically, we hope that this process of questioning
groups, whole-class discussion, and making connections
between different representations takes teachers through
the process of guided reinvention as though they were
students, demonstrating the Developing Mathematical
Thinking framework.
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The transcript below exemplifies the line of questioning
the instructor might take once a participant sees the dis-
crepancy between the leftover 1/4 and 1/3 but is unsure
about why it exists. We use symbolic versions of numbers
when people are referring to values within an equation
and express numbers as words when people refer to
those values more within context. The instructor here
begins by asking the participant to reiterate what each
quantity means within the context of the problem.

Transcript 2
Instructor:  [Referring to the numbers written on the
participant’s page] What is the 5; what is
the 1/4; what is the 3/4; what is the 1/3?
Sue: 5 is the number of gardens we are filling
... 1/4 is what was left out of the bag,
out of four bags of soil . . . 3/4 is how
much was required for each garden . . .
So1/3is...hmmm...
Molly: A third of this [pointing to the 3/4]2 Of
the 3/4?
Sue: 1/3 is what is actually left in the bag,
right?
Instructor:  OK, so go back to your drawing here
[similar to Figure 11. Where's the 3/42
Sue: Right here [pointing to one of the gar-
dens in the picture].
Instructor:  OK, so that’s this [pointing to the 3/4].
What is this [pointing to the 1/4]?
Sue: 1/4 is this [again pointing to leftover
quarter in the picture], what's left over
after . . .

Molly: There’s just a quarter left out of the bag.

Instructor:  OK, let me do it this way then. Take that
last quarter that’s left. You have a quarter
left. Throw it into the last garden. What’s
happened to that garden?

Molly: Too much soil.

Instructor:  No, you just have . . . how much soil
do you have left? A quarter . . . and you
throw that into the last garden. How
much of the garden is full?
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Sue: Only a third of the—if we were to have
another garden . . .
Molly: 1/3 of our sixth garden!

The instructor uses physical imagery (throwing soil into
an additional garden) to press the participant to make a
connection between the two different units of bags and
gardens. A common tactic among instructors, as illus-
trated above, is to bring the participant’s attention back
to the context of the problem and the numbers related to
that context. This tactic is meant to both help participants
who have difficulty making sense of the numbers and
operations they have written down and to press more
advanced participants to look beyond known algorithms.

Additional Representations

Facilitation of this task relies on participants generat-

ing and connecting between multiple representations of
the problem in order to meet the three goals described
above. We therefore examine participant work for each
of the two most common representations aside from the
traditional algorithm and informal picture.

Double number line. Instructors often ask questions
encouraging participants to translate between units. The
double number line shows equivalence between units in
proportional relationships and thus can be used to model
multiplication and division. It is also called for in the
CCSS in sixth grade as part of proportional reasoning. Jim
created the number line in Figure 2.

Transcript 3

Jim: We had the four bags on a number line,
uh, since it was three fourths of a bag
per garden, we divided the bags into
fourths, then just counted basically 3/4,
3/4, 3/4, 3/4, and 3/4 and got five gar-
dens. And, uh, it was just the one fourth
of a bag left over.

Instructor:  And how do you see that that one fourth
is also one third of a garden?
Jim: Well, uh, this unit [motions to the

leftover quarter] is the same as this unit
right here [motions to first quarter bag
on the line], which was one out of the
three that was included in the bag.

In this model, equal length indicates equal value. Jim’s
double number line indicates how many bags of soil are
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Figure 2. Jim’s double number line representation

in a given number of gardens and vice versa. Of particu-
lar interest is the interpretation of the final quarter bag.
One can compare the length of the 1/4 bag to the 3/4 bag
required to create one garden. That 1/4 bag length is thus
equivalent to 1/3 of a garden.

Ratio tables. Tables of equivalent ratios (or ratio tables)
are used to model multiplication or division and to
examine proportional relationships. They are explicitly
called for in the sixth grade CCSS. In this problem, two
different ratio tables can be used to model the problem
(Figure 3). Ratio table (a) models the problem as it is
given—the number of bags per garden. But ratio table (b)
examines how many gardens one could make from each
individual bag.

Sasha was asked to relate each of her two ratio tables
back to the unit in which she is operating. In doing so she
(at this point, unknowingly) is describing the two different
strategies for dividing fractions.

Transcript 4
Sasha: So I did my ratio table both ways. So
in the first one [pointing to table ()] G
is gardens, and B is bags. And then the
arrows—this is still the bags column, 1
just wrote it so we can see itas 1 1/2
garden . . . so | mean bags. 1 garden is
3/4 of a bag, 2 gardens is 1 1/2 bags, 3
gardens is 2 1/4 bags, so you get down
to 5 gardens is 3 3/4 bags. . . . So you
see that we have 5 gardens and we had
to use 3 and 3/4 bags, so we have 5
gardens and a quarter bag left over. And
then going this way [pointing to table
(b)l, if you say bags, you have 1 bag,
that's 4/3 of a garden, which is really 1
1/3 gardens, 2 bags is 2 2/3; 3, 4 gar-

dens, so | have 4 bags, is 5 1/3 gardens,
so | have five gardens and then a third of
a garden left over.

Connecting representations. Facilitators model the prac-
tice of connecting between models to press participants
conceptually toward more abstract or efficient methods
while connecting back to less formal representations.

For example, in this transcript, the participant initially
explains the ratio table (Figure 3), but then the facilita-
tor asks him to relate the ratio table to the number line
(Figure 2).

Transcript 5
Sam: So that’s 12/4, which is 3, right. So—and
4 = 3 [pointing to the 4 bags soil to 12/4
garden in the ratio tablel. So then if we
go to 5, if we want 5 bags, then we have
3 and . .. it’s like doing that counting...
so it’s 3 3/4. So that means you have
a quarter left. It’s like counting up by
3/4 and counting down by 3/4. So this
would be—2 would be 1 1/2, 3 would
be adding another 3/4 again, and that
would be 2 1/4. Then it's 3, and then it’s
3 3/4 on the ratio table.
Instructor:  How does that relate to your number
line there?

[ counted up . . . | took a bag, 3/4, and

[ made 3/4 be 1. Another 3/4 is a unit 2.
Another 3/4 is a unit 3. Another 3/4 is a
unit 4. These were left over, and so | just
moved one over there and got to 5. And
this was 1/4 left. On the number line, |
made the units be—each unit be 3/4.

Sam:
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Figure 3. Sasha’s representation—ratio tables a) counting in units of gardens; b) counting in units of bags.

Developing Algorithms

Figure 4 shows two possible progressions of formalizing
through multiple representations, indicating how different
strategies might build to two formal algorithms.

Multiplying by the reciprocal. The left column of Figure
4 connects the traditional algorithm for fraction division
to the other representations. The 3/4 in 4 / 3/4 represents
3/4 bag per garden. The reciprocal can be thought of

as either 4/3 gardens per bag or 4 gardens for every 3
bags. Both interpretations are evident in the ratio table
and visual representations, where each bag contains 1
1/3 gardens’ worth of soil. Once participants have shared
their models, the instructor generally asks a participant to
explain the connection between the visual models and
the traditional algorithm, as exemplified by the following
transcript where, during whole-class discussion, Chris
connects the traditional algorithm to the ratio table in
Figure 3b.

Multiply by Reciprocal Common Denominator
1 1/3 gardens
[T-oag
g
‘E = 1 | &l 5 |eafl 9 |=fl13
— | | = = | =
a 8¢l 2 | 8| 6 | 8|10 | 84|14
£ s\ 3 | &\ 7 | 8\[11 | 8B\[15
=]
i 4 8 12 16
garden 5
o \ 4
oS 0 1 2 R
D S e e e e |
- H-HH-HHH
0 1 2 3 4 5
2 Gardens
P! / \
E |Bags |1|2|3|4| |Gardens|1|2|3|4 5
<] 418112116 3 (6 (8 ]12|15
= |Gardens‘-3-‘3‘3‘3| |Bags 1% 4[4 =
o
E ¢ *
£
3 4 16 3 16 .3 16
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Figure 4. Possible ways of progressively formalizing toward fraction division algorithms.
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Transcript 6
Instructor: ~ Where is this 4 times 4/3 up here [ges-
turing to representations on the board]?
Chris: It’s right here [pointing to first column

of Figure 3b]. 4/3 times four to get . . .
4/3 of a garden out of one bag. 4/3
times 4 bags gives you 16/3 [pointing
to fourth column], which is 5 1/3. So
this 4/3 [pointing to 1:4/3 in ratio table]
is this 4/3 [pointing to 4/3 in traditional
algorithm].

Common denominator algorithm. Both the double
number line and the informal picture bring out a second
division algorithm, as seen in the right column of Figure
4. In this problem, we can view the four bags of soil as
containing a total of 16 quarter-bags of soil. Viewing
quarter-bags as our unit, we then measure out groups of

three units to determine how many gardens can be made.

There are five groups of three or five full gardens with
one unit left over. We are changing all parts of the prob-
lem into the same fractional unit, allowing us to essen-
tially ignore the unit altogether. In this case, 4 divided by
3/4 becomes 16/4 divided by 3/4, which we can treat as
simply 16 divided by 3, as in Equation 1.

Technically, one need not find common denominators
and could instead simply divide straight across in the
same manner in which we perform fraction multiplica-
tion. But in even fairly simple problems, this can result in
ugly fractions that have to be extensively manipulated

3.2 3/2
.g,—~+—end being —).
(e.g 173 ends up being 4/3)

Teachers seldom develop the common denominator
algorithm on their own during the task facilitation. Rather,
after the problem has been largely debriefed, the instruc-
tor will put up the method on the board, asking teachers
whether it is mathematically valid and what it represents
within the problem context and the multiple represen-
tations. Some teachers do, however, develop the 16

units on their own within the drawing (Figure 1), as this
transcript indicates.

Transcript 7
Tammy: This is my area model here, so |
decided—so these are all bags. Bag,
bag, bag [pointing to her drawing,
similar to Figure 1]. | divided each bag
into four. We have 16 total parts of soil.
Each garden takes three parts, so | just
decided to divide these up into three.

Reshaping Mathematical Perceptions Task

Each shaded area is a garden . . . so
there’s a garden, there’s a garden, there’s
a garden, there’s a garden, there’s a gar-
den. So there’s my three parts and then
this little guy’s left over [pointing to the
unshaded quarter garden]. So that’s 1/16
of soil left over. Or if | had two more
pieces of my area | could fill a garden.
So it’s 1/3 of a garden completed.

Instructor:  OK, and when you call it 1/16 . . .
Tammy: Parts of soil.

Instructor:  Parts of? What is your whole then?
Tammy: 16 . . . my whole is four bags of soil,

which is 16 parts of soil if | divided it
into four. So | have 16 total parts.

Tammy is seeing the problem as four bags divided into
sixteen equal pieces, each of which represents one fourth
of a bag. This recognition is essential for developing the
common denominator algorithm.

Course Evaluation Data

In order to capture participants’ thoughts about this task,
we analyzed their responses to three evaluation questions
for courses taking place during the spring and summer
semesters of 2013, pulling those responses that mention
this task specifically (either by name or as a division of
fractions task). This time frame was chosen for conve-
nience because at this time course evaluations moved
online, making it easier to filter participant responses.
The specific qualitative evaluation items reported in this
study are:

1. Describe the activities you found most useful and
why (please be specific).

2. What new mathematics did you learn during the
course? Comment on any mathematical “aha”
moments you experienced.

3. Describe any new teaching practices you learned
(specific to mathematics) and how you intend to use
them in your classroom.

Although the course evaluation responses represent a
temporal snapshot of the 5-year administration of the MTI
course and were made anonymously, we consider them
to be representative of the course participant population.
This sample includes participants from all three levels of
the course (797 early elementary, 417 middle grades, 120
secondary).

Mathematics Teacher Educator ¢ Vol. 3, No. 2, March 2015



A2/ )

Gwyneth Hughes, Jonathan Brendefur, and Michele Carney

Of the 1,145 participants who responded to at least one
of the three evaluation questions of interest (about 60% of
all participants), 27% mentioned the fractions unit in one
of their responses, and 59 people specifically mentioned
the Maren’s Garden problem. The fractions unit repre-
sents approximately one eighth of the course. Given the
open-ended nature of the questions and the fact that over
a quarter of responding participants mentioned the frac-
tions unit generally and 5% specifically mentioned this
problem, the tasks contained within seem to have been
particularly impactful. Quotes from the evaluation ques-
tions in which participants specifically cite the Maren’s
Garden problem are used to support and exemplify the
attributes of the task that have implications for mathemat-
ics professional development more generally.

Implications: A Framework for Tasks that
Exemplify Guided Reinvention

Based on evaluation responses and the authors’ collective
experience in facilitating the task over 90 times, we pres-
ent a framework of factors that make this activity useful in
exemplifying the process of guided reinvention, even for
participants who know a formal algorithm. Each aspect
of the framework is accompanied by quotes from partici-
pant evaluations in order to illustrate the factor from the
participant’s perspective (the number following the quote
refers to which of the three above questions the partici-
pant was answering).

Authentic Context, Visual Situation, and
Multiple Solutions

This problem can be solved with a variety of models
because the context lends itself to visual representation.
In addition, all of the different representations connect
to one another (Figure 4). This allows teachers with more
limited math backgrounds to feel validated in their initial
reasoning while pressing more mathematically confident
teachers to find their algorithm within the less formal
solutions. It is through connecting representations that
participants take part in progressive formalization first-
hand. The idea that problems can be approached infor-
mally seems to resonate strongly with many teachers.

Quote 1: Being able to multiply and divide fractions with-
out using an algorithm (because of course | don’t remem-
ber them) and getting the right answer by using an iconic
model and actually understanding what | did and why it
worked!! (Question 2)

Quote 2: Why the traditional algorithm for division of
fractions requires that you use the reciprocal. It opened

Vol
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me up to the realization that not everything needs a com-
putation, sometimes logic thinking is best. (Question 2)

In addition, this task lends itself to developing multiple
algorithms because of its structure. This is a measurement
division task for which two different broad solution meth-
ods are possible (Figure 4). We found partitive fraction
division contexts to be less fruitful for initially developing
multiple strategies because they tend to lead to the recip-
rocal algorithm. For example, questions of the form

If 4 bags of soil fill 3/4 of a garden, how many bags are
required to fill one whole garden?

tend to lead participants toward iterating 4/3 four times.
Thus, selecting problems for which multiple informal
strategies could be used allows for greater flexibility in
how the mathematics is reinvented.

Cognitive Dissonance

In professional development teachers’ time with a given
topic is likely limited to a few hours, and engaging a wide
range of teachers in the same problem can be difficult
because some have formalized content knowledge and
some do not. Given these constraints, we seek to ensure
that everyone has access to the problem and can be
cognitively engaged. Intentionally creating cognitive dis-
sonance is one way to ensure that teachers are pressed
beyond just “doing” the problem.

In this case, the multiple solution paths lead to two seem-
ingly different answers: 5 1/3 (both in the unit of gardens)
or 5 and 1/4 (where the 5 is the unit of gardens but the
1/4 is in the unit of bags). This creates temporary confu-
sion that generates discussion and questions amongst
participants. This dissonance is particularly valuable in
generating discussion between participants who drew
informal pictures and those who used an algorithm
because their answers appear not to match—but both
camps are confident in their approach. It is this apparent
dissonance in a professional development setting that can
help illustrate the value of discourse as participants slowly
realize the commonalities and connections between

their solutions.

Quote 3: When we were solving Maren’s Garden |
wanted to go directly to the standard algorithm but I drew
my picture and then solved the problem with the stan-
dard algorithm. The answers didn’t match so | was trying
to figure out what | did wrong that made the answers
different. It was when someone put a different visual on
the board that I realized why drawing a picture gives you
a different answer than the algorithm. Then for fun we got
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the fraction rods out and solved the problem with those
and saw an even better visual. (Question 2)

Quote 4: It was very eye opening to see that the algo-
rithm’s fraction did not match the picture model and a
number line was used to understand the meaning of the
fractions. (Question 2)

Deep Engagement

Because of the multitude of representations and the cog-
nitive dissonance, this task typically takes about 1.5 hours
to facilitate. This extended focus on a single problem may
encourage teachers to rethink the nature of mathematics
and its instruction, requiring them to see the development
of number operations as a problem-solving opportunity

in and of itself and, more broadly, what it looks like to do
mathematics rather than computation.

Quote 5: | kept dreaming last night about 3/4 of a bag

of soil per garden and that 1/4 is left over to cover 1/3 of
another garden and so on . . . and this dream was nev-
erending! My mind is exhausted! But I'm really learning
a lot and have been trying to teach math from a different
point of view now! It’s been great! Thanks! (From uniniti-
ated email correspondence with a participant, reported
here with permission.)

Changing Mathematical Knowledge

This activity in particular focuses on both building con-
tent knowledge and changing knowledge about math-
ematics and how it is taught. The activity is couched
within a series of smaller, content-specific tasks that
build teachers’ conceptual understanding of fractions,
their representations, and the more general concepts of
units and unitizing (see Appendix A for the unit over-
view). We hypothesize that our professional development
would be far less effective if it consisted only of small
tasks that focused on specific concepts or, conversely,
only included extended problem-solving tasks such as
the Maren’s Garden problem. It is this combination and
the sequencing of tasks that allows participants to model
the problem themselves (nontraditionally) and connect
between models, thus building both their mathematical
content knowledge and pedagogical content knowledge.
We see both of these ideas in the quotes below.

Quote 6: | had some “aha” moments with multiplying
and dividing fractions. | was able to see how they are
connected to real world situations. I learned the algo-
rithms and was able to compute accurately but could not
understand what was happening. Thanks to MTI | have a
better understanding. (Question 2)

Reshaping Mathematical Perceptions Task

Quote 7: In my work with classroom teachers, | intend to
really push them on de-emphasizing a specific method
and taking the time to develop the concept through
student-developed (teacher influenced) models. That was
probably my greatest take away from this training. . . . It
really does take a lot of time to develop a deep under-
standing and it is important that teachers take the time.
(Question 3)

Implications for Teacher Educators

In planning for work with preservice or in-service teach-
ers, we suggest that mathematics teacher educators might
use these four attributes in evaluating potential tasks.
Problems from curricula that teachers are familiar with
can be used to reinforce content knowledge but may lack
multiple points of entry or the cognitive dissonance that
deeply engages adults and has the potential to change
their perceptions about mathematics. But one might alter
such problems to ensure that multiple representations

are possible by changing the number set (e.g., from large
values to whole numbers or simple fractions) or changing
the context to elicit specific visual representations (e.g.,
from money to distance or area). Likewise, one can foster
cognitive dissonance by altering the task such that there
is a single solution that has multiple, seemingly different,
forms. Removing directions such as “Create an equation
that...” or “Use a table to . . .” can give the flexibility

to approach the problem in different ways, leading to
different methods and solution forms. Conversely, math-
ematics professional development sometimes introduces
advanced topics such as combinatorics or group theory in
tasks that are useful in helping teachers develop problem-
solving strategies. But we have found that using familiar
mathematical content can help teachers make strong
connections to their own practice, resulting in changes in
their mathematical knowledge for teaching.

Conclusion

The goal of this article is to provide a detailed analysis
of a single professional development task that engages
teachers in mathematical discourse that can challenge
and change their specific content knowledge. But based
on participants’ comments and reported changes in
beliefs, such tasks may also change teachers’ percep-
tions about the nature and teaching of mathematics itself
by allowing them to take part in the activity of guided
reinvention by using context and models to develop
and make sense of computation algorithms. At a time
when teachers are seeking opportunities to increase
content knowledge, we argue that professional develop-
ment focused on mathematics content must also change
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foundational beliefs about mathematics, pressing teach-
ers to see mathematics as a sense-making activity. It

is notable that this task is relatively simple; it does not
require a great deal of setup, uncommon materials or
manipulatives, or any technology. Rather, it is through
the facilitation and questioning that deep mathematical
connections are made. This problem and problems that
have similar traits (e.g., multiple representations and cog-
nitive dissonance) might thus be used in a wide variety
of professional development settings to increase content
knowledge while modeling how the teaching of computa-
tion can be utilized as a problem-solving activity.
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Appendix A: Fraction Unit Sequence for MTI Course

The sequence of activities below represents 8—12 hours of coursework in the 45-hour class.

1.

Defining fraction

a. Enumerating a denomination

b. Part-whole interpretation

Connecting to whole number

a. Composing and decomposing fractions to add and subtract

b. Skip counting by fractional units

Iterating and partitioning on the number line

Unitizing within a bar model and connection to fraction multiplication
Unitizing within an area model

Defining unit and “whole” with Cuisenaire rods (e.g., if a given color = 1, what do other color rods represent)
Maren’s Garden task (division of fractions)

Multiplication of fractions in an area model

Analyzing student strategies for subtraction of mixed numbers

(Return to page 126)
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Openness and Measurement: Two Principles
for Improving Educational Practice and Shared

Instructional Products

Anne K. Morris

University of Delaware

James Hiebert
University of Delaware

Two studies were conducted to identify the
conditions under which instructors teaching
the same mathematics teacher preparation
course would continuously improve their
shared instructional products (lesson plans
for class sessions) using small amounts of
data on preservice teacher performance.
Findings indicated that when lesson-level
student performance data were simply
collected, by course section, the instructors
could make important changes to the lessons
but did not often do so. However, when the
instructors were encouraged to compare data
across semesters, they generated hypotheses
that guided instructional improvements,
which then were tested through multiple
cycles. The cycles of hypothesis testing
helped instructors clarify the goals for
improvement, use the performance data

to test whether changes were actually
improvements, and reduce their tolerance for
marginal student performance.

Key words: Clicker technology; Continuous improvement;
Improvement science

For more than a decade, mathematics educators at our
university have been working on a system of data-based
continuous improvement for preparing K-8 mathemat-
ics teachers (Hiebert & Morris, 2009). For us, this means
improving incrementally, each semester, the effective-
ness of the four courses we offer for preparing preservice
teachers to teach mathematics well to K-8 students. In
particular, this means continuously improving the shared
lesson plans—the shared instructional products—used
by all instructors of the courses (Morris & Hiebert, 2011).
Although there is evidence that these efforts have pro-
duced increased preservice teacher learning (Austin, 2012;

Berk & Hiebert, 2009), we also have become painfully
aware of the challenges of developing a sustaining system
of improvement based on student performance data. To
develop such a system we must learn how to help instruc-
tors use small amounts of systematically collected data to
make and test important changes to the lessons.

Why do we think using small amounts of data to revise the
lessons is the key to a sustaining system of improvements
to the course lessons? We can identify two reasons. First,
although controlled experiments have been carried out to
test the effects of some changes to the lessons (e.g., Berk,
Taber, Gorowara, & Poetzl, 2009), these experiments are
expensive in time and effort. We cannot depend on these
expensive studies to sustain a continuing improvement
process. Collecting and analyzing small amounts of data
is more likely to fit into the weekly work lives of instruc-
tors making the activity sustainable while also providing
just enough data to test whether changes to lessons are
promising improvements. Second, the model we have
developed and employed to initiate the system of course
improvement has been successful; but over time, we have
noticed one missing ingredient—the regular collection

of small amounts of data to guide proposed changes

to lessons.

The model that leads to continuously improving instruc-
tional products (Morris & Hiebert, 2011) has three key
features: (1) working toward the same learning goals, (2)
eliciting ideas for improvement from multiple sources,
and (3) using small amounts of data to repeatedly guide
and test changes. In our setting, the learning goals are
shared across instructors and across time because they
are specified in the lesson plans used to teach each class
period during the semester. Ideas are elicited from mul-
tiple sources by searching the literature for approaches to
teaching preservice teachers and by soliciting ideas from
new instructors (faculty and doctoral students) from year
to year. But we have noticed that changes often are made
to the lessons based on a rational analysis of the lesson

or by anecdotes shared by instructors drawn from the
responses of a few vocal students during the class session.
The changes prompted by these analyses often seem to
be minor changes that do not substantially improve the
effectiveness of the course. How can we move instructors

Preparation of this article was supported by the National Science Foundation (Grant #0083429 to the Mid-Atlantic Center for Teaching and Learning
Mathematics). The opinions expressed in the article are those of the authors and not necessarily those of the Foundation.
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to use data on student performance instead of their own
logic and anecdotes to improve the lessons?

Two Promising Principles: Openness
and Measurement

Under the term Improvement Science, the quality
improvement leaders and practitioners in clinical medicine
and business have been studying for some time how to
use small amounts of data to improve services and prod-
ucts (Berwick, 2003, 2005, 2008; Gawande, 2007; Kenney,
2008; Langley etal., 2009; Rother, 2009). We borrowed two
principles from these fields that have led to incremental
but striking improvements in the quality of outcomes:
openness and measurement.

Openness means allowing one’s professional practice to be
open for inspection. Openness shifts professional practice
from a private practice and an indicator of personal com-
petence to a public opportunity for learning. Not just any
kind of openness is productive. Learning seems to occur
as data about practices and outcomes are compared and
studied to identify those that most effectively achieve the
desired goals.

The positive effects of openness are dependent on sharing
reliably measured information on practices along with the
outcomes of those practices. Comparing and studying
practices requires measuring key features and outcomes
of practices, not just sharing stories or anecdotes. Decid-
ing what to measure and how to share measurements

are important considerations in all fields (Kenney, 2008;
Langley et al., 2009). As will be seen, we found they also
are critical in the study and improvement of preservice
teacher education.

Openness and Measurement
in Education

Although education is different from medicine and busi-
ness in several important ways (e.g., the desired goals

are more difficult to specify, the practices and desired
outcomes are more difficult to measure), there are les-
sons for education to be drawn from the two principles.
Openness could facilitate improvement by breaking down
the boundaries between classrooms, an impediment to
improvement noted years ago (Lortie, 1975). Openness has
been shown to promote the collaboration among teachers
frequently called for by educators studying the essential
conditions for improving classroom teaching (Gallimore &
Ermeling, 2010; Little, 1990; Vescio, Ross, & Adams, 2008).
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Measurement of small tests of small changes that provide
just enough data to make instructional decisions has been
used in education for some time under the label “formative
assessment” (Black & Wiliam, 1998; McManus,2008; Wiliam,
Lee, Harrison, & Black, 2004). Formative assessment can
improve teachers’ ability to make informed, data-based
decisions. Although similar to formative assessment in
some ways, the difference in the measurement process we
report here is that the student learning data are used, not
just to inform individual teachers’” instructional decisions,
but to inform the refinement of instructional products,
products (like lesson plans) that hold knowledge for teach-
ing and can be shared and passed along to new genera-
tions of instructors. The two principles—openness and
measurement—were used by the first author to conduct
two studies that investigated the conditions under which
small amounts of data are used by instructors to make
important changes to the course lessons.

The Context in Which Openness and
Measurement Were Studied

Openness

Because of the culture that has been created in the
mathematics K-8 teacher preparation program, a degree
of openness already exists within the mathematics edu-
cation group at our university. Multiple sections of three
mathematics content courses are offered each semester.
All instructors (faculty and doctoral students) of the same
course use the same highly detailed lesson plans (see
Hiebert & Morris (2009) and Morris (2012) for examples).
Over time, instructors have become comfortable openly
sharing their teaching experiences during the instructor
weekly meetings. Because the same lesson plans are used,
instructors are able to examine possible reasons for similar
and different experiences. In the studies reported here, we
were searching for the conditions of openness that would
support the improvement of shared instructional products
through the consistent (rather than the occasional) sharing
and comparing of small amounts of data on preservice
teachers’ performance.

Measurement

Two kinds of measures have been used in our program

to motivate and guide improvements to course lesson
plans. As noted earlier, controlled experiments have been
conducted, but these studies are too expensive in terms of
time and effort to sustain a continuous improving system.
Quiz and test scores are shared among instructors, but
these measurements are too far removed from the daily
lessons and not sufficiently detailed to prompt insights
into problems that could be fixed or to create the moti-
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vation needed for instructors to voluntarily go back and
improve previous lessons. We have not yet identified the
conditions that prompt instructors to consistently improve
lessons based on systematically collected small amounts of
lesson-relevant data.

Needed: Sharing Immediate Feedback of
Preservice Teacher Performance

The following two studies describe an effort to measure
preservice teachers’ learning from individual lessons in a
form that can be openly shared and discussed among the
group of instructors to stimulate ideas for improving the
lessons. With clicker technology now available, it is pos-
sible to create assessment items for this purpose.

Lesson-level clicker items offer two advantages: They are
easy to administer, and they provide immediate feedback
on how well preservice teachers in each section of a course
understood a key aspect of the day’s learning goal(s).

This makes the data available for weekly meetings, where
instructors focus on the most recently taught lessons. The
items can be tightly connected to specific learning goals,
making it easier for instructors to link preservice teach-
ers’ performance to particular instructional activities and
teacher actions. These advantages could enable instructors
to change the lesson based on preservice teachers’ learn-
ing rather than on instructors’ logic or anecdotes from a
few vocal preservice teachers’ responses.

What effect would using clicker items have on the nature
of instructors” weekly discussions? Would data-based
improvements be made to the lessons? The studies we
describe in this article were designed to answer these
questions. Because of space limitations, we will summa-
rize the methods and results of Study 1 and present more
details of Study 2.

Study 1: How Do Lesson-Level
Assessment Data Affect Instructors’
Efforts to Improve Lessons?

The overall question addressed in Study 1 was whether
lesson-level data alone would drive the improvement
process. Would simply having data about the effectiveness
of lessons just taught affect the choices instructors make
about how to improve the lessons? In particular, would
the data prompt the instructors to engage in the kind of
cause-effect reasoning that connects instructional moves
to student outcomes (Gallimore, Ermeling, Saunders, &

Openness and Measurement

Goldenberg, 2009)? These general questions translated
into three research questions:

1. Did the clicker data change the basis on which instruc-
tors revised lessons, from logic and anecdotes to
student performance data?

2. What, exactly, did the instructors do with the data?

3. If instructors had access to the clicker data, were the
changes they made to the lessons major (likely to affect
student learning) or minor (less likely to affect student
learning)?

As will be described, we found instructors could use the
clicker data to develop hypotheses about major changes
that might improve the lessons, but they did not do this
frequently. Why?

Methods

All three instructors for the first mathematics content
course for preservice K-8 teachers constituted the sample
in Study 1. The course coordinator was a clinical faculty
member (taught two sections); the other two instruc-

tors were doctoral students (taught one section each). As
normal, the instructor group met weekly to discuss past
and future lessons. At the beginning of the semester, the
course coordinator sent the following instructions to the
other two instructors, which set a typical agenda for the
weekly meetings:

Before each meeting, please do the following so you are
prepared for the discussion: (1) make a list of things that
could be changed/improved for the 2 lessons we taught
this week; (2) read through the 2 lessons to be taught next
week; and (3) make a list of any questions you have about
the lesson plans to be taught next week.

The first author wrote 25 clicker items (1-3 per lesson) to
assess Lessons 7—19 (of 26).

Lessons 1-6 and Lessons 20-26 were not assessed with
clicker items. This design provided an opportunity to com-
pare the nature of the instructors’ suggestions for improv-
ing the lessons before, while, and after using lesson-level
clicker items. ltems were given at the beginning of the
lesson following the lesson that the items were assessing
(e.g., Lesson 7 items were given at the beginning of Les-
son 8). The clicker items were created to link tightly to the
learning goals of each lesson. Here is an example.
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Lesson 13 learning goal:

Given three numbers (e.g., 0.4, 6, 15) that can be related
in a multiplication number sentence, preservice teach-
ers will (a) arrange them into two valid equations (e.g.,
0.4 X 15 =2?and 15 X 0.4 = ?), (b) write the meaning of
the equations (e.g., “find 4 groups of one tenth of 15,”
“find four one tenths of 15,” “find four tenths of 15,” “find
15 groups of 0.4”), (c) make [concrete] models of the
equations, and (d) use the models and the meaning of
the equations to help write a story situation that can be
solved with the equation.

Clicker item for this goal:

A teacher asked her class to write a multiplication story
problem that involved the numbers .7, 3, and 2.1 and
could be solved with an equation of the forma X b = 2.
Four students wrote the following stories. Which of the
stories are correct?

a. Brenda has 3 pounds of bananas. Sue has seven tenths
more than Brenda. How many pounds of bananas does
Sue have?

b. Bill has seven tenths of a pound of apples. Tom has 3
times more than Bill. How many pounds of apples does
Tom have?

c. Howie has seven tenths of a pound of bananas. Ste-
phen has 3 times as much as Howie. How many pounds
of bananas does Stephen have?

d. Hilda has 3 pounds of apples. Jill has seven tenths
as much as Hilda. How many pounds of apples does
Jill have?

e. Both c and d are correct. (the correct answer)

The first author observed all instructor meetings, took
detailed notes on the discussions of the instructors around
the three agenda items, and collected the course coordi-
nator’s notes, which listed each of the proposed improve-
ments. The first author has a collegial relationship with the
instructors but did not supervise them.

Results and Discussion

Did the clicker data change the basis on which instruc-
tors revised lessons, from logic and anecdotes to student
performance data? Instructors’ discussions during the
weekly meetings were coded to identify the rationales

for the changes that were made. Three kinds of rationales
were observed: (a) instructors’ logic based on a rational
analysis of the lesson, (b) anecdotes of individual students’
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responses during the lesson, and (c) clicker item data. For
example, during the weekly meeting one instructor might
say, “Sue asked me why we multiply to get the answer to
this problem, so let’s add an activity to make this clear.”
This was coded as an anecdote of individual students’ com-
ments. A second coder coded 20% of the data (the data for
15 of the 75 changes that the instructors decided to make
over the course of the entire semester). Intercoder reliabil-
ity was 93%.

On the first six lessons (not assessed with clicker items),
the instructors suggested 16 changes to the lessons. The
changes were motivated by 16 codeable rationales. The
16 rationales were about evenly split between instructor
logic and anecdotes. On the next 13 lessons (which were
assessed with clicker items), the instructors suggested 40
changes and formulated 43 rationales for those changes (a
single change can be motivated by more than one ratio-
nale). Of the 43 rationales, 35 (81%) were based on instruc-
tor logic and anecdotes, and eight (19%) were based on
the clicker data. On the final seven lessons (not assessed
with clicker items), the instructors suggested 19 changes
with 20 rationales. The basis for the rationales returned

to pre-clicker patterns—the rationales were about evenly
split between instructor logic and anecdotes. Instructors
showed they could use the clicker data to make changes to
the lessons, but they did so for only a small fraction of the
lessons. What did they do with the data?

The answer to this second research question was found
by coding what the instructors did with the data from
each of the 25 clicker items into four categories that show
increasing levels of analysis of the data: (1) no analysis, (2)
discussed the meaning of the data (instructors tried to
understand the nature of the student errors on the item),
(3) connected the meaning of the data to their instruction
(using their interpretation of student errors, instructors
hypothesized instructional causes for these errors), and (4)
made changes to the lesson based on the hypotheses. A
second coder coded 40% of the data (the data for 10 of the
25 clicker items). Intercoder reliability was 97%.

Results showed that for 14 of the 25 items there was no
analysis, for four items at least one instructor discussed
the meaning of the data, for seven items the instructors
worked together to connect the meaning of the data to
hypotheses about a deficiency in the lesson that might
explain the students’ errors, and for these same seven
items they made changes to the lesson based on these
hypotheses. We will call these seven items hypothesis
items. A hypothesis item is defined as an item that prompts
instructors to formulate hypotheses about instructional
causes for student performance on the item and to make
changes to the lessons based on these hypotheses. Again,
instructors showed they could engage in creating lesson
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improvements based on a small set of relevant data, but
they did not do this frequently.

Of the 25 items, the average performance across all sec-
tions for 13 items was below 70% and for 12 items the
average performance was above 70%. All seven hypoth-
esis items that prompted data-based changes were in the
lower scoring set of items. In fact, 5 of the 7 hypothesis
items were 5 of the 6 lowest scoring items. Apparently,
instructors’ attention was drawn to items on which the
preservice teachers performed especially poorly.

Were the changes instructors made to the lessons major
or minor? The changes instructors made during the clicker
item lessons were coded into major changes (involved a
significant change in the nature of an instructional activ-
ity, or the addition of a new activity) and minor changes
(involved a small change in sequencing of activities, a
slightly different explanation, or a small reduction in the
number of problems). An example of a major change is
adding a new activity to develop preservice teachers’
understanding of the distributive property. Major changes
are more likely than minor changes to affect preservice
teachers’ learning. For the major vs. minor code, a second
coder coded 20% of the data. Reliability was 100%. Results
suggested that basing changes on data led to major
changes (5 of the 7 changes based on the seven hypothesis
clicker items described above) whereas basing changes on
instructor logic or anecdotes led to minor changes (30 of
33 changes based on instructor logic and anecdotes).

To summarize the results from Study 1, instructors showed
they could use small amounts of data to make major
changes to the lesson by forming hypotheses about

what kind of change would improve preservice teachers’
learning. But when just provided with the clicker items,
they did not engage in this process very often. They did
not connect the data to their instruction for 18 of the 25
items. When they did engage in this process, they selected
lessons where the clicker data showed especially low
performance. Moreover, for the 40 changes instructors
made when clicker data were available, 32 of them were
minor changes.

These results prompted a second study that tried to
answer the following questions raised by these results.
How can instructors be helped to engage in analyses of
the clicker data more often, and even for items in which
performance exceeds 70% correct? How can instructors be
supported to use data analyses to engage in hypothesis-
driven reasoning? How can instructors be encouraged to
make major rather than minor changes to the lessons?

Openness and Measurement

Because the results of Study 1 generated not only these
questions but also some tentative answers, the second
study was designed to address these questions by testing
these answers. First, it seemed that instructors could be
helped to engage in analyses of clicker data more often
(first question posed above) if they were asked to share
their clicker data for all items (including those showing
high performance) during each weekly meeting. During
Study 1, instructors chose to share clicker item scores for
only 13 of the possible 100 scores (4 sections times 25
clicker items). In addition, to ensure that instructors evalu-
ated all lessons, even those with clicker data above 70%,
they could be asked, prior to each weekly meeting, to inde-
pendently rate the effectiveness of each lesson after teach-
ing it and decide whether improvements could be made.
Continuous improvement requires constantly searching for
ways to improve practices, even those that might appear
to be good enough.

Second, we reasoned that engaging in data analyses could
lead to more hypothesis-driven reasoning (second ques-
tion above) if instructors could be supported in making
their hypotheses explicit and making predictions about
how preservice teachers’ performance would improve on
the items after lesson changes were implemented. Dur-
ing Study 1, when instructors engaged in data analysis,
they looked at the poor performance of the preservice
teachers, guessed what kind of change might improve this
performance, changed the lesson accordingly, and left it
to the Spring semester instructors to see if performance
improved. Although they formed a hypothesis, they could
not test their hypothesis. This makes it difficult to engage
in the deeper cause-effect reasoning about instructional
effects on learning that can produce testable predictions.

Finally, it appeared that major, rather than minor, changes
could be facilitated (third question above) by pointing
instructors to ideas or principles that could guide their
search for substantive instructional changes that would
likely make a difference for students’ learning. Instructors
could, for example, be asked to evaluate every lesson for
whether the nature of the learning opportunities was con-
sistent with the learning principles that drove the creation
of the lessons.

Study 2: What Features Facilitate a Data-
Based Sustaining Improvement System?

Guided by the questions raised by Study 1 (conducted
during the Fall semester) and our tentative explanations or
answers to these questions, Study 2 (conducted during the
following Spring semester) was designed to change the
conditions from Study 1 to test these explanations. Three
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requests of the instructors changed the conditions from
Study 1. First, instructors were asked to use the first few
weekly meetings of the semester to look back at the clicker
data from the previous semester, compare data across
sections for each item, and make changes to the lessons
when their analyses of the data suggested changes were
needed. This was called the Course Improvement Project.
The instructors were given an Activity Change Report form
(Appendix A shows the form and the instructor’s reports)
to carry out the project. The aim was to engage instruc-
tors in using the clicker data from the previous semester
in hopes of stimulating the formation of data-based
hypotheses about changes to the lessons that could be
tested during the current semester, thereby enabling the
formation of predictions. Comparing Fall data to Spring
data would allow instructors to create forward-looking
hypotheses—hypotheses that included predictions that
instructors could test during the semester.

The second request asked instructors to individually

fill out an Instructor Booklet in which they entered the
percentages of students in their section(s) who gave each
multiple-choice response to the clicker item and then
wrote a response to the following questions: “Based on the
data, do you think there is a problem with the lesson that
needs to be fixed? If you responded ‘yes,’” do you have a
suggestion about how it can be fixed?” The aim of the first
question was to encourage instructors to think about all
lessons, even those in which performance was above 70%.
The aim of the second question was to encourage instruc-
tors to formulate cause-effect hypotheses that connected
the clicker data to their instruction. The booklets also
contained Effectiveness Score sheets. These sheets asked
instructors to give each taught lesson an Effectiveness
Score (see Appendix B). The Effectiveness Score was the
sum of the instructor’s ratings on the overall effectiveness
of the lesson plus the lesson’s effectiveness in engaging
the preservice teachers in dimensions of the two learning
principles underlying the lesson design: opportunities for
preservice teachers to (1) engage in productive struggle
with the important mathematical ideas and (2) to construct
explicit understandings of the key conceptual relation-
ships that would support students’ efforts to achieve the
learning goal. The focus on the two pedagogical principles
was intended to remind instructors of where they could
find ideas that would produce major, rather than minor,
changes to the lesson.

The third request asked instructors to share the clicker data
and the Effectiveness Scores during the weekly meetings.
The process for sharing the data was developed by the
course coordinator: She wrote on the board the percent-
ages of students who had correctly responded to each of
the clicker items administered that week. She provided this
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information for seven sections individually—the four Fall
sections (from Study 1) and the three Spring sections.

Methods

Sample. Two instructors who had participated in Study 1,
one of the doctoral students and the clinical faculty mem-
ber, participated in Study 2 and taught the three sections
offered that semester. The clinical faculty member served
as the course coordinator and taught two sections of the
course; the doctoral student taught one section.

Methods. The 25 clicker items from Fall were used in
Spring, along with one new clicker item written by the
course coordinator. The first author observed all of the
weekly instructor meetings and took notes on instructors’
discussions of the following: clicker data, Effectiveness
Scores, proposed revisions to the instruction, rationales for
revisions, and the Course Improvement Project. Additional
sources of data included the course coordinator’s notes,
the Instructor Booklets, and the Activity Change Reports
from the Course Improvement Project (Appendix A). The
same codes used in Study 1 were used in Study 2.

Results and Discussion

Did new conditions promote data-based improvements
of lessons? An initial question is whether the change in
conditions prompted a change in the way the clicker item
data were used to stimulate changes to the lessons. The
simple answer is yes, but with some critical caveats.

Formulating hypotheses and testing predictions
increased instructors’ use of data. As in Study 1, only Les-
sons 7-19 were assessed using clicker items. For changes
suggested to these 13 lessons, 38% of the instructors’
rationales for making the changes were based on clicker
item results. Even for changes to the first six lessons of
the course (which were not assessed with clicker items),
27% of the rationales appealed to students’ performance
on clicker items (while teaching lessons 7-19, instructors
went back and made changes to the first six lessons based
on the clicker results to these later lessons). Recall that
corresponding percentages for Study 1 were 19% and 0%,
respectively.

The most plausible explanation for instructors” increased
use of data in Study 2 comes from the effects of the Course
Improvement Project. Recall that during the first weeks

of the semester, instructors were asked to review the Fall
semester clicker data. As they looked across the Fall sec-
tions, they noticed a pattern of low performance in some
lessons. They concluded the clicker items of interest all
required a competency not addressed in the course (i.e.,
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preservice teachers did not “flexibly interpret diagrams,
including K-8 students’” diagrams”). The instructors
designed several instructional activities to develop the
competency, implemented them in the Spring, and com-
pared the Fall and Spring data to test several hypotheses
(completed in several cycles described below): The new
instructional activities would develop the competency, the
set of clicker items all required the competency and per-
formance on all the items would therefore improve, and
the competency would transfer to related tasks and clicker
items. The instructors then used the identified set of clicker
items to test the changes they had made to accomplish
their goal for improvement. At this point in the semester,
the only request that had been made of the instructors
was to fill out the Activity Change Report form.

Generating these hypotheses about what might have
caused preservice teachers’ low performance shifted the
instructors’ reasoning to a forward direction; they now
were making changes to lessons, predicting their effects,
and using and comparing the Fall data (collected before
the changes were implemented) and the Spring data
(collected after the changes were implemented) to test
their predictions. This concept of forward reasoning now
allows us to contrast the kind of reasoning instructors
were faced with in Study 1: reasoning backward from the
clicker data about what might have caused difficulties for
preservice teachers. We will call this analysis single-item
retrospective analysis—wondering what went wrong in
an individual lesson without the benefit of any predic-
tions about the outcomes. It is difficult to interpret data if
explanatory hypotheses and predictions have not been
made prior to collecting the data. It still is possible to
formulate hypotheses based on retrospective analysis, but
the hypotheses cannot be immediately tested. We propose
that forward-looking hypothesis formulation and the test-
able predictions it generates motivates increased use of
performance data.

Cycles of hypothesis testing prompted unpacking the
goal for improvement. Once the instructors generated
hypotheses about what changes to instruction might facili-
tate preservice teachers’ flexibly interpreting diagrams,
they carried out their hypothesis formulation, predictions,
and testing in three cycles. Each cycle involved hypothesiz-
ing and making a change in the lessons, predicting the
effects of the change, implementing the change and test-
ing the effects by comparing the Fall data with the Spring
data as the Spring data became available, studying the
results, and revising for another cycle. The first cycle was
conducted in the context of addition and subtraction, the
second in the context of multiplication, and the third in the
context of division. In each cycle, instructors were testing
hypotheses about how their revised lessons might help
preservice teachers interpret diagrams more flexibly.

Openness and Measurement

Through engaging in cycles of hypothesis testing, the
instructors identified several factors that appeared to
affect students’ ability to flexibly interpret diagrams:
understanding that some number sentences can be
interpreted and modeled in multiple ways, understanding
the distributive property, understanding that diagrams are
ambiguous if the units of measure are not explicitly identi-
fied, and understanding that quantities need to be labeled.
This analysis prompted them to make further changes

to the lessons after each of the first two cycles, the cycle
focused on addition and subtraction and the one focused
on multiplication.

By the third cycle, the instructors hypothesized that
increased flexibility with diagrams would transfer to the
operation of division without adding new instructional
activities specifically about division. They compared the
Fall and Spring data for clicker items 23 and 26 to test this
hypothesis. The following discussion at an instructor meet-
ing after the third cycle shows their subsequent attempts
to unpack the competencies that affect students’ ability

to flexibly interpret diagrams in the context of division, to
refine the clicker items based on this analysis, and, conse-
quently, to understand students’ thinking and difficulties
at a deeper level.

Instructor A: Clicker question 23 (see Appendix A)
showed [the preservice teachers] were
not able to transfer some of the ideas
about diagramming that we discussed for
addition, subtraction, and multiplication
[through the new assignments|—that is,
being flexible about what the diagram
represents. In Question 23, the diagram
could represent either meaning of divi-
sion [repeated subtraction or partition-
ing] and they didn’t see that. They tended
to see partitioning, but it could also be
representing repeated subtraction. They
might not be strong enough with both
meanings of division so they only see one
or the other. Being flexible with “what
does this diagram represent?” did not
transfer, but | think it’s more that they
aren’t strong enough with division.

This clicker item is more about the mean-
ing of division. They’re still muddling the
two interpretations together. Maybe it’s
too early to test for transfer.

Instructor B:

Instructor A: So instead, maybe we could have a clicker
item [at this point in the course] that tests
their ability to transfer to division the idea

of not having measuring units provided.
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The choices would not be focused on the
meanings of division, but would ask them
“which number sentences could this
diagram represent?” This would test their
ability to transfer the idea that we have to
label the measuring units or the diagram
is ambiguous. Then a little later, we would
have an item where the options focus
on the two meanings of division, when
they have a stronger understanding of
the two meanings of division. Also, the
students need to know that when there’s
not enough information, you need to be
more flexible. | looked at Exam 2 prob-
lem 1 for another example of student
diagrams involving division to see if they
do better when it’s more constrained;
when they get more information on the
diagram, do they do better? From the
problem, I found they do okay when
more information is included.

Instructor B: So maybe they don't do as well when dia-

grams are missing information and when

they can be interpreted in multiple ways.

This conversation shows a deepening analysis of the learn-
ing goal—the instructors’ target for improvement—into
constituent parts. At the beginning of the third cycle,

they expected “flexibility” to transfer to the operation of
division. Based on multiple cycles of testing, they now
hypothesized that the ability to flexibly interpret diagrams
requires some concepts that cut across the four operations
(e.g., the necessity of specifying units) and some concepts
specific to the operation (e.g., the two meanings of divi-
sion), and flexible interpretation can only be expected after
those subconcepts are sufficiently robust. The instructors
began to design clicker measures that would directly test
their hypotheses about these specific competencies. The
items would assess just one skill, and the data would then
have more precise implications for instruction.

In an effort to gather even more data to inform their analy-
sis of preservice teachers’ thinking about these issues, the
instructors, without prompting from the authors, looked
at responses to particular exam questions. Within the
context of testing their increasingly refined and forward-
looking hypotheses, these exam questions no longer
seemed distant and unhelpful for improvement but rather
added useful information to the instructors’ hypotheses
for improvement. An important parenthetical point here is
that the analysis of exam responses, within the context of
cause-effect hypotheses of teaching-learning, is an activity
that can be engaged by all teacher educators (and class-
room teachers). Special clicker items are not required.
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Stepping back, we believe a key lesson to draw from the
cycles of hypothesis testing is that the decomposition of an
initial, often vaguely defined learning goal into its compo-
nent parts is a critical outcome of hypothesis formulation
and refinement during sequential cycles of testing.

Unless teachers can unpack often generally stated learn-
ing goals into more precise component parts, they cannot
design appropriate instruction, they cannot focus their
improvement efforts in productive ways, and they cannot
measure precisely enough students’ performance to know
if their changes are actual improvements. Unpacking learn-
ing goals is especially difficult for teachers (Morris, Hiebert,
& Spitzer, 2009). Consequently, the fact that instructors in
this study engaged in this unpacking process as they were
driven to test their hypotheses through repeated cycles of
testing instructional changes suggests this as a productive
setting in which teacher educators, and classroom teach-
ers, could decompose learning goals in a useful way.

Hypothesis testing reduced instructors’ tolerance for
poor performance. If instructors actually tolerate students’
performance until it reaches some low threshold level,
this obviously would interfere with efforts to constantly
improve all the lessons. The first question in the Instructor
Booklets measured this tolerance (recall that the Instructor
Booklets asked instructors to individually enter the clicker
data for each lesson for their section(s) and then decide
whether the lesson needed improvement). As found in
Study 1, when just looking at performance data, instructors
in Study 2 indicated that lessons did not need improve-
ment until clicker item performance fell below 70%. The
question is: How can instructors motivate themselves to
improve lessons in which the performance data rises above
70%? The answer suggested by Study 2 is that instructors
should formulate forward-looking hypotheses about how
to improve the lessons and engage in cycles of testing.

Evidence for the claim that hypothesis formulation and
testing reduced instructors’ tolerance for marginal per-
formance can be found in the instructors’ report on their
Course Improvement Project (Appendix A). After their first
cycle of testing focused on addition and

subtraction, the instructors reported the results for clicker
item 10, an item used to test the effects of a new instruc-
tional activity. The percentages of correct responses for
the three sections in the Spring (after their intervention
was implemented) were 82%, 76%, and 87%. Although all
of the percentages exceeded the instructors’ prior 70%
cut-off for tolerating students’ marginal performance, they
pushed for more improvements in their Activity Change
Report written near the end of the semester (see italicized
portion of Appendix A, item 9 under Question 10).
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More systematically analyzed data that support the claim
that hypothesis testing reduced instructors’ tolerance

for marginal performance are found in Table 1. Table 1
includes the Spring data for all clicker items, divided into
hypothesis and nonhypothesis items. Recall that hypoth-
esis items are items that prompted instructors to make
hypotheses about a deficiency in the lesson that might
explain the students’ errors and to make changes to the
lesson based on these hypotheses. By comparing the
Fall and Spring data, the nine hypothesis items shown

in Table T measured the effects of the changes made in
the Fall (Study 1) or in the Spring Course Improvement
Project. Nonhypothesis items are clicker items not used to
test hypotheses.

Data in the first column of the table show the preservice
teachers’ results for each clicker item. Data in the second
column are from the Instructor Booklets. They are the
instructors’ individual responses to the question “Based
on the data [their students’ performance on the specific
clicker item], do you think there is a problem with the les-
son that needs to be fixed?” If the entry in the second col-
umn says “no,” it means both instructors independently
responded “no” to the question. If the entry says “yes,” it
means both instructors independently responded “yes” to
the question. If the entry says “yes; no,” it means Instruc-
tor A responded “yes” and Instructor B responded “no.”
To detect patterns, items are ordered, within nonhypoth-
esis and hypothesis categories, with respect to instruc-
tors’ belief that a lesson needed to be fixed. The shaded
rows in the table highlight the clicker items that prompted
at least one instructor to believe a lesson needed to be
fixed. Comparing columns 1 and 2 provides a measure

of the instructors’ tolerance for marginal performance.
Notice that when they were assessing the effectiveness

of a lesson on their own, their tolerance was similar to
that in Study 1—they did not believe lessons needed
improving if students’ performance in their section(s) was
greater than 70% correct. This is apparent by the fact
that, with one exception, items with at least one score
below 70% are exactly those items in the shaded portions
of the table.

Columns 3, 4, and 5 of Table 1 show how the instructors
analyzed the data for each item during the weekly meet-
ings as the Spring data became available and they could
compare Fall and Spring data. The Spring data allowed
the instructors to test their hypotheses about changes they
had made to the lessons, both those made in the Fall and
those made in the Spring Course Improvement Proj-

ect (would the change improve student performance?).
Changes to the lessons shown in column 5 are changes
instructors made in the Spring after they had compared
Fall and Spring data.

Openness and Measurement

For the 12 nonhypothesis items where both instruc-
tors independently indicated in their Instructor Booklets
that the lesson did not need to be fixed, the instructors
analyzed the meaning of students’ wrong answers for
only 3 of the 12 items (column 3) and made no changes
to the lessons based on the Spring data (column 5).

For nonhypothesis items where one or both instruc-
tors independently indicated that the lesson needed to
be fixed because of poor student results, the instructors
analyzed the meaning of students’” wrong answers at a
slightly higher rate (for 2 of 5 items versus 3 of 12 items)
but were not likely to change the lessons (this occurred
for only 1 of the 5 items and the revision was a minor
change). These results are similar to Study 1 and show
that instructors often tolerate their students’ performance
if it rises above 70% and no hypotheses are driving
improvement efforts.

As shown in columns 3, 4, and 5 of Table 1, treatment

of the hypothesis items was different. Discussions of
hypothesis items usually included analyzing the meaning
of students” wrong answers and explicitly connecting the
data to the instruction (7 of 9 hypothesis items versus 3
of 17 nonhypothesis items). The reason for the high rate
for hypothesis items might be obvious but it is critical:
Unlike retrospective analysis, the instructors’” hypotheses
identify an instructional cause and they interpret student
responses within that framework. Rather than moving
backward from an effect (the student data) to the identi-
fication of a cause (something in their instruction) as they
must do in retrospective analysis, the hypothesis stipu-
lates the cause (the changes they made to the instruction),
and instructors use the data to test whether their hypoth-
eses are correct. As noted earlier, this forward-looking
analysis appears to encourage the use of data.
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Table 1
Instructors” Analyses of the Spring Clicker Data for Hypothesis and Nonhypothesis Iltems
Spring weekly
meetings: Did
From instructor instructors decide
Percentage of booklet: Based on to make additional
correct responses  the clicker data from Spring weekly changes to the lesson
on each clicker their sections, did the meetings: Did Spring weekly after they analyzed
item in each of instructors believe instructors analyze the meetings: Did the data? If so,
the three sections  the lesson needed to meaning of students’ instructors connect the was it a major or
(Item number) be fixed? wrong answers? data to instruction? minor change?
Nonhypothesis Clicker Items
95, 97, 94 No No No No
(tem 7)
91, 97, 94 No No No No
(Item 14)
90, 88, 89 No No No No
(Item 11)
95, 86, 83 No No No No
(Item 12)
78, 89, 94 No No No No
(Item 15)
81, 82, 94 No No No No
(Item 8)
81, 76, 89 No No No No
(Item 5)
74,85, 72 No No No No
(tem 1)
68, 73,79 No No No No
(Item 3)
74,73, 76 No Yes No No
(Item 24)
100, 100, 100 No Yes Yes No
(Item 22)
91, 87, 88 No Yes Yes No
(Item 2)
83, 53, 94 Yes; no Yes Yes Minor
(Item 13)
48, 87, 82 Yes; no Yes No No
(ltem 17)
62, 64, 56 Yes No No No
(Item 4)
76, 58, 56 Yes No No No
(Item 6)
64, 59, 56 Yes No No No
(Item 9)

Vol. 3, No. 2, March 2015 e Mathematics Teacher Educator



A2/ )

140
Table 1—Continued

Openness and Measurement

From instructor
booklet: Based on
the clicker data from
their sections, did the
instructors believe
the lesson needed to

Percentage of
correct responses
on each clicker
item in each of
the three sections

Spring weekly
meetings: Did
instructors analyze the
meaning of students’

Spring weekly
meetings: Did
instructors decide
to make additional
changes to the lesson
after they analyzed
the data? If so,
was it a major or

Spring weekly
meetings: Did
instructors connect the

(Item number) be fixed? wrong answers? data to instruction? minor change?
Hypothesis Clicker Items

77, 73,100 No No No No
(Item 19)

77,76, 94 No No No No
(Item 20)

76, 87, 82 No Yes Yes No
(Item 10)

86, 85, 100 No Yes Yes No
(Item 18)

42,75,73 Yes; no Yes Yes Major
(Item 26)

41, 67, 59 Yes Yes Yes Major
(Item 16)

48, 46, 59 Yes Yes Yes Major
(Item 21)

43, 61, 61 Yes Yes Yes Major
(Item 23)

56, 60, 61 Yes Yes Yes Major
(Item 25)

There was also evidence that the instructors were less
tolerant of marginal performance in the context of lower-
scoring hypothesis items versus lower-scoring nonhypoth-
esis items (items in the shaded portions of Table 1). These
two sets of items were treated very differently. Instructors
analyzed the meaning of students’” wrong answers and
connected the data to the instruction (columns 3 and 4) for
all five lower-scoring hypothesis items but carried out this
kind of analysis for only one of the five lower-scoring non-
hypothesis items. The analyses of the five lower-scoring
hypothesis items all resulted in major revisions as opposed
to one minor revision for the five lower-scoring nonhy-
pothesis items (column 5).

To summarize, the results of Study 2 suggest that the kinds
of data comparisons that motivate data-based improve-
ment efforts, regardless of performance levels, are com-
parisons of performance before-instructional-change to
after-instructional-change involving a hypothesis test.

Forward-looking hypothesis testing seemed to motivate
improvement efforts and decrease instructors’ tolerance
for marginal performance.

Non-pooled data comparing instructors’ results did not
promote data-based improvements. Recall that a goal of
these studies was to search for conditions of open sharing
of data that promote continuous improvement. A common
approach to motivating U.S. teachers to improve their per-
formance is to compare teachers in terms of their students’
performance (Cohen, 1996). Indeed, debates currently
are raging about how to conduct such comparisons in
equitable ways (e.g., Harris, 2009). The important question
for us was whether the conventional method of compar-
ing instructors in terms of their students” achievement
worked for jointly improving instructional products. How
did instructors respond to the course coordinator posting
clicker results, by section, for the Spring semester, at the
beginning of each weekly meeting?

Mathematics Teacher Educator ¢ Vol. 3, No. 2, March 2015



A2/ )

Anne K. Morris and James Hiebert

One way to answer the question is to check what hap-
pened when the performance differences were large, say
about 25 percentage points or more. If comparing data
across instructors is a condition that motivates them to
examine the data and search for improvements, these big
differences in performance should prompt discussions
among instructors that would explore the reasons for the
better performance. There were five such items. For one
of the items (Item 19), Instructor B’s section scored 23%
and 27% higher than Instructor A’s two sections respec-
tively. But the instructors carried out no analysis of the
item. Instructor A did not ask Instructor B what about her
instruction might have produced the higher performance.

For the remaining four items, one of Instructor A’s sec-
tions (not always the same section) scored noticeably
lower than the other two sections. When the data were
shared for two of the four items (Items 16 and 26), the
instructors did not refer to the performance differences
across sections and the data did not prompt them to
compare their instruction in the three sections. For the
remaining two items (Items 13 and 17), the instructors
made some attempt to explain away the data; they attrib-
uted the results to some aspect of the students” behavior
(e.g., lack of studying) rather than the instruction. For
example, for Item 17, the following exchange took place.

Instructor A: [Puts the data on the board: 82% cor-
rect (Instructor B’s section), 48% correct
(Instructor A’s first section), 87% correct
(Instructor A’s second section)]
Instructor B: [Laughing] What's with the section?
Maybe you do better the second
time around?

Instructor A: Thirty-three percent said D was the
answer. | asked, “Why is B not correct?”
They justsaid, “Oh. They weren’t careful.”

Thus for all five items showing a large performance differ-
ence, the open sharing of data that compared the per-
formance of the instructors’ students did not prompt the
instructors to compare the details of their instruction in
order to identify potentially better practices.

Because comparing student performance data across
instructors is often assumed to create conditions that moti-
vate instructors to improve, we consider why this did not
happen, even for these large differences. When instructors
are implementing the same lessons using similar instruc-
tional practices, student performance measures can show
one instructor or class is doing better, but the instructors
cannot explain why. If the differences were caused by
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variants of the intended instruction, the instructors could
not reconstruct these details and consequently had no
basis on which to hypothesize causes for the differences.
So, in some cases they did what many instructors do—
they attributed the results to students” behavior. This is a
problem for a continuous improvement process because
it means that instructors, at least momentarily, are relin-
quishing responsibility for the effects of their instruction
and removing themselves from the improvement process
(Kenney, 2008).

A second problem with the instructors’ comparing
section-by-section data (four sections from the Fall and
three sections from the Spring) was that the data were too
difficult to interpret in this form; the instructors could not
always tell whether the instructional changes they were
making in the Spring were improvements. For example, in
the instructors’ report of the Course Improvement Project
(Appendix A), the instructors compared the percentages
of correct responses in the seven sections and made the
following statement.

For clicker items 23 and 26, the instructors
thought that the data showed slight improvement,
but we were not satisfied. We thought that
[preservice teachers] would be able to transfer
the types of knowledge we discussed with
interpreting diagrams for addition, subtraction,
and multiplication to division diagrams. However,
the data showed that this is not really the case.

The results from the two items were treated the same
(“the data showed that this is not really the case [that
transfer would occur]”). However, if the data from all
classes in a given semester are pooled, a comparison
reveals students performed significantly better in the
Spring (after the instructional changes were implemented)
than they did in the Fall (before the changes were imple-
mented) on item 23 (z = 3.47, p < .001) whereas there
were no significant differences between the Fall and the
Spring for item 26. This type of comparison would have
provided information the instructors needed when they
were attempting to unpack the competencies that con-
tribute to students’ ability to flexibly interpret diagrams
(described above). They could have analyzed the com-
petencies that are involved in answering item 23 versus
item 26 and used that analysis to understand the effects
of their new instruction.

These two issues indicate that the section-by-section
sharing of data was problematic. What kinds of com-
parisons would be more productive? We can offer the
following suggestions.
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Results from Study 2 suggest that before- and after-
instructional-change comparisons involving a hypothesis
test changed the acceptable level of failure and motivated
data-based improvement efforts. So, comparisons that
support hypothesis testing appear to be more produc-
tive. The findings above suggest this happens when data
are compared across time but not across instructors or
classrooms. On a practical level, this means pooling the
data across classes for each clicker item and comparing
the data across semesters.

Comparing data across time supports hypothesis testing
when instructors can distinguish improvements from just
changes. One way to enable these distinctions is to statisti-
cally analyze the pooled data across semesters. These anal-
yses can determine whether a change to the instruction
was a real improvement. Because some changes produce
important but small improvements, several hypothesis-
testing cycles might be needed to accomplish an improve-
ment goal. A test of significance can be used to compare
the beginning overall percentage of correct responses
(before any changes are made) with the final overall
percentage of correct responses (after a number of related
revisions have been made to address the same goal).

A consequence of statistically testing pooled perfor-
mance data across time is that it places attention where it
belongs—on the instructional products (e.g., lesson plans)
rather than on individual instructors. A shared instructional
product is designed to minimize across-instructor variabil-
ity so the instruction can be linked to student outcomes
(Morris & Hiebert, 2011). Comparing data across instructors
highlights this variability and focuses attention back onto
the individual instructors. A before- and after-instructional-
change comparison, with data pooled across instructors,
returns the focus to the instructional product.

Before concluding this section, we need to add an impor-
tant caveat. Past experience has taught us that, under
some conditions, comparing results across instructors

can be productive. If instructors are discussing relative
successes and failures of recent lessons and find that

one instructor had more success than others, this discus-
sion can encourage the successful instructor to share her
approach with other instructors often saying, “Oh, that’s a
good idea. I'll try that,” usually to good effect. The differ-
ence in the studies we are reporting here is that the clicker
data created differences among instructors in preservice
teachers’ performance with no hypotheses to explain the
differences. This left the instructors with no productive
avenue of analysis.

What effects did the Effectiveness Scores have on the
instructors’ improvement efforts? Effectiveness Scores
had two effects on improvement efforts. First, they drew

Openness and Measurement

attention to instructional problems. The instructors were
more likely to think there were problems with the instruc-
tion that needed to be fixed when they were assigning
Effectiveness Scores than when they were evaluating the
clicker data. Instructor A and Instructor B believed that
38% and 27%, respectively, of the lessons with clicker
items needed to be fixed, based on the clicker data. In
contrast, Instructors A and Instructor B gave Effectiveness
Scores indicating there was some deficiency in the lesson
to 69% and 54%, respectively, of the lessons assessed by
clicker items.

Second, the Effectiveness Scores prompted major instruc-
tional changes rather than just minor changes. This was
most pronounced for the productive student struggle
dimensions of the Effectiveness Score. Instructor A and
Instructor B assigned non-perfect scores to one or both
of the student struggle dimensions for 33% and 37% of all
course lessons respectively. Productive student struggle
then became a major focus of the discussions during the
instructor meetings. Whereas two changes in the Fall
semester involved increasing productive student struggle
(both major changes), 13 changes of this type were made
in the Spring (11 were major changes). In contrast to the
tendency of the instructors in the Fall to make minor
changes (see Study 1), the instructors in the Spring made
a number of major changes by developing cognitively
demanding activities to increase the level of productive
student struggle.

Based on these two results, it appears that an especially
useful role for Effectiveness Scores is to point instructors to
fundamental features of lessons that could be considered
for improvement. On a daily basis, as instructors assign
each lesson a score, they are reminded of learning prin-
ciples that drive the lessons and could become the target
for cycles of specific testable major changes.

In this study, the Effectiveness Scores focused the instruc-
tors” attention on productive student struggle. Typical

of fundamental learning goals in education, produc-

tive struggle is quite vague. Without a more refined and
elaborated definition, how do teachers improve lessons
with respect to this learning principle? The results of
Study 2 reveal that one significant contribution of the
repeated cycles of hypothesis testing can be clarifying the
meaning of these principles and enabling more focused
improvement efforts.

In future semesters, other foundational principles could
be selected. In this way, teacher educators can custom-
ize Effectiveness Scores to shine the spotlight on learn-
ing principles on which they would like to focus their
improvement process.
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Does collecting and providing lesson-level data to
instructors produce increased learning? The ultimate
question is whether all of this work to improve the quality
of the instructional products increases preservice teach-
ers’ learning. To answer this question, clicker data from

all sections in the Fall and the Spring, respectively, were
pooled for each of the 25 items that were administered

in both Fall and Spring and the percentages of correct
responses were compared across semesters. The compari-
sons test the effects of the lesson changes that were made
before administering the Spring clicker items. Z-scores
were calculated and a 99% confidence level was used as
the standard for increased learning. Percentages of correct
responses did not significantly improve for any of the 16
nonhypothesis items (see Table 1 for these items). For the
hypothesis items, performance increased significantly for
5 of the 9 items (Items 10, 16, 18, 21, and 23). For one of the
remaining four items (Item 25) only minor changes were
made and consequently performance increases would not
be as likely. For the final three items (Items 19, 20, and 26),
major changes were made but no significant performance
increases were found on these items. This might be due
to the difficulty of the mathematical topics being studied;
several cycles of improvement work might be needed.

Implications for Teacher Education

The promise of the principles of openness and measure-
ment to make productive use of small amounts of data was
realized, but it was the details of applications that mat-
tered. Given increased attention to data-driven instruction,
in both K-12 classrooms and teacher education programs,
the details become critical. Taken together, Studies 1 and
2 suggest that just providing instructors data on students’
performance is not enough to prompt frequent and con-
tinuing improvements in instruction. Data on past per-
formance, even at the lesson level, do not, by themselves
suggest what changes should be made. Perhaps because
the data do not reveal immediate implications for instruc-
tion, they do not seem to motivate instructors to engage
in the time-consuming work of analyzing instruction and
learning in a cause-effect way and making improvements.

What seems to be critical is to provide instructors (who
are teaching toward the same learning goals) with guide-
lines of how to use the performance data. In particular,
the results of these studies suggest that productive work
is facilitated by asking instructors to use small amounts of
targeted performance data to formulate hypotheses about
what changes to instruction might improve performance,
to make these changes and predict what effect they will
have, and then to measure the effects of these changes.
The results can then prompt a new cycle of hypothesis
development, changes to instruction with predicted
effects, and measurement. These hypothesis-testing cycles
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seemed to be the key to instructors’ success in making
major improvements to the lessons of interest.

One consequence of these testing cycles appeared to be
a decrease in instructors’ tolerance of preservice teachers’
marginal performance. Apparently, instructors’ views can
change from “that performance is good enough” to the
view that marginal performance is something that can be
studied further and improved even more (“Try again. Fail
again. Fail better” (Beckett, 1983).).

A second consequence of hypothesis testing cycles
appeared to be a clarification of the learning goals into
more specific subgoals or parts that can be studied with
more precision. A somewhat unique feature of education
compared with other fields is that many learning goals are
quite general. Helping students make progress in achiev-
ing them requires breaking them into constituent parts
and studying how to help students achieve more precisely
stated subgoals.

We began by borrowing from traditions of improvement in
other fields, especially medicine and business, to hypoth-
esize that the principles of openness and measurement
could play an important role in improving teacher educa-
tion, and teaching more generally. We now look back to
this tradition of improvement and note that the cycles of
hypothesis testing we described bear a striking resem-
blance to something called PDSA (Plan, Do, Study, Adapt)
cycles in Improvement Science (Langley et al., 2009; Nolan,
Schall, Berwick, & Roessner, 1996).

The PDSA cycle is an iterative process in which improve-
ments are developed, tried, studied, and then refined, over
and over, until quality is improved. The first step is to plan
the test. The plan involves creating a potential solution
based on a clear hypothesis that generates an explicit,
testable prediction about the outcomes. The second step
is to do or carry out the test—that is, to execute the plan
and assess the results of it by collecting small amounts of
relevant data. Next comes studying the result and compar-
ing the result to the prediction. It is this comparison that
produces learning. Finally, based on the results of the anal-
ysis, a decision is made on how to act. What next step is
warranted based on what was learned? Should the change
be adopted, adapted and tested further, or abandoned?
We believe that the improvement process in teaching
could benefit from learning more about the processes that
Improvement Science has to offer.

Finally, we believe the results indicate that the method

of sharing and comparing data matters. Many educators
have too quickly accepted the assumption that compar-
ing teachers on their students” performance will lead to
improved teaching. As we have described, other methods
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of sharing and comparing these data might be more pro-
ductive. For example, comparing data across time seems
to work better than comparing data across instructors.

Our aim in these two studies was to learn something about
the conditions under which the open sharing of small
amounts of data can, and will, be used by instructors to
improve their instructional products. We hope the sug-
gestions we offered will be tested further, both in teacher
education and classroom settings.
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Appendix A: Study 2: Activity Change Report
Forms That Were Completed by the Instructors to
Report on Their Course Improvement Project

Activity Change Report

An instructor group should fill out this form whenever they change an activity in the lesson plans in response to the
student results from a clicker item. Please fill out one form for each activity that is changed. In some cases, a clicker
item or items might suggest several activities should be changed. For example, students’ performance on a num-

ber of items might suggest that the lessons are not effective in developing pre-service teachers’ ability to write story
problems. The instructor group might then develop a rationale (see #5 in the form) to address this issue. For example,
they might identify a new way of teaching the writing of story problems that they believe will be more effective. This
rationale—that pre-service teachers are not performing well on story problem clicker items and that this new approach
to the teaching of writing story problems will be more effective—has implications for several lessons (e.g., lessons on
writing story problems for addition and subtraction, lessons on writing story problems for multiplication and division).
The instructor group might then change several activities across several lessons to address this rationale. If multiple
activities are changed because of the instructor group’s rationale, then the separate forms for each activity should

be stapled together. This will allow subsequent instructor groups to see all of the changes that were made to address
that rationale. In other words, if a common rationale underlies a group of changes, please staple the separate forms
together; activity change report forms should be grouped by rationale.

Instructors’ Activity Change Report |

1. Names of the instructors: . . .

2. Semester and Year: . . .

3. Lesson Number, Lesson Name, and Activity Number where the change was made:
Lesson 10, AddSubMeanll, Extra Homework

4. Please list the clicker item(s) that prompted the reported change to the lesson activity. Write the item(s) here, along
with the multiple-choice answers.

Hera are Tom's measuring units:

Question -
#10
=

o Tom is modeling a number sentence. Tom's measuring units are
shown above. Tom's picture to represent a number sentence is
shown below. Which of the following number sentences could Tom
be modeling?

Thare is a ten times ralalionship betwesn the measuring units. How | will medel tha number sentenca:

A 1.24-0.13=1%

D. All of the above
B. 1240-130=2

E. Mene of the above
C. 0.124-0.013 =2
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5. What was the instructor group’s rationale for making the change to the lesson activity? Please explain how the
rationale is connected to the clicker items listed in #4.

Pre-service teachers struggle with interpreting student work when diagrams are missing labels, measuring
units, or are otherwise unclear. We thought that they needed to improve on their flexibility in how they
interpret diagrams when information is missing. Moreover, we wanted PSTs to realize the importance of
having all of this information on a diagram to make the diagram clearly linked to one number sentence.

6. Please cut and paste the old version of the activity here:
A previous version of this activity did not exist.
7. Please cut and paste the new version of the activity here:
See attached document. [Here is a sample problem from the instructors’ new instructional activities:]

Consider the following diagram that Troy (a fourth grader) drew below. Does the diagram clearly illustrate a specific
number sentence? If yes, state the number sentence. If not, explain why not.

00000 00000 Q0
00000 OO000 O
Q0000 Q0000  OOROO
00000 0OO00O0 O
00000 OO0O0O0 OO0

O \Q

O /0

8. Please provide the student results from each clicker item listed in #4 before and after you made the change(s) to the
lesson activity.

Percent of students responding correctly: Clicker Item 10

Before you made the change (i.e., last semester):

Section 1 38%
Section 2 23%
Section 3 5%

Section 4 71%

After you made the change (i.e., this semester):

Section 1 82%
Section 2 76%
Section 3 87 %
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9. Does the instructor group think the change was successful? Are the changes in clicker performance enough for the
instructors to be satisfied or do they think there still is work to be done?

The instructors feel that the clicker item data provide evidence that there was a huge improvement in PSTs’
ability to flexibly interpret diagrams for addition and subtraction of decimal numbers. Some improvement
could be made to determine what specifically is the most difficult piece of interpreting diagrams with
missing parts (i.e., is it the measuring units missing that makes it hard, is it the missing labels, or is it
something else?). We think that we could be more proactive in linking a specific homework problem with a
specific clicker item to measure more specifically what the PSTs have trouble with.

Instructors’ Activity Change Report Il

1. Names of the instructors: . . .

2. Semester and Year: . . .

3. Lesson Number, Lesson Name, and Activity Number where the change was made:
Lesson 14, MultMeaningl, Activity 2, Lesson 15, MultMeaningl, Extra Homework

4. Please list the clicker item(s) that prompted the reported change to the lesson activity. Write the item(s) here, along
with the multiple-choice answers.

Question #16 13.6 X 4,1 =2¢

o John, Sue, Ting, and Tim were asked to make a picture of the
number sentence above. Their teacher said, “First | want you to
write down what the number sentence means. Then draw a
picture using your meaning.”" John, Sue, Tina, and Tim wrote
down what they thought the number sentence meant. Which of
their interpretations will result in a correct picture?

A, John: Find 136 groups of one tenth of 4.1
B. Sue: Find 13 groups of 4.1 and find & groups of one tenth of 4.1

C. Tina: Find 13 groups of 4, find 13 groups of one tenth, and
find six groups of one tenth of 4.1

D. Tim: Find 136 groups of one hundredth of 4,1

E. John, Sue, and Tina are correct.
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Question #19

o If you are solving 0.23 x 4.1 with a diagram on graph paper,
you would get the right answer if you found the area of:

A. 23 groups of one-hundredth of 4.1
B. 2 groups of one-tenth of 4.1 and 3
groups of one-hundredth of 4.1

C. 2 groups of one-tenth of 4 and
2 groups of one-tenth of 0.1 and
3 groups of cne-hundredth of 4 and
3 groups of one-hundredth of 0.1

D. a, b, and c are all correct

E. Only a and b are correct

LT

Question
#20 Mu:f\im. MIJ::I::.
'

S ﬁl,ﬂ-.
0 Using the measuring units as shown above, Michelle has drawn the
picture below to represent and solve a number sentence in a base that
is not base ten. quaptity

\ E ;
part of the quantiry

- answer to
- tha problem

5_ aniwer
ML fras shewn MU of sire 1, smustass | pedeewn

What is the number sentence she is solving, and what is the answer?

A, Odge o x 205, =2 and the answer is 1.34; D. MNone above

Freen

B. 0.4,,x 2.1, = % and the answer is 1.34,,, E. Bothbande

C 4, X 21, =% and the answer is 1.34;,, could be correct

Question #23

[

O Ted is modeling a division number
sentence at the right. What number
sentence could he be modeling?

A. Ted could be modeling .42 =~ .07 = %
using the repeated subtraction
interpretation of division.

B. Ted could be modeling .42 + & = 2 using
the partitioning interpretation of division,

C. Ted could be modeling 4.2 + & = 2 using the
repeated subtraction interpretation of division.

D. Mone of the above

E. Bothaandb
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Question #26

| Belew is the work of a child solving a division problem.

(|
o
a

If the BMU is one flat, what number sentence could this child's
work represent?
A 063 +21=%
D. 0.63+-3=¢%
B. 63+-2.1=¢%
E. Bothc and d

C 0.63+021=¢

5. What was the instructor group’s rationale for making the change to the lesson activity? Please explain how the ratio-
nale is connected to the clicker items listed in #4.

Pre-service teachers struggle with interpreting student work when diagrams are missing labels, measuring
units, or are otherwise unclear. We thought that they needed to improve on their flexibility in how they
interpret diagrams when information is missing. Moreover, we wanted PSTs to realize the importance of
having all of this information on a diagram to make the diagram clearly linked to one number sentence.
We added a similar extra homework for addition and subtraction. Now, we added an extra homework for
multiplication in the hopes that they would be able to transfer these ideas to division as well.

6. Please cut and paste the old version of the activity here:
A previous version of these activities did not exist.

7. Please cut and paste the new version of the activity here:
For Activity 1, we added the following question to promote discussion of different ways to solve the multi-
plication problem: What would be the all-at-once interpretation and the by-place interpretation if we broke
up the 3.1 into place value parts? For the extra homework, please see the attached document. [Here is a

sample problem from the instructors’ new instructional activities:]

Consider the following diagram for 1.5 x 2.6 =?

A Mﬂ:'smf'-?f wnils

O

Measuring unit of size 0.01

Measuring unit of size 1 Measuring unit of size 0.1

?{xifmﬁ%‘ (P ST il
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Three students say the following. Under each student’s statement, show how to highlight what the student sees in
the diagram.

Pamela: | see 1 group of 2.6 and Cory: | see 15-tenths of 2.6! Sara: | see 1 group of 2, 1 group of 0.6,
5-tenths of 2.6! 5-tenths of 2, and 5-tenths of 0.6!

8. Please provide the student results from each clicker item listed in #4 before and after you made the change(s) to the
lesson activity.

Percent of students Clicker Clicker Clicker Clicker Clicker

responding correctly: Item 16 Item 19 Item 20 Item 23 Item 26
Before you made the change
(i.e., last semester):
Section 1 32% 76% 81% 14% 46%
Section 2 27% 66% 71% 33% 50%
Section 3 45% 52% 79% 53% 67 %
Section 4 31% 81% 58% 24% 68%
After you made the change
(i.e., this semester):
Section 1 59% 100% 94% 61% 73%
Section 2 41% 77% 77% 43% 42%
Section 3 67% 73% 76% 61% 75%

9. Does the instructor group think the change was successful? Are the changes in clicker performance enough for the
instructors to be satisfied or do you think there still is work to be done?

The instructors feel that the clicker item data from clicker items 16 and 19 provide some evidence that
there was satisfactory improvement in PSTs’ ability to solve multiplication of decimal problems in more
ways. We feel that the added discussion in Lesson 14 and some of the extra homework problems helped
PSTs think about multiple ways to view multiplication. We still feel that improvements could be made to
help PSTs understand the distributive property.

For clicker item 20, the instructors thought that the data showed slight improvement because of the extra
practice that they had from the extra homework. But all of the extra practice was with an area model. We
think that to improve what we did, discrete models and linear models should be included in addition to
just the area model for multiplication.
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For clicker items 23 and 26, the instructors thought that the data showed slight improvement, but we were
not satisfied. We thought that the PSTs would be able to transfer the types of knowledge we discussed
with interpreting diagrams for addition, subtraction, and multiplication to division diagrams. However, the
data showed that this is not really the case. So, the instructors think it would be beneficial to have PSTs
complete extra homework problems that focus on interpreting division diagrams with missing parts and
where both partitioning and repeated subtraction are within the same diagram.

(Return to page 135)
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Please give a score to this lesson immediately after teaching it. Assign a score of O (low) to 2 (high) for each of the five
criteria below. Indicate your score for each of the five criteria by checking the cell for 0, 1, or 2 in the table below.
Then calculate the total score for the lesson by adding the five scores and write the score on the Total Score line

below the table.

Score
1 point 2 points
0 points (Some, but (No improvement
(Not atall) | needs improvement) needed)

The lesson succeeded in helping students achieve
the learning goals.

The lesson activities align well with the learning goals
for the lesson.

The lesson activities provided students with
an opportunity to struggle with the critical
mathematical concepts.

The students had time to struggle with the critical
mathematical concepts.

During the lesson, the students received a clear
explanation of the conceptual relationships among
mathematical ideas, representations, and/or
procedures from myself or other students.

Total Score for Lesson x:

(Return to page 135)
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In this article, we provide information to
assist mathematics teacher educators in
selecting classroom observation tools.

We review three classroom observation
tools: (1) the Reform-Oriented Teaching
Observation Protocol (RTOP); (2) the
Instructional Quality Assessment (IQA)

in Mathematics; and (3) the Mathematical
Quality of Instruction (MQI). We begin by
describing each tool and providing examples
of research studies or program evaluations
using each tool. We then look across tools
to identify each tool’s specific focus, and

we discuss how the features of each tool
(and the protocol for its use) might serve as
affordances or constraints in relation to the
goals, purposes, and resources of a specific
investigation. We close the article with
suggestions for how each tool might be used
by mathematics teacher educators to support
teachers’ learning and instructional change.

Key words: Classroom observation tools; Instructional
quality; Reform-oriented teaching

In the September Mathematics Teacher Educator edito-
rial, Smith (2014) describes how “tools” originally devel-
oped for research can be utilized by mathematics teacher
educators to support teachers’ learning and instructional

change. Smith provides examples of how research
frameworks for analyzing instructional tasks and teach-
ers’ questions can serve as scaffolds for teachers’ learning
(about cognitive demands or question types), instructional
practice (in selecting tasks or asking questions), and
reflection (on the nature of tasks or questions used during
a lesson). In these examples, and more generally, tools
highlight particular aspects of practice that research has
identified as critical for enhancing students’ learning of
mathematics. Through the lens of a specific tool, teachers
may be able to see aspects of instruction that previously
blended into the myriad classroom activities occurring
throughout a lesson. Once aspects of instruction are
made visible, tools can provide a concrete structure for
the development of new practices by specifying crite-

ria and identifying standards for the implementation of
the intended practice. Finally, tools can foster formative
assessment and self-evaluation by focusing teachers’
reflections on emerging or existing practices to identify
strengths and/or motivate change.

In mathematics teacher educators’ work as researchers,
tools can serve to focus our analysis on key features of
an intervention or treatment (e.g., professional learning
activity, professional development initiative, or teacher
education course or program). Tools can communicate
standards for components of practice (e.g., mathematical
tasks or teacher’s questions) that can be shared across
institutions, programs, research groups, and professional
development settings. Tools allow us to gather data
specifically related to the question under investigation
(Smith, 2014), generating evidence that directly indi-
cates the effectiveness or impact of the intervention and
enables us to make valid claims about the intervention.
In this way, tools can support evidenced-based practice
in mathematics teacher education, particularly when the
same tools are employed across multiple projects, sites,
and investigators.

In this article, we take a closer look at a specific set of
research tools that also hold promise for supporting
teachers’ learning and instructional change—classroom
observation instruments. When the purpose of a pro-

This is an invited manuscript. In accordance with journal procedures, the manuscript was reviewed by the editor and two members of the Editorial

Panel. It did not undergo a double-blind review process.

This manuscript is based on a presentation at the Association of Mathematics Teacher Educators (AMTE) 2014 Annual Meeting. The analysis of
classroom observation tools described in this manuscript began within a working group in the Service, Teaching, and Research Program (STaR) in
Mathematics Education in which the second, third, and fourth authors participated. Each of these authors contributed equally to this manuscript,

and they are listed alphabetically.
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fessional development project, intervention, or teacher
education program is to change or impact some aspect of
teachers’ instructional practices, classroom observations
are an essential component in identifying whether the
intended practice is being implemented by teachers. The
tools used to observe and assess classroom instruction
must be able to identify the instructional practice(s) under
investigation, using valid and reliable measures. Data and
results generated by the classroom observation instru-
ment should be useful in evaluating the effectiveness of
the project, intervention, or program and for providing
feedback to inform improvements in teachers’ practice.

In this article, we provide information to assist mathemat-
ics teacher educators in selecting a classroom observa-
tion tool. We review three classroom observation tools
and the protocols for their use:' (1) the Reform-Oriented
Teaching Observation Protocol (RTOP); (2) the Instruc-
tional Quality Assessment (IQA) in Mathematics; and

(3) the Mathematical Quality of Instruction (MQI). We
have purposefully selected three tools with different foci
and methods of use in order to raise issues regarding the
selection of classroom observation tools more broadly.
We begin by describing each tool and providing exam-
ples of research studies or program evaluations using
each tool. We then look across tools to identify each
tool’s specific focus, and we discuss how the features

of each tool (and the protocol for its use) might serve as
affordances or constraints in relation to the goals, pur-
poses, and resources of a specific investigation. We close
the article with suggestions for how each tool might be
used by mathematics teacher educators to support teach-
ers’ learning and instructional change.

The Reformed Teaching
Observation Protocol

Purpose and Theoretical Foundation

The Reformed Teaching Observation Protocol (RTOP;
Sawada et al., 2002), created originally to gather data for
the Arizona Collaborative for Excellence in the Prepara-
tion of Teachers (ACEPT), is a classroom observation
protocol designed to measure the degree to which mathe-
matics and science teaching are reform-oriented. Sawada
and colleagues use the term reform-oriented to synthesize
three instructional aspects: standards-based teaching,? an
inquiry orientation in lesson design and implementation,
and student-centered teaching practices. This protocol,
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grounded in a constructivist view of teaching (von Gla-
sersfeld, 1989), builds upon reform efforts and advance-
ments in K-12 standards for mathematics and science
instruction (American Association for the Advancement
of Science [AAAS], 1989; National Council of Teachers of
Mathematics [NCTM], 2000; National Research Council
[NRC], 1996).

The primary goal for the RTOP was to support reform
efforts in professional development and teacher educa-
tion. This goal demanded an instrument that would not
only evaluate mathematics and science teaching but
also help improve instruction (e.g., to provide a forma-
tive assessment of classroom instruction). In other words,
evidence from an evaluation could communicate what
went well during instruction, what could be improved,
and how this improvement might occur.

The RTOP Instrument

The RTOP is a 25-item Likert-scale questionnaire (sample
rubric provided in Appendix A; link to entire RTOP pro-
vided in Appendix D) examining three factors within the
learning environment (subscales in parentheses): Lesson
Design and Implementation, Content (propositional and
procedural knowledge), and Classroom Culture (com-
municative interactions and student/teacher relation-
ships). A brief description of the factors and subscales is
offered here; Figure 1 provides example items to illustrate
each subscale.

Lesson design and implementation, the only factor
without subscales, identifies ways a teacher designs and
sequences a lesson to support meaningful learning. The
second factor, Content, includes two subscales: (1) propo-
sitional knowledge assesses whether instruction focuses
on understanding core ideas meant to build conceptual
understanding, and (2) procedural knowledge assesses
how students solve problems and engage in problem-
solving behaviors. ltems on the propositional and proce-
dural knowledge subscales are broad in nature and are
not content specific. The third factor, Classroom culture,
also has two subscales: (1) communicative interactions
identify discourse moves that occurred during instruction,
and (2) student/teacher relationships capture teacher-
moves that facilitate a caring and nurturing environment.

The RTOP uses five-point Likert scales for each item.
Raters are provided space for field notes, which supple-

1 We use the terms classroom observation instrument and classroom observation tool synonymously to refer to the set of rubrics used in class-
room observations. We use the term protocol to encompass the rubrics and the requirements for their use (e.g., rater training, how they are

used during an observation, etc.).

2 Given the cross-disciplinary nature of the RTOP, “standards-based teaching” is intended to highlight process standards for doing mathematics

and engaging in science rather than content-specific standards.

Vol. 3, No. 2, March 2015 e Mathematics Teacher Educator



A2/ )

156

Comparing Classroom Observation Protocols

RTOP factors and subscales

RTOP sample items

Lesson Design and Implementation
(5 items)
Content

Propositional knowledge
(5 items)

Procedural knowledge
(5 items)
Classroom Culture

Communicative interactions
(5 items)

Student/Teacher relationships
(5 items)

“In this lesson, student exploration proceeded formal presentation.”

“The lesson promoted strongly coherent conceptual understanding.”

“Students made predictions, estimates, and/or hypotheses and devised means
for testing them.”

“The teacher’s questions triggered divergent modes of thinking.”

“The metaphor ‘teacher as listener’ was very characteristic of this classroom.”

Figure 1. Examples of RTOP items for each subscale.

ment the quantitative scores and provide evidence to be
used for shared reflection with the observed teachers. On
the 0—4 scale, a score of 0 indicates that the item was
“never observed” during the lesson, a score of 2 indicates
that the item was observed at least twice, and a score

of 4 indicates that the item was “very descriptive” of the
lesson. A total of 10 or greater on any subscale suggests
evidence of reform orientation for the construct assessed
by that subscale. The RTOP’s internal consistency is
exceptionally high, a = 0.97, indicating that individual
teachers tend to score similarly between subscales. The
subscales also have sufficient internal consistency (e.g.,
teachers tend to score similarly on the five items within a
subscale), ranging from « = 0.80 to as high as a = 0.93,
surpassing the threshold for reliable use in research set-
tings (Gall, Gall, & Borg, 2007). Subscales may be used in
place of the entire instrument if desired.

Administration of the RTOP

Researchers can use the RTOP to assess videotaped or
live mathematics or science instruction in grades K-12,
community college, or university settings. More observa-
tions of the same teacher increase the statistical valid-
ity of the instrument at the teacher level; however, one
observation with two or more raters is sufficient to draw
conclusions about an instructional episode. Prior to using
the RTOP, raters are expected to complete a free online
training (link provided in Appendix D), which takes
approximately 1-2 days and should be completed by
teams of at least two raters.? The online modules include

3 In-person training is no longer available.

(@) understanding the design of the RTOP and (b) reach-
ing adequate interrater reliability with established raters.
During the training, trainees evaluate recorded instruction
and compare their scores with benchmark scores from
RTOP developers. To be considered certified to use the
RTOP in formal research, trained raters should have over-
all scores within +/- 5 points of the developers’ scores,
with each item score varying 1 point or less (Sawada et
al., 2002). In research, two or more trained raters are
expected to observe each lesson and then draw agreed-
upon conclusions about the observed lesson. Note that
the online training videos feature college-level education
courses, and additional practice coding videos from K-12
mathematics classrooms may be necessary before using
the RTOP.

Interpretation of RTOP Results

The RTOP generates an overall total score for each
observed lesson, created by summing scores on all items
within subscales. Scores range from 0 to 100, with higher
scores indicating greater reform orientation. In a valida-
tion study including 141 Grade 6—16 mathematics and
science teachers, the average RTOP score was 51.3 with
a standard deviation of 20.1 (Sawada et al., 2002). An
overall score of 50 (e.g., 25 items x 2 points per item) is
the minimum threshold for considering instruction to have
elements of reformed teaching (Sawada et al., 2002). For
example, a score of 60 would suggest that the observed
lesson was reform-oriented. Deeper inspection of the
findings (e.g., by looking at scores for individual factors,
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subscales, or items) would be necessary to determine
whether there was a general trend of reform-orientation
across all factors or noticeable differences between fac-
tors (e.g., a total score of 10 or greater on any subscale
suggests evidence of reform-oriented teaching for those
specific constructs).

Quantitatively, RTOP scores can be used to assess change
over time (e.g., by comparing teachers’ pre/post scores),
to assess the impact of an intervention or program (e.g.,
comparing control and treatment groups), or to provide a
general measure of reform-oriented teaching in a school
or district (e.g., percent of teachers above the 50-point
threshold). Qualitatively, RTOP results are intended to
foster discussions with individuals or groups of teach-

ers about what raters noted during observed lessons

and ways that mathematics or science teaching might be
revised to promote reform-oriented teaching practices.

In this way, the RTOP can be used in a school or district
as a vehicle to spur building-wide or district-wide reform
initiatives or in university settings to promote mathemat-
ics and science preservice teachers’ ideas and practices
regarding reform-oriented teaching.

The RTOP as a Research Tool

The RTOP has been used in several studies of mathemat-
ics and science teaching (Adamson et al., 2003; Dun-
leavy, Dede, & Mitchell, 2009; Jong, Pedulla, Reagan,
Salomon-Fernandez, & Cochran-Smith, 2010; Roehrig &
Kruse, 2005), and it has been adapted to meet specific
needs in other studies (e.g., Ciancolo, Flory, & Atwell,
2006; Morrell, Wainwright, & Flick, 2004; Wainwright,
Morrell, Flick, & Schepige, 2004). We present two
examples here of how the RTOP was used to identify
reform-oriented instructional practices.

Examining secondary instruction. Adamson and his
ACEPT team (2003), the developers of the RTOP, con-
ducted research to identify the impact of university
coursework led by ACEPT instructors on secondary
mathematics and science teachers’ use of reform-oriented
instructional practices. Two research questions guided
this study: (1) Was there a difference in RTOP scores
between teachers previously enrolled in ACEPT courses
and those who did not experience such ACEPT courses?
and (2) In what ways did students’ content knowledge
differ when comparing Grade 6-12 students taught by
graduates from the ACEPT program and their peers taught
by a non-ACEPT graduate?

ANOVA analyses identified a significant difference in
mean RTOP scores between ACEPT graduates and com-
parison teachers, F(2,26) = 3.44, p < .05. Science students
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taught by ACEPT graduates had greater content knowl-
edge than their peers taught by non-ACEPT graduates,
F(2,13) = 6.23, p = .01, as measured by content-specific
instruments. Thus, university instruction promoting
reform-oriented teaching was associated with better
teacher and student outcomes compared to a similar
peer group.

Examining elementary instruction. Jong and colleagues
(Jong, Pedulla, Reagan, Salomon-Fernandez, & Cochran-
Smith, 2010) used the RTOP to examine classroom
practices of preservice elementary mathematics teachers
and to determine whether student teachers were enacting
reform-oriented instruction after experiencing university
coursework aligned with the vision of teaching shared
by NCTM (2000) and the RTOP authors. Furthermore,
the districts where student teachers were placed utilized
reform-oriented curricula. The study investigated these
questions: (1) To what extent did a sample of elementary
preservice teachers implement reform-oriented teaching?
and (2) What is the relationship between these teachers’
levels of reformed instruction and their students’ math-
ematical understanding (as measured by district-level
mathematics tests)?

Results indicated that on average, the elementary student
teachers engaged in reform-oriented mathematics teach-
ing. Mean scores for the five subscales ranged from 1.94
to 2.42, which is near or above the minimum threshold

(= 2) for instruction showing characteristics of reformed
teaching. The overall RTOP average was above 50,
indicating that in general, student teachers’ instructional
practices had characteristics of reform-oriented instruc-
tion. Subsequent analysis showed that three of the five
RTOP subscales (propositional knowledge, procedural
knowledge, and student/teacher relationships) were mod-
erately correlated with students” mathematics understand-
ing as measured by the district-level tests (i.e., r > 0.51).
Thus, the student teachers appeared to be enacting the
reform-oriented instructional practices advocated by their
teacher preparation program, and these practices were
associated with increased student learning.

Summary of RTOP

The RTOP has been used in several studies of mathemat-
ics and science teaching for 15 years (see Appendix D)
and continues to be cited and utilized as a basis for new
protocols (e.g., Morrell, Wainwright, & Flick, 2004). Stud-
ies using the RTOP share a vision that reform-oriented
instruction is likely to lead to productive student out-
comes. The RTOP plays an important role by instantiat-
ing this shared vision, which then allows observers and
teachers to have a common ground for instructional
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conversations within and between the content areas of
mathematics and science. The RTOP generates quantita-
tive data and also lends itself to offering meaningful feed-
back that can be conveyed to a teacher as a way to revise
his or her mathematics or science instruction to align with
the vision of reform-oriented instruction.

The Instructional Quality Assessment
Mathematics Toolkit

Purpose and Theoretical Foundation

The Instructional Quality Assessment (IQA) Mathemat-
ics Toolkit (Matsumura, Garnier, Slater, & Boston 2008;
Boston & Wolf, 2006) is a classroom observation protocol
designed to measure the quality of mathematics instruc-
tion at scale using a combination of lesson observations,
assignment collections, and student work. The 1QA is
based on two main constructs: Academic Rigor and
Accountable Talk. The primary theoretical framework for
Academic Rigor is Stein and colleagues’” Mathematical
Tasks Framework (Stein, Grover, & Henningsen, 1996),
which considers the cognitive demand (i.e., type and
level of thinking) that a mathematical task can potentially
elicit from students, and how cognitive demands change
throughout a lesson. Accountable Talk (Resnick & Hall,
1998) consists of the mathematical quality of classroom
discourse with respect to accountability to the learning
community and to the discipline of mathematics. Thus,
the IQA assesses the quality of instruction based on the
mathematical work that students do and discuss in the
classroom, based on the cognitive demands and account-
able talk moves observed during the lesson.

Comparing Classroom Observation Protocols

The IQA Instrument

Figure 2 provides an overview of the IQA constructs,
rubrics, and indicators* (sample rubric provided in
Appendix B; link to entire instrument provided in Appen-
dix D). The construct of Academic Rigor contains three
rubrics. First, Potential of the Task identifies the highest
level of thinking and explanation that the written task has
the potential to elicit from students. Second, Task Imple-
mentation measures the highest level of thinking in which
the majority of students actually engaged during the
observed lesson. Third, Rigor of the Discussion assesses
the level of students” mathematical thinking and reason-
ing evident during a whole-class discussion following
students” work on the task.

The Rigor of the Discussion rubric is a holistic assessment
of students’” mathematical representations, explanations,
and strategies provided during whole-class discussion,
whereas the Accountable Talk rubrics measure specific
elements of classroom discussion at a finer grain size.
Accountable Talk contains five rubrics: Participation,
Teacher’s Linking, Students” Linking, Teacher’s Press, and
Students’ Response. Participation captures the proportion
of students participating in the discussion. Teacher’s Link-
ing and Students’ Linking capture accountability to the
learning community, measured by the degree to which
the teacher or students make connections to and build
upon others’ contributions to the discussion. Teacher’s
Press assesses the extent to which the teacher requires
students to explain and justify their thinking, while Stu-
dents’ Response assesses the extent to which students
provide such explanations or justifications. These rubrics

QA rubric
Potential of the Task

I0A indicator

Instructional Tasks

1QA construct

Academic Rigor Task Implementation Task Implementation

Rigor of the Discussion

Participation

Teacher’s Linking

Explanations of Mathematical

Students’ Linking Thinking and Reasoning

Accountable Talk

Teacher’s Press

Students’ Response

Figure 2. An overview of the IQA constructs and rubrics.

4 Rubrics for Rigor of Teacher’s Questions and Mathematical Residue were added to the IQA in the fall of 2014 and are not discussed herein.
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capture accountability to knowledge and rigorous think-
ing in the discipline of mathematics.

Each rubric is scored from 0—4 (with 0 indicating the
construct is absent). For the Academic Rigor rubrics, low
levels of cognitive demand (e.g., memorization or recall
of facts or formulas, or the use of previously learned
mathematical procedures without connections to con-
cepts or meaning [Stein, Grover, & Henningsen, 1996;
Stein, Smith, Henningsen, & Silver, 2009]) correspond

to scores of 1 or 2, respectively. High-level cognitive
demands (e.g., developing mathematical meaning for

or with given procedures and/or open-ended problem
solving [Stein, Grover, & Henningsen, 1996; Stein, Smith,

Henningsen, & Silver, 2009]) that do not explicitly prompt

students to explain their reasoning are assigned a score
of 3, while those that do contain such prompts score 4.
For the Accountable Talk rubrics, infrequent or formu-
laic talk moves (or student responses) score 1 or 2, and
the presence and consistency of high-level talk moves
score 3 or 4, respectively. As few as two observations per
teacher may be sufficient to provide a reliable indica-

tor of instructional quality when teachers comply with
the data collection requirements (i.e., students engage in

mathematical work followed by a whole-class discussion).

When teachers were observed on consecutive days by
the same (trained) observer, the IQA was found to have
an acceptable internal consistency reliability (¢ = .86)
with only two observations (Matsamura, Garnier, Slater,
& Boston, 2008). The dependability coefficient increased
to .90 with one additional observation and to .94 for

five observations.

Administration of the IQA

The IQA rubrics can be used in observations of K-12
mathematics classrooms. Researchers, professional devel-
opment providers, and/or teacher educators can select
individual QA constructs or rubrics as aligned with the
goals of the project, intervention, or program. A two-day
face-to-face training is required for researchers to use
the IQA; online training is not currently available. IQA
developers intentionally designed the IQA rubrics to be
used reliably during live classroom observations, but the
IQA can also be used with videotaped lessons.”> Dur-
ing the observation, raters take detailed field notes that
are used to complete rubrics immediately following the
observation. Once pairs of raters have achieved at least
80% exact-point agreement in the field (or using video-
taped lessons from a project’s dataset), lessons may be
observed/scored by an individual rater.

159
Interpretation of IQA Results

When using the IQA, raters give the observed lesson

one score on each IQA rubric. Because the IQA rubrics
yield ordinal data, results from across an entire program,
school, or project are reported as number (and per-
centages) of lessons at each score level for each rubric.
Comparisons (e.g., between teachers’ pre- and post-
workshop data, data from control vs. project teachers, or
different rubrics) should be conducted using nonparamet-
ric tests or tests of frequency or proportion. Descriptive
data for each rubric, such as means and medians, are
often reported to support interpretations of the results.
For example, given the 4-point scale across all rubrics,

a mean (or median) score above 2.5 is interpreted as an
indicator of higher/consistent use of cognitively challeng-
ing tasks and/or accountable talk moves. Further, it is
possible to make comparisons and identify relationships
across different rubrics (e.g., comparing Potential of the
Task to Task Implementation to determine whether high-
level task demands were maintained) because the rubrics’
score levels are similarly structured. The IQA score levels
are also very descriptive, indicating specific characteris-
tics or frequencies of instructional practice necessary for
each score level. The detailed descriptors for each score
level and the consistency in score levels across rubrics
facilitate qualitative interpretations of the IQA results.

The IQA as a Research Tool

The IQA has been used to assess mathematics teach-
ers’ instructional practices in large-scale studies at the
school or district level (e.g., Jackson, Garrison, Wilson,
Gibbons, & Shahan, 2013; Quint, Akey, Rappaport, &
Willner, 2007; Wilhelm, 2014) and professional develop-
ment research (e.g., Boston & Smith, 2009, 2011; Sztajn,
Wilson, Edgington, & Confrey, 2011). In this section,

we describe two studies that used the IQA to identify
reform-oriented instructional practices in secondary and
middle level mathematics classrooms following teachers’
participation in professional development or curricular
reform efforts.

Measuring the effect of secondary mathematics teacher
professional development. Boston and Smith (2009) used
the IQA Mathematics Toolkit to assess the effectiveness
of professional development designed to help teach-

ers select and implement cognitively demanding tasks.
Participants were 18 secondary mathematics teachers in
the “Enhancing Secondary Mathematics Teacher Prepara-
tion” (ESP) project. Ten secondary mathematics teachers

5 A unique feature of the IQA is that it can be used with collections of student work in lieu of classroom observations. As the purpose of this
paper is to discuss a sample of classroom observation protocols, the rubrics for student work collections are not discussed. See Matsumura,
Garnier, Slater, & Boston (2008) for technical quality and Boston (2012) for examples of use.
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who did not participate in ESP served as a control group.

Instructional tasks, student work, and lesson observations
were collected in fall, winter, and spring from ESP teach-

ers and spring only from control group teachers. Only the
IQA Task Potential and Implementation rubrics were used
in this study because Accountable Talk was not a central

feature of the ESP professional development.

Mann-Whitney tests indicated that ESP teachers’” mean
Potential of the Task score increased significantly from
2.54 to 3.01 from fall to spring (z = 2.34, p < .01 [one-
tailed]). Chi-squared tests also indicated that the number
of high-level tasks (x*(2) = 16.18; p < .01) and imple-
mentations (x*(2) = 16.11; p < .001) in ESP teachers’ data
collections increased significantly over time. While no
significant difference existed between the control group
and ESP teachers’ fall lesson observations, ESP teachers’
scores for spring lesson observations were significantly
higher than scores of the control group for Potential

of the Task (z = 2.15, p = .02 [one-tailed]) and Imple-
mentation (z = 1.87; p = .03 [one-tailed]). In addition,
the results were independent of the type of curriculum
teachers used, providing further evidence of the effec-
tiveness of the professional development in supporting
teachers to select and implement cognitively challenging
instructional tasks.

Examining the Effect of Standards-based Curriculum and
Professional Development. Boston (2012) used the IQA
Academic Rigor and Accountable Talk rubrics to exam-
ine the effect of a district-wide curriculum adoption and
accompanying professional development with 13 middle
school mathematics teachers. Although lesson observa-
tions and assignments with accompanying student work
served as data for the study, we focus here on the analysis
of the lesson observations.

Results showed that for lesson observations following
teachers’ participation in the professional development
initiative, the majority of tasks that teachers selected
(58%) and implemented (65%) were low level (1 or 2 for
Potential of the Task and Implementation). Only 27% of
the whole-class discussions exhibited evidence of high-
level thinking and reasoning (3 or 4 for Rigor of Discus-
sion), while 54% were considered low level, and 19%
of observed lessons lacked any discussion. Results were
comparable for each Accountable Talk rubric, with mini-
mal class discussions scoring 3 or 4 for Teacher’s Linking
and Students’ Linking, or Teacher’s Press and Students’
Response.

These results demonstrated that teachers did not seem
to be utilizing the high-level tasks provided by their
Standards-based curriculum on a consistent basis for

Comparing Classroom Observation Protocols

classroom instruction. Additionally, teachers were not
consistently enacting whole-class discussions, and when
they did, the discussion contributed little to students’
opportunities to learn. Boston (2012) explained how
these, and other, more fine-grained results based on the
IQA, can be used to provide specific feedback to district
leaders regarding the efficacy of the new curriculum
adoption and professional development initiative. Further-
more, the results suggest pathways for improvement in
teachers’ instructional practice that can be addressed by
ongoing professional developed tailored to the needs of
the district.

Summary of the IQA

The IQA is a holistic assessment of mathematics instruc-
tion with a specific focus on the opportunities for stu-
dents to engage in cognitively challenging mathematical
work and thinking and to explain and express their rea-
soning in whole class discussions. Hence, the IQA rubrics
are “best-suited for assessing reform-oriented instructional
practices, for use in implementation studies of curriculum
or professional development or to identify changes in the
nature of school- or district-wide instructional practice
over time” (Boston, 2012, pp. 95-96). The small number
of observations needed to obtain a stable indicator of
classroom practice allows for it to be used at scale and

in settings in which videotape is not practical or pos-
sible. By identifying and measuring aspects of mathemat-
ics instruction that correspond to student achievement
(Boaler & Staples, 2008; Stein & Lane, 1996; Stigler &
Hiebert, 2004), the IQA provides feedback that can assist
mathematics teacher educators in designing professional
development that addresses specific elements of instruc-
tion (e.g., tasks, implementation, and/or discussion). Thus,
the IQA can serve as both a lesson observation protocol
and a tool for professional development.

The Mathematical Quality of Instruction

Purpose and Theoretical Foundation

The Mathematical Quality of Instruction (MQI) is a mul-
tidimensional assessment of the rigor and richness of the
mathematics present during classroom instruction. The
MQI must be used on videotaped instructional episodes
(rather than live classroom observations). The instru-
ment, designed by the Learning Mathematics for Teaching
Project (http://www.sitemaker.umich.edu/Imt/home),
was originally developed alongside efforts to conceptual-
ize and validate measures of mathematical knowledge
for teaching (MKT) (Ball, Thames & Phelps, 2008). MKT
refers to the mathematical knowledge that is specifically
entailed in the work of teaching. In accord with perspec-
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tives advanced in the MKT literature, the MQI is designed
to attend to the mathematics-specific components of the
lesson and does not preference or measure a particular
pedagogical approach. In other words, the authors claim
that it is possible and beneficial to attend to the math-
ematical quality of an instructional episode regardless of
the instructional methods. This orientation is reflected in
the instrument’s attention to what rather than how math-
ematical work is evidenced during the lesson.

A second key construct informing the design of the MQI
is the instructional triangle (Cohen, Raudenbush, & Ball,
2003) in which instruction is conceptualized as interac-

tions among teachers, students, and content. Given this

more encompassing view of instruction, the instrument

measures mathematical quality based on what a teacher
says and does, what the students say and do, and what

the curricula afford.

The original coding scheme was developed and refined
through a synthesis of literature on mathematics class-
room instruction and analysis of over 250 recorded les-
sons from 2nd- to 6th-grade classrooms. The codes are
intended to capture elements of lessons that compromise
the mathematical integrity of a lesson (e.g., the presence
of errors or imprecise language), as well as aspects of
instruction that support student learning (e.g., the use of
multiple representations and explanations that focus on
why something works). The instrument was revised in
February 2014 to refine codes based on feedback from
validation studies and to more explicitly align with math-
ematical practices outlined in the Common Core State
Standards for Mathematics (CCSSM) (National Governors
Association Center for Best Practices & Council of Chief
State School Officers, 2010).

The MQI Instrument

The goal of the MQI is to measure the nature of the
mathematical content available to students during instruc-
tion. To this end, the current instrument is organized
around five dimensions of instruction: Classroom Work

is Connected to Mathematics, Richness of the Math-
ematics, Working with Students and Mathematics, Errors
and Imprecision, and Common Core Aligned Student
Practices (see Figure 3; sample rubrics provided in
Appendix C). Researchers can decide to use some or all
of the MQI dimensions.

The six subscales within the Richness of Mathematics
dimension capture the extent to which teachers and/or
students (1) explicitly link and connect representations

of mathematical ideas or procedures; (2) provide math-
ematical explanations that focus on why rather than how;
(3) attend to the meaning of number relationships and
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operations; (4) discuss multiple procedures or solution
methods; (5) develop mathematical generalizations based
on examining instances or examples; and (6) fluently use
mathematical language.

The dimension of Working with Students and Math-
ematics captures whether teachers can understand and
respond to mathematical ideas students present and
appropriately remediate student errors. The Errors and
Imprecision dimension is more strictly focused on the
teacher’s use of correct, clear, and precise mathematical
language and notation. The final dimension, Common
Core Aligned Student Practices, incorporates the elements
from what was called “Student Participation in Meaning-
Making and Reasoning” in previous versions, along with
additional subscales to denote the extent to which stu-
dents work on contextual tasks and communicate about
the mathematics. As a whole, subscales in this dimension
measure student engagement in sense-making as indi-
cated by the quality of student explanations; evidence

of students” questioning, conjecturing, and generalizing
mathematical ideas; and the cognitive demand of the task
as it is enacted.

Videotaped lessons are chunked into equal intervals of 5
to 7.5 minutes, with each segment coded along the five
dimensions. The first dimension, Classroom Work is
Connected to Mathematics, is simply coded yes or no
depending on whether at least 50% of class time (at least
3.75 minutes in a 7.5-minute segment) is connected to
mathematics, rather than management or other activities.
For the remaining four dimensions, raters take notes on
each video segment and use these notes to score a num-
ber of subscales and the dimension overall after viewing
the entire video (see Figure 3). Subscales and overall
dimensions are scored using 4-point rubrics rang-

ing from not present (0) to high (3). To illustrate, the rubric
for the subscale Linking Between Representations and

the dimension Overall Richness of the Mathematics are
included in Appendix C. Researchers can opt to follow the
“MQI Lite” protocol, where they provide an overall score
for each dimension but do not score individual subscales.

Administration of the MQI

The MQI is designed for coding video of K-9 classroom
instruction in mathematics. Video-based training is avail-
able free and online (link provided in Appendix D). Train-
ing requires approximately 16 hours that can be parsed
into 1- to 2-hour increments. The training modules consist
of detailed descriptions of codes and scoring guidelines,
along with videos exemplifying different score points

and practice tests. After working through these modules,
individuals can become MQI certified by achieving an
established percentage of agreement with master coding
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MQl dimension

MaQl subscales

Classroom Work is Connected 1.
to Mathematics

Overall Classroom Work is Connected to Mathematics

Richness of the Mathematics

Linking Between Representations
Explanations

Mathematical Sense-Making

Multiple Procedures or Solution Methods
Patterns and Generalizations
Mathematical Language

Overall Richness of the Mathematics
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Remediation of Student Errors and Difficulties
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. Overall Errors and Imprecision
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Common Core Aligned
Student Practices
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. Students Provide Explanations
Student Mathematical Questioning and Reasoning (SMQR)
. Students Communicate about the Mathematics of the Segment
. Task Cognitive Demand
Students Work with Contextualized Problems
21. Overall Common Core Aligned Student Practices

Figure 3. Dimensions and subscales in the MQl.

on a selection of videos. The entire MQI protocol is made
available once an individual has completed training and
is consider certified.

Interpretation of MQI Results

In order to provide generalizable, reliable indicators of
mathematical quality at the teacher level, the developers
recommend that at least 3 lessons be scored indepen-
dently by two coders. As described by Hill, Charalam-
bous, and Kraft (2012), internal consistency reliabilities
for overall dimensions substantially increased when three
observations (per teacher) were scored by two certi-

fied coders compared to just one certified coder. When
four observations were scored by two certified coders,
internal consistency reliabilities continued to increase, but
only slightly; for example, Richness of the Mathematics

increased from 0.77 to 0.80, and Errors and Imprecision
increased from 0.71 to 0.75.

A composite lesson score can be obtained by averag-
ing scores from the five dimensions, and the composite
scores from a teacher’s four lessons can then be aggre-
gated into one overall teacher-level score. At the teacher-
level, the choice to report composite lesson scores, the
overall scores for each dimension, or individual subscale
scores is dependent on the purpose and grain-size of the
research questions. Generally, the overall scores for each
of the five dimensions are reported. However, scores for
each subscale within a dimension can be used to provide
formative feedback directly to teachers or aggregated to
inform professional development. Scores from multiple
teachers over the course of several observations may
also be aggregated to provide feedback at the district
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level. Such data can indicate trends across teachers or
schools for program evaluation purposes (e.g., to measure
impact of professional development or changes in the
curriculum).

The MQI as a Research Tool

Two of the original goals prompting the development of
the MQI were (a) to provide more than a propositional
link between teacher knowledge and classroom instruc-
tion and (b) to capture the mathematical aspects of
instruction as distinct from pedagogical strategy. Next, we
discuss examples of recent studies designed to meet these
goals and explore other potential uses of the MQI.

Relating teacher knowledge and classroom instruction.
Hill and her colleagues at the University of Michigan
(Hill et al., 2008) employed a mixed-methods approach
to investigate how teachers’ mathematical knowledge, as
measured on paper-pencil MKT assessments, interacted
with the mathematical quality of instruction. To facilitate
the correlational study, MQI subscales were compressed
into six separate dimensions (using an earlier version of
the MQI). Teacher-level scores for each dimension and an
overall lesson score were calculated by averaging scores
across three videotaped lessons per teacher. Significant
correlations were found between MKT and teachers’
scores for the dimensions of Total Errors, Language Errors,
and Responding to Students Appropriately (Spearman’s

p =—-.83 and -.80 and .65, respectively). In addition to
establishing strong positive correlations between MKT
and MQ)I, qualitative analysis of both convergent (i.e.,
high MKT and high MQI) and divergent teacher cases
revealed additional factors (i.e., curricular materials or
teacher beliefs) that may mediate this relationship.

Building on this study, the MQI was used in a small-scale
study to investigate the interrelationships amongst the
mathematical quality of classroom instruction, curricu-
lum, and teacher knowledge (Charalambous & Hill, 2012).
Researchers aggregated overall scores on each MQI
dimension across six videotaped lessons to categorize
mathematical quality of instruction for each case-study
teacher. Both MKT and the nature of the curriculum (e.g.,
reform-oriented or traditional) were positively related to
teachers’ abilities to use representations, provide explana-
tions, and use precise language and notation as identified

by the MQL.

Relating classroom instruction and students’ math-
ematical achievement. MQI is one of five classroom
observation protocols used in the larger Measures of
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Effective Teaching (MET) project® (Kane & Staiger, 2012).
Preliminary findings indicate that the instrument does
indeed measure qualities of instruction distinct from
those assessed in non-subject specific observation tools
(i.e., Classroom Assessment Scoring System [CLASS] or
Framework for Teaching [FFT]). Specific studies within
this project (see Appendix E) also reveal aspects of the
MQI that are strongly or weakly correlated to teach-

ers’ value-added scores. Used at scale in this manner,

the MQI can provide a vision of current mathematics
instruction at a district or school level or indicate areas of
instruction having the most impact on student achieve-
ment. For example, a comparison of scores across the
five MQI dimensions indicated that the majority of math-
ematics lessons observed as part of the MET project were
on-topic and relatively error free. However, the lessons
were not necessarily mathematically rich, and students
were given few opportunities to engage in sense-making
activity (Kane & Staiger, 2012).

Summary of the MQI

The MQI instrument provides a reliable, quantifiable
measure of the mathematical quality of instruction and

is useful in a variety of settings. Two goals prompting the
development of the MQI were (a) to provide more than
a propositional link between teacher knowledge and
classroom instruction and (b) to capture the mathemati-
cal aspects of instruction as distinct from pedagogical
strategy. It can support large-scale studies attempting

to establish correlations between classroom instruction
and factors such as teachers’ mathematical knowledge,
professional development experiences, curricular materi-
als, or student achievement. The level of detail provided
within each subscale can also support qualitative analysis
necessary to identify aspects of instruction that are espe-
cially enhanced or constrained by such factors.

Looking Across Classroom
Observation Instruments

The classroom observation instruments reviewed herein
(RTOP, IQA, MQI) have all been validated for use in
mathematics education research. Each instrument can
also be used to support mathematics teacher educa-
tion, professional development, and program evaluation.
Furthermore, each tool has features that may strengthen
or limit its use, depending upon the specific contexts,
resources, and research questions under investigation in
a given study. In this section, we highlight features of the
three tools that may help mathematics teacher

6 The MQI Lite, used in this comparative study, provides only overall scores for the five dimensions of the MQI, rather than scores for

each subscale.
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educators select a classroom observation tool appropriate
for analyzing the specific aspect of instructional practice
under investigation. We do this by considering the focus
and contexts, as well as the features of each tool that may
serve as affordances or constraints in relation to the goals,
purposes, and resources of a given study.

Focus and Contexts

We propose that the purpose of a classroom observation
instrument is to support knowledgeable raters’ ability to
notice the same aspects of instruction—ideally, aspects
of instruction that impact students’ learning of mathemat-
ics. Each tool reviewed herein helps the observer notice
specific aspects of an instructional episode. What is
noticed prompts the observer to make inferences about,
and create meaning for, the instructional episode as a
whole and specific events within that episode. With the
multitude of events occurring throughout a mathematics
lesson, each tool focuses the observer’s attention in ways
that elevate the importance of some events and reduce
the importance of others.

The RTOP focuses the observer’s attention on general
features of reform-oriented instruction. Though the RTOP
was developed to apply to mathematics and science, the
reform-oriented instructional practices assessed by the
RTOP rubrics are not inherently content-specific and may
be applicable to other content-areas beyond mathematics
and science. The large number of specific prompts within
subscales makes the RTOP ideal for providing feedback
to teachers regarding reform-oriented instruction. As the
RTOP was designed to identify reform-oriented instruc-
tional practices, researchers or teacher educators should
have some indication or expectation of the presence of
these practices in order for the RTOP to be an appropriate
tool. Contexts in which the RTOP may be ideal include
assessments of (a) school-wide reform initiatives across
multiple content areas, (b) preservice teachers and pro-
grams at the elementary level or across multiple secondary
education content areas, or (c) professional development
focused on the specific constructs identified by the RTOP
(see Figure 1). For example, the RTOP would be a good
choice to provide data for the research questions “Are
preservice teachers in our program able to enact reform-
oriented instruction?” (Jong, Pedulla, Reagan, Salomon-
Fernandez, & Cochran-Smith, 2010) or “Did secondary
mathematics and science teachers utilize reform-oriented
instruction after experiencing such practices during univer-
sity coursework?” (Adamson et al., 2003).

The IQA draws observers’ attention to specific aspects of
reform-oriented mathematics instruction, namely, cogni-
tively challenging instructional tasks, task implementa-

Comparing Classroom Observation Protocols

tion, and discussion (including accountable talk). As the
IQA was designed to identify specific reform-oriented
instructional practices, some indication or expectation
that these practices exist, are valued, or are intended to
be developed over time should exist in order for the IQA
to be appropriate to use. Contexts in which the IQA may
be ideal include school-wide mathematics reform initia-
tives, preservice mathematics teachers and programs (at
the elementary or secondary education level), and pro-
fessional development, curriculum implementations, or
large-scale assessments of reform-oriented mathematics
teaching, specifically focused on the constructs identified
by the IQA (e.g., cognitive demand and discussion). While
similar to the RTOP in its focus on reform practices, the
QA attends to mathematics instruction and the use of
cognitively challenging instructional tasks. Studies ideally
suited for the IQA might investigate questions such as
“Does secondary mathematics teachers’ implementation
of cognitively challenging tasks improve following their
participation in task-centered professional development?”
(e.g., Boston & Smith, 2009) or “How are elementary
teachers using cognitively challenging tasks provided

in their curriculum?” (e.g., Quint, Akey, Rappaport, &
Willner, 2007).

The MQI assesses the rigor and richness of the mathemat-
ics throughout a lesson. In contrast to the other two tools,
the MQI does not privilege reform-oriented instructional
practices (though such practices may generate higher
scores on some MQI rubrics, such as Working with
Students and Mathematics, and Common Core Aligned
Student Practices). The MQI is thus appropriate to evalu-
ate students’ opportunities to learn mathematics across a
variety of instructional approaches, regardless of whether
there is an expectation for reform-oriented instructional
practices. MQI developers specify its use for grades K-9,
perhaps because of the focus on mathematical content
and the demands this places on raters. Contexts in which
the MQI would be ideal include professional develop-
ment initiatives or curriculum implementation, preservice
mathematics teacher education programs at the middle or
elementary level, or large-scale assessments of mathemat-
ics teaching, with a focus on the quality of mathematics
during the instructional episode. Questions well-suited
for the MQI include “What is the relationship between
teachers’” mathematical knowledge and the mathematical
quality of instruction?” (e.g., Hill et al., 2008) or “How does
the mathematical quality of instruction relate to students’
mathematical achievement?” (e.g., Kane & Staiger, 2012).

In summary, the tools presented here overlap in some
aspects but selectively attend to general reform-oriented
practices (RTOP), specific reform-oriented practices in
mathematics instruction (IQA), or the mathematical quality
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of instruction across a variety of instructional approaches
(MQI). The choice of an observation tool should be driven
by the alignment between the research questions in a
given study and the aspects of instruction made salient

by that particular tool. We discuss next how features of
each instrument can serve as affordances or constraints,
depending on the focus and resources of a given study.

Features as Affordances or Constraints

As presented in each review, each classroom observation
instrument has its own protocol for use and interpreta-
tion. We note that any feature is not inherently good or
bad but becomes an affordance or constraint in relation
to the goals and resources of a particular study. While
our discussion references three specific tools, the four
affordances and constraints discussed herein can apply to
classroom observation tools more generally.

First, consider the requirement for live and/or videotaped
observations. Live or videotaped observations can be
used for the IQA or RTOP, and videotaped observations
are necessary for the MQI. Live observations can be less
invasive, which may facilitate participation and con-

sent from schools, teachers, students, and parents. Live
observations eliminate the need for video equipment or
technology to collect, store, and share videos; however,
they may require greater human resources, as at least
one trained rater is necessary to observe and code each
lesson. In live observations, the observer has access to
the teacher, students, instructional materials, and other
artifacts of the classroom and school. The rater can gain
a holistic sense of classroom events (e.g., listening to
conversations in multiple small groups; capturing par-
ticipation, which may be difficult to identify in a video),
where results obtained from videotape are influenced by
the camera view of the lesson. However, live observa-
tions produce only written records and artifacts of the
lesson, whereas video provides the ability to accumulate
records of practice, score lessons independently or as a
group, and replay instances in order to better understand
key components of the lesson. Through technology, video
can be shared in ways that enable raters to be in different
physical locations (e.g., collaborations between research-
ers at different institutions).

Second, consider the requirement for rater training.

The MQI and RTOP provide free, online rater training,
while IQA training is only available face-to-face from
the rubric developer. MQI online training can be com-
pleted individually, and raters require a certain level of
mathematics knowledge (and mathematical knowledge
for teaching) to successfully complete the certification.
This system is thorough and produces high-quality raters
but perhaps limits the pool of potential raters who can
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achieve certification. RTOP training should be completed
by the research group together to allow for discussion and
consensus. Raters must have a general sense of reform-
oriented practices; hence the potential pool of raters is
larger than for the MQI. To use the IQA, research groups
attend a training session provided by the developer.
Raters develop the ability to classify tasks by level of
cognitive demand (Stein & Smith, 1998), identify features
of task implementation that serve to maintain or reduce
cognitive demands (e.g., Henningsen & Stein, 1997), and
identify specific features of discussions and accountable
talk moves (e.g., Resnick & Hall &, 1998).

Third, consider how explicit each rubric is in provid-

ing descriptions of score levels. Rubrics can consist of
detailed score levels (e.g., IQA and MQI) or more general,
“sliding scale” score levels (e.g., the individual RTOP
prompts), which create differences in using the instru-
ments and interpreting the results. Using the RTOPs’
more general score levels, raters focus on the number of
occurrences of each indicator. Results thus identify the
presence or absence of reform-oriented practices and
can serve to indicate which practices were lacking or not
observed. The IQA (Appendix B) and the MQI (Appen-
dix C) provide very descriptive score levels within each
rubric or subscale. These score levels serve as explicit
indicators of exactly what features of a construct were
strong or need to be improved to achieve the next level
(for raters and for providing feedback to motivate instruc-
tional improvements).

Fourth, consider the scale of the research project and the
usability of the rubrics. For small-scale projects, the vari-
ety of RTOP prompts can provide rich descriptive data

to foster conversations with teachers or evaluate teacher
preparation programs or professional development work-
shops. The IQA and the MQI were designed to be used
reliably by trained raters in large-scale studies. For the
IQA, the limited number and narrow focus of the rubrics
make the IQA useable regardless of the scale of the study.
The systematic process for using the MQI (e.g., coding
timed segments) contributes to its usability at scale. All of
the instruments can provide detailed results and feed-
back at the subscale or rubric level. For any instrument,
while summing or averaging across individual rubrics or
subscales into a composite or overall score may be useful
for research purposes (e.g., correlating observation results
to student achievement data or tests of teacher content
knowledge), collapsing subscales or constructs into a
single score also reduces the level of detail and specificity
for which the results can be reported and interpreted.

Figure 4 provides a summary of features of each instru-
ment discussed herein. As presented, a given feature of a

tool can serve as an affordance or constraint.
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Focus

Contexts

Affordances

Constraints

RTOP

Reform-oriented instruction

Reform-oriented instruction:

e Building-wide reform initiatives

e Professional development
initiatives

e Preservice teacher education
programs

¢ General indicators of reform-
oriented instruction

¢ Can be used across content
areas

e Live or videotaped lessons
e Teacher-level data
e Validated in MET Study

e Provides rich descriptive data for
discussions with teachers

e Can show change over time
e Free on-line training

¢ Not inherently mathematical

e Many indicators—difficult to use
at scale and to get exact-point
agreement between raters

¢ No descriptors for each score
level; not explicit about what is
needed to achieve next score
level

e Training videos do not depict
K-12 instruction

10A

Cognitively challenging tasks,
implementation, and discussion

Reform-oriented mathematics instruction:
¢ Professional development initiatives
e Curriculum implementation

e Preservice mathematics teacher
education programs

e | arge-scale assessments of reform-
oriented mathematics teaching

e Very specific focus; can make explicit
connections to PD

e Live or video-taped lessons, or student
work

e Can be used at scale; can provide
school- or district-level data

e Descriptive statistics reported on
individual rubrics

e Well-defined score levels, explicit about
what is needed to achieve next score
level

e [nter-rater reliability
e Validated in prior studies

e Provides rich descriptive data for
discussions with teachers

e Can be used over time, across sites, or
compared to prior research

e |imited focus

e Bias toward reform-oriented
mathematics teaching

e Accessibility of training

¢ Not appropriate for comparisons
or evaluations when there is no
expectation of reform-oriented
mathematics instruction

Figure 4. Summary of features of the RTOP, IQA, and MQl.
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mal

Mathematical quality of
instruction

Mathematics instruction:

e Professional development
initiatives

e Curriculum implementation

e Preservice mathematics
teacher education programs

e | arge-scale assessments of
mathematics teaching

¢ Not biased toward any type of
instruction

e Videotaped lesson
observations

e Can be used at scale; can
provide school- or district-
level data

¢ Well-defined score levels,
explicit about what is needed
to achieve next score level

e |nter-rater reliability
e Validated in MET Study

e Many rubrics: provides
rich descriptive data for
discussions with teachers

e Can be used over time,
across sites, or compared to
prior research

e Free online training
e | imited to K-9

¢ Not intended for live
observations

¢ Raters need adequate MKT

¢ Broader focus may make it
harder to establish explicit
connections to PD
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Using the Classroom Observation
Instruments to Support
Instructional Change

The classroom observation instruments reviewed herein
are often used to evaluate teachers’ instructional prac-
tices and provide feedback to inform research studies or
interventions, teacher preparation courses or programs,
or professional development efforts. While designed as
research tools, each classroom observation instrument
can also provide important information to support teach-
ers’ learning and instructional change by (1) serving as
tools used in professional development and (2) provid-
ing a focus for formative assessment or self-evaluation of
practice. Each of these uses will be discussed briefly, with
specific reference to the classroom observation tools.

First, the classroom observation instrument themselves
can be used as tools in professional development or
teacher education. Used in this way, the tools could sup-
port teachers to notice the aspects of instruction central
to each rubric, provide criteria for analyzing the aspects
of instruction, and communicate a standard or develop a
shared vision for practice. The RTOP has been used as a
professional development tool for instructional planning,
teaching, and reflecting on instruction (e.g., Ciancolo,
Flory, & Atwell, 2006; Lawson et al., 2002; Maclsaac &
Falconer, 2002). Lawson and his team (2002) used the
RTOP to develop and frame summer institutes aimed at
supporting college-level instructors to design and imple-
ment reform-oriented instruction. The IQA rubrics assess
instructional practices (e.g., tasks, implementation, and/
or discussion) that can be fostered through professional
development (Boston & Smith, 2009, 2011). In fact, a
variety of professional development materials currently
exist that engage teachers in learning about and analyzing
tasks, task implementation, and discussion (e.g., Stein &
Smith, 1998; Stein & Smith, 2011; Stein, Smith, Henning-
sen, & Silver, 2009). Professional development or teacher
education activities could be developed to incorporate
the IQA rubrics explicitly (similarly for the RTOP and the
MQI), where teachers might use the rubrics to analyze
tasks, curricula, or videos of classroom instruction. The
IQA has been used in this way to design a professional
development workshop for middle-school principals. The
goal of the workshop was to enable principals to iden-
tify high-quality tasks, implementation, and discussion
during informal observations in mathematics classroom
and to provide formative feedback to mathematics teach-
ers based on these observations (Boston, 2011; Boston,
Henrick, & Gibbons, 2014). Similarly, because the MQI
is designed for use with video, it could easily be incor-
porated into professional development opportunities or
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teacher education courses. In these settings, the MQI can
raise teachers’ awareness and understanding of critical
components of quality mathematics instruction such as
using precise mathematical language, linking representa-
tions, or focusing on patterns and generalizations.

Second, classroom observation tools can be used as tools
for formative assessment or self-evaluations of practice.
Teachers can use the tools to identify the presence and
quality of specific practices and to provide concrete path-
ways for instructional change. Each tool has features that
support formative assessment of practice. The RTOP iden-
tifies many specific items that allow for detailed feedback,
and thus can be used to engage teachers in reflections or
conversations about specific aspects of reform-oriented
instruction. The IQA contains a small number of rubrics,
but is designed with detailed score levels to indicate spe-
cific criteria for improving instruction within each rubric.
For the MQ, the specificity provided in the rubrics,
coupled with recent revisions to align the final dimen-
sion with CCSSM, can serve as a valuable learning tool
as teachers begin to make sense of new standards. Clear
examples and language can support teachers’ reflection
on how instruction (either their own or others’) encom-
passes important mathematical practices. As a practice-
based tool, the MQI can focus teachers’ attention on key
components of quality mathematics instruction such as
using precise mathematical language, linking representa-
tions, or focusing on patterns and generalizations.

Summary and Conclusions

In this article, we have reviewed three classroom obser-
vation instruments to provide information about these
tools and to present general considerations for selecting
observation tools that would be useful to other mathemat-
ics teacher educators. The tools presented herein commu-
nicate and evaluate standards of practice in mathematics
teaching and learning; specifically, of reform-oriented
instruction (RTOP), the selection and implementation

of cognitively challenging tasks and discussion (IQA),
and/or the mathematical rigor and richness of a lesson
(MQI). We propose that the selection of a classroom
observation tool should depend upon the question under
investigation and the focus (e.g., the aspects of instruc-
tion each tool helps you to notice) of a specific study,
professional development project, or program evaluation.
In this way, the tool generates evidence directly con-
nected to the intervention, appropriate for assessing the
impact or effectiveness of the intervention and establish-
ing evidenced-based practice as stated in the call for
MTE articles.
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Appendix A: Sample Rubrics: Reformed Teaching

Observation Protocol (RTOP)

Iv. CONTENT

6)
7)

8)

9)

10)

11)

12)

13)

14)

15)

Propositional knowledge
The lesson involved fundamental concepts of the subject.
The lesson promoted strongly coherent conceptual understanding.
The teacher had a solid grasp of the subject matter content inherent in the lesson.

Elements of abstraction (i e_, symbolic representations, theory building) were
encouraged when it was important to do so.

Connections with other content disciplines and/or real world phenomena were
explored and valued.

Procedural Knowledge

Students used a variety of means (models, drawings, graphs, concrete materials,
manipulatives, efc ) to represent phenomena.

Students made predictions, estimations and/or hypotheses and devised means for
testing them.

Students were actively engaged in thought-provoking activity that often involved the
critical assessment of procedures.

Students were reflective about their learning.

Intellectual rigor, constructive criticism, and the challenging of ideas were valued.

Note. A score of 0 indicates “never occurred.” A score of 4 indicates “very descriptive.”

171

(Return to page 155)
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Appendix B: Sample Rubrics: Instructional Quality
Assessment (IQA) Potential of the Task Rubric

The task has the potential to engage students in exploring and understanding the nature of mathematical
concepts, procedures, and/or relationships, such as:

e Doing mathematics: using complex and non-algorithmic thinking (i.e., there is not a predictable, well-
rehearsed approach or pathway explicitly suggested by the task, task instructions, or a worked-out
example); OR

e Procedures with connections: applying a broad general procedure that remains closely connected to
mathematical concepts.
The task must explicitly prompt for evidence of students’ reasoning and understanding.

For example, the task MAY require students to:

e solve a genuine, challenging problem for which students’ reasoning is evident in their work on the task;
e develop an explanation for why formulas or procedures work;

¢ identify patterns and form and justify generalizations based on these patterns;

e make conjectures and support conclusions with mathematical evidence;

e make explicit connections between representations, strategies, or mathematical concepts and
procedures.

e follow a prescribed procedure in order to explain/illustrate a mathematical concept, process,
or relationship.

The task has the potential to engage students in complex thinking or in creating meaning for
mathematical concepts, procedures, and/or relationships. However, the task does not warrant a
“4” because:

e the task does not explicitly prompt for evidence of students’ reasoning and understanding.

e students may be asked to engage in doing mathematics or procedures with connections, but the
underlying mathematics in the task is not appropriate for the specific group of students (i.e., too easy or
too hard to promote engagement with high-level cognitive demands);

e students may need to identify patterns but are not pressed for generalizations or justification;

e students may be asked to use multiple strategies or representations, but the task does not explicitly
prompt students to develop connections between them;

e students may be asked to make conjectures but are not asked to provide mathematical evidence or
explanations to support conclusions

The potential of the task is limited to engaging students in using a procedure that is either specifically called
for or its use is evident based on prior instruction, experience, or placement of the task. There is little
ambiguity about what needs to be done and how to do it. The task does not require students to make
connections to the concepts or meaning underlying the procedure being used. Focus of the task appears to
be on producing correct answers rather than developing mathematical understanding (e.g., applying a
specific problem-solving strategy, practicing a computational algorithm).

OR There is evidence that the mathematical content of the task is at least two grade-levels below the grade
of the students in the class.

The potential of the task is limited to engaging students in memorizing or reproducing facts, rules, formulae,
or definitions. The task does not require students to make connections to the concepts or meaning that
underlie the facts, rules, formulae, or definitions being memorized or reproduced.

Students did not engage in a mathematical activity.

N/A

(Return to page 158)
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Appendix C: Sample Rubrics: Mathematical Quality of
Instruction (MQI) 4-point

This code refers to teachers’ and students’ explicit linking and connections between different representations of a
mathematical idea or procedure. To count, these links must occur across different representational "families” e.g., a linear
graph and a table both capturing a linear relationship. So, two different representations that are both in the symbaolic family
{e.g., 1/4 and 0.25) are not candidates for being linked.
For Linking Between Representations to be scored above a Not Present!

e At least one representation must be visually present

¢ The explicit linking between the two representations must be communicated out loud

For Linking Between Representations to be scored Mid or High, two conditions must be satisfied:
= Both representations must be visually present
» The correspondence between the representations must be explicitly pointed out in a way that focuses an meaning
{e.g., pointing to the numerator in 1/4, then commenting that you can see that one in the figure, pointing to the
four in the denominator, pointing to the four partitions in the whole, “You can see the 1 in the 1/4 corresponds to
the upper left-hand box, which is shaded, showing one piece out of four total pieces...")

/4

For geometry, we do not count shapes as a representation that can be linked—we consider those to be the “thing itself.”
However, links can be scored in geometry if the manipulation of geometric objects is linked to a computation, e.g., showing
that two 45-degree angles can be combined to get a 90 degree angle and linking that to the symbolic representation 45 +
45 =90.

MNote: If links are made but underlying representation/idea is incorrect, do NOT count as linking between representations.

Na linking occurs. Links are present in a pro Links and connections Links and connections are present
Representations may be forma way; For example, have the features noted | with extended, careful work
present, but no the teacher may show the | under High, but they characterized by one of the
connections are actively above figure and state that | occur as an isolated following features:
made. one quarter is one part out | instance in the segment. [ «  Explicitness about how two or

of four. These links will not more representations are

be very explicit or detailed; related (e.g., pointing to

both representations need specific areas of

not be present. correspondence) OR

¢ Detail and elaboration about
the relationship between two
mathematical representations
(e.g., noting meta-features;
providing information about
under what conditions the
relationship occurs; discussing
implications of relationship)
These links will be a characterizing
feature of the segment, in that they
may in fact be the focus of
instruction. They need not take up
the majority or even a significant
portion of the segment; however,
they will offer significant insight
into the mathematical material.

MQI 4-point ©2014 Learning Mathematics for Teaching/Heather Hill.
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richness.

Elements of richness are
present but are all
incarrect

OR
Elements of rich
mathematics are not
present.

Elements of rich
mathematics are

minimally present.

Maote that there may be
isolated Mid scores in the
codes of this dimension.

Comparing Classroom Observation Protocols

This code captures the depth of the mathematics offered to students.

Elements of rich mathematics
are more than minimally
present but the overall richness
of the segment does not rise ta
the level of a High.

For example, a segment may be
characterized by some Mid
scores in the codes of this
dimension or by an isolated
High along with substantial
procedural focus, etc.

Note: This is an overall code for each segment. It is not an average of the codes in this dimension, but an overall estimate of

Elements of rich mathematics
are present, and either:

a) There is a combination of
elements that together
saturate the segment with rich
mathematics either through
meaning or mathematical
practices.

OR
b} There is truly outstanding
performance in one or more of
the elements.

Scoring Help - Overall Richness of the Mathematics

In scoring Overall Richness, we assign a score of Not Present when there are no elements of richness present in the
segment, or the components of richness that are present are all incorrect. For this code, we do not consider middling
density of Mathematical Language to be an element of richness. That is, a segment could get a score of Low or Mid for
Mathematical Language and still get a score of Not Present for Overall Richness.

MQI 4-point ©2014 Learning Mathematics for Teaching/Heather Hill.

(Return to page 161)

Mathematics Teacher Educator * Vol. 3, No. 2, March 2015



A2/ )

Melissa Boston, Jonathan Bostic, Kristin Lesseig, and Milan Sherman 175

Appendix D: Additional References and Resources

e This article is based on a session at the AMTE 2014 Annual Meeting. The AMTE session PowerPoint can be
downloaded at: http:/padlet.com/wall/amte2014

e Reformed Teaching Observation Protocol (RTOP)

e Training Site:
http://physicsed.buffalostate.edu/AZTEC/RTOP/RTOP full/index.htm

e Entire Protocol:
http://physicsed.buffalostate.edu/AZTEC/RTOP/RTOP _full/PDF/RTOPform IN001.pdf

e Research using the RTOP: Adamson et al., 2003; Dunleavy, Dede, & Mitchell, 2009; Jong, Pedulla, Reagan,
Salomon-Fernandez, & Cochran-Smith, 2010; Roehrig & Kruse, 2005.

e Adaptations of RTOP: IOP in Ciancolo, Flory, & Atwell, 2006; see OTOP in Morrell, Wainwright, & Flick, 2004;
Wainwright, Morrell, Flick, & Schepige, 2004

e IQA rubrics are available for viewing at:
http://peabody.vanderbilt.edu/docs/pdf/tl/IQA RaterPacket LessonObservations Fall 12.pdf

e For information on IQA training, contact Melissa Boston at: bostonm@dug.edu

e Research using the IQA: Boston, 2012; Boston & Smith 2009, 2011; Boston & Wilhelm, in press; Quint, Akey,
Rappaport, & Willner, 2007; MIST Project:
http://peabody.vanderbilt.edu/departments/tl/teaching and learning research/mist/index.php

e Learning Mathematics for Teaching (LMT) Project:
http://www.sitemaker.umich.edu/Imt/home

e Mathematical Quality of Instruction (MQI) Training Site:
http://isites.harvard.edu/icb/ich.do?keyword=mgqi_training

e Information on MQI studies based on the MET data is available at:
http://www.gse.harvard.edu/ncte/projects/core/default.php#.U6hZNqgozdA

(Return to page 155)
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