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1. $1.13. Factor 3277 into 29 . 113.
Four options to consider: (1) 1 child
paid the entire amount; (2) 29 children
attended, and each paid $1.13; (3) 113
children each paid 29¢; or (4) 3277
children attended, and each paid 1
penny. The first and last cases are not
possible given the 6-coin restriction. No
configurations of six coins attain 29¢.
The only six-coin solution for $1.13
consists of two half-dollars, one dime,
and three pennies.

2. $6.80. Walnuts cost the grocer $150
for 30 Ibs., or $5/Ib. Pecans cost $140
for 40 1b., or $3.50/Ib. The ratio of
pecans to walnuts is 2: 1, so he needs

to mix 2 Ibs. of pecans for every 1 Ib. of
walnuts. Therefore, 3 Ibs. of the mixed
nuts will cost him $5 + 2($3.50) = $12,
which is $4/1b. Since the grocer wants to
make a profit of 70%, he needs to charge
4($1.70) = $6.80.

3. (16, 16), (16, -14), (-18, 16),

(-18, -14), (9, 7), (9, =5), (-11, 7),
(-11,-5), (7, 1), and (-9, 1). Recast the
problem to suggest Pythagorean triples
by moving the (b — 1)* term to the right
side of the equation. The triples must
include a side length of 8, so use the
8-15-17 and the 6-8-10 triangles. Solve
for every possible pair of values: (a + 1,
h-1)=(+17,£15); (a+1,b - 1) = (210,
+6). In addition, (e +1,b - 1) = (&8, 0).

4. 0. Simplify each expression
separately:
7
817/4 — (4 81) — 37

and

V3B +3.95+3.27*
:\/313+3-(32)6+3(33)4
=35 438138
=3% =37,

The difference between the two values
is zero.
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5.7, 5V2, 37 - 2, 1 +42, 3V7. Without
a calculator, we must use methods of
approximation. Knowing that V2 =~ 1.41,
we get 5V2 = 7.05. We could also use
the idea that 5V2 = V50, which would
be slightly more than 7. Rewrite 3\7 =
V63 to estimate a value close to (but less
than) 8. Use 7 = 3.14 to find that 37 - 2
=~ 7.42. Use the fact that 42 is the prod-
uct of two consecutive integers 6 and 7
to approximate V42 = 6.5. Thus, 1 + V42
=~ 7.5. Now order the five numbers: 7,
5V2, 31 - 2, 1 +42, 3\7.

6. 5. Since
2x2—(p+1)x+3p 9
=X—q+—r0,
2x—-3 2x—-3

if we multiply both sides of the equation
by 2x - 3, we get 2x° - (p+ 1)x + 3p =

2x* - (2 + 3)x + 3q + 9. Therefore, p+ 1=
2q + 3, and 3p = 3g + 9. The second equa-
tion reduces to p = q + 3; substituted into
the first equation, it yields g =1 and p = 4.

Alternate solution: Use either long or
synthetic division. The quotient is x +

(2 - p)/2, and the remainder is 3p +

3(2 - p)/2. The remainder equals 9, so
3p+3-3p/2=9 — p=4. Since the quo-
tientisx —gq,g=-(2 -p)/2=-(2 -4)/2
=1.Finally,p+g=4+1=5.

7. 12, or V2/2. The parallel segments
ensure that we have similar triangles.
Thus, the ratio of the areas, A, and A,,
relates to the ratio of corresponding alti-
tudes, &, and h,, or to any corresponding

side lengths or linear measures. So ,*/ h,’
=A/A,=1/2 > h/ h,=1N2=V2/2.

8. 33 and 99. Verify that 33° = 1089
and 99 = 9801. The smallest two-digit
number that has a four-digit square is 32
(1024). The greatest two-digit number
with a four-digit square is 99 (9801).
Use a spreadsheet to generate the
squares of the integers from 32 to 99,
and then look at the list to find the pair.



Alternate solution: Use the greatest
integer function to separate the squares
into the individual digits, rebuild the
number with the digits reversed, and
then find the square root of the result.
Using Excel, list the numbers from 32 to
99 in column A, starting in row 1. The
following formulas, from row 1, can be
copied to the other rows:

column B: =A 172

column C: =INT(B1/1000)

column D: =INT((B1-1000*C1)/100)
column E: =INT((B1-(1000*C1+100*D1))/10)
column F: =B1-(1000*C1+100*D1+10*E1)
column G: =1000*F1+100*E1+10*D1+C1
column H: =SORT(G1)

9. 14 5/7, or 103/7. The reciprocals of
any arithmetic sequence form a har-
monic sequence. The harmonic mean
is the middle of three numbers in a
harmonic sequence. For an arithmetic
sequence beginning and ending with p
and ¢, the harmonic mean HM can be
found as 1/HM = (1/2)(1/p + 1/g) or
by using the formula HM = 2pq/(p + q).
Thus, b = 2(25)(25/49)/(25 + 25/49)

= 1. Since b = 1 and a is the arithmetic
mean of 25 and 1, a = (25 + 1)/2 = 13.
The geometric mean, ¢, for 1 and 25/49
equals V1+25/49=5/7. Thena+b+c=
13+1+5/7=145/7.

10. 27. Complete the square to convert the
given equation into y = (x - 1)> - 9. The
vertex is at (1, -9), and the x-intercepts at
-2 and 4 are found by replacing y with 0
so (x — 1)*=9. The base of the triangle is
4 - (-2) = 6, and the height is 9. There-
fore, the area of the triangle is 6 « 9/2 = 27.

11. 0. Apply substitution to find that

g(f(x))=alx+37 +b(x+3)+c¢
=ax®+(6a+Db)x+(9a+3b+c).

Equating coefficients, we obtain a = 2,
6a+b="7,and 9a + 3b + ¢ = 6. Solve for
each letter to find that a = 2, h = -5 and
c=3,s0a+b+c=2-5+3=0.

Alternate solution 1: Since f(x - 3) = x,
we see that g(x) = g(f(x - 3)) = 2(x - 3)
+7(x-3)+6=2x*-12x+ 18+ 7x - 21
+6=2x*-5x+3.Thus,a=2,b=-5,
and ¢ = 3.

Alternate solution 2: Create a system
of three equations with g(f(0)) =9a + 3b
+¢=6;4(f(-3)) =0a +0b+c¢=3; and
g(f(=6)) =9a - 3b + ¢ = 36. Solve to get
a=2,b=-5,and c= 3.

12. 2 + V3. Without any loss of general-
ity, let the legs of AABC = 2. Let BC=x
and apply the law of cosines to calculate
X =2"+2"-2(2)(2) cos 30° =8 - 4V3.
The area of ADCB = x*/4 =2 - 3. The
area of AABC = (1/2)(2)(2)sin30° = 1.
Thus, the ratio of the requested areas is

1/(2 -V3) =2 + 3.

13. 12 times. For each month in a given
century, only one day and one year will
compose a date consisting of three con-
secutive numbers.

14. 13:35. The trapezoids are not simi-
lar, but the three triangles are similar.
That is, AADE ~ AAFG ~ AABC.
Since corresponding sides are in a ratio
0of 4:9:16, corresponding areas are
4%:9%:16* = 16:81:256. The ratio of the
area of DEGF to the area of FGCB =
(81-16):(256-81)=65:175=13:35.

15. (b) (x, y) — (x*, ). The chart indi-
cates the coordinates of the points after
each transformation. Determine the
slopes between points to show collinear-
ity. The slopes in cases a, ¢, and d are
all 1.

16. 15/7 hr. The slower flow rate is

1/5 vat/hr., and the faster flow rate is
1/3 vat/hr. In t hours, the amount of
liquid in the first, slower-emptying vat
is 1 - t/5, and the amount in the second
vat is 1 — t/3. The first volume is twice
the second, so solve the equation 1 - ¢/5
=2(1-1/3) to get t = 15/7.

17. 117°. In AABC, since mZABC =90°

and mZC = 36°, mZA must be 54°.
Triangle ADB is isosceles with AD =
AB, so ZADB = Z/ABD. Then m£ZADB =
(180° - 54°)/2 =126°/2 = 63°. Thus,
mZCDB=180° - 63° =117°.

18. 2 + V130 = 13.40175. Since the short-
est distance from A to B is along a hori-
zontal line, y must be -1, and AB =2.
Interestingly, we never need to calculate
x specifically. Reflect point D over the
line y = 7 to locate the point D’ at (5, 10).
Place point C at the intersection of seg-
ment BD’ and the line y = 7. The distance
from C to D’ is the same as the distance
from C to D, so the length of the shortest
route from B to C to D equals BD’. Use
the distance formula or the Pythagorean
theorem to find V130. Therefore, the
minimal total distance is 2 +V130.

10, °D’
8
C

61

! D

24

10 5 A 5 0

-2t B

_al

19. 17 cm. Let the edges have lengths a,
b, and ¢. Then abc = 864, ab =72, and
be = 96. Divide the first equation by
each of the other two equations to get
(abc)/(ab) = 864/72 — ¢ =12 and
(abc)/(be) = 864/96 — a = 9. It follows
that b = 8. The space diagonal can be
found using the extended Pythagorean
theorem or

d=~a*+1*+¢*
=9’ +8°+12°
=4/289 =17.

Solution 15

Original (a) () (0) (d)
il (x, y—l) (xz, y) ((x+1)2, y—l) (x2+2x, y—Z)
(-1,1) (-1,0) (1,1) (0,0) (-1,-1)
(0,2) (0,1) (0,2) 1,1 (0,0)
(1,5) (1,2) (1,5) (4,4) (3,3)

Vol. 108, No. 5 * December 2014/January 2015 | MATHEMATICS TEACHER 357



20.7=0, 1, 2, or 3. Division yields
@2n+3)/2n-3)=1+6/(2n-3). The
remainder will be an integer whenever
2n — 3 is a factor of 6—that is, when

2n -3 =%1,42, 43, or +6. When 2z - 3
is even, n is not an integer. The four
odd-number options give 2n -3=1—
n=2;2n-3=-1-»n=12n-3=3->
n=3,and2n-3=-3 ->n=0.

21. The point is the intersection of the
three medians of the triangle (i.e., the cen-
troid). The centroid is the point at which
the three medians meet. Each median
divides the triangle into two triangles of
equal area; drawing all three medians
results in six triangles of equal area.
Grouping them as shown demonstrates
the three quadrilaterals of equal area.

22. 1/8. Regroup to form (cos20°) -
[(cos40°)(cos80°)] and write as
(cos20°)[(cos120° + cos40°)/2].

Since cos 120° = -1/2, we simplify the
expression to (-c0s20°)/4 + (cos20°)

- (c0s40°)/2. Apply the identity to the
second term to get (cos20°)(cos40°) =
(cos60° +c0s20°)/2 = (1/2 + c0s20°)/2,
so that (cos20°)(cos40°)(cos80°) =
(-c0s20°)/4 + (1/4 + cos20°/2)/2 = 1/8.
Note that any two of the factors could
have been grouped together first to pro-
duce the same result.

23. 3. Apply the rule loga - logh =
log(a/b) to write log(log 64) — log(log4) =
log((log64)/(log4)) =log x. Exponentiate
each side so (log64)/(log4) = x. From
the rule log(b") = a - logh, we obtain

log 64 = log4® = 3log4, so that we have
(3log4)/(log4) =3 = x.

24. 35/2. The two greatest one-digit
primes are 5 and 7. The positive differ-
ence of their reciprocals is 1/5 - 1/7 =
2/35. The reciprocal of 2/35 is 35/2.

25. (3 +/5)/8. Let the radius of circle A
be r. Then BC = 2r, and, by the Pythago-
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rean theorem, AB = 5. The radius of
circle B is DB = r\'5 - r. The ratio of the
areas of circles A and B is the ratio of
the squares of the respective radii, or

rz/(r\/g—r)zzl/(\/g—l)z
=1/(6-25)
=(3++5)/8.

N

26. The only possibility has one die
with all odd integers and the other with
three odd (and three even) numbers. To
show that there is no other possibility,
consider 1/2 = 18/36 = 6/6 - 3/6, repre-
senting the probability of rolling one of
the six odd numbers on one die and one
of the three odd numbers on the other
die. The only factorizations of 18 are
1-18,2+9, and 3 - 6. However, 18/6
and 9/6 are not probabilities, so the only
possibility uses 6 and 3.

27. n=222222. Notice that the multi-
pliers 11, 101, and 1001 are of interest
because 211 =22,22-101=2222, and
222+ 1001 = 222222 maintain the condi-
tion of no digits other than 2. Consider
the prime factorizations of 777 =37 -
37 and 222 is 2 + 3 + 37. The multiplier
1001 =7+11 - 13 supplies the prime fac-
tor 7 and maintains all 2s, so n =222 -
1001 =222222.

28. 2/3. Point D as shown in the dia-
gram is an example of a point with the
property that quadrilaterals of equal area
can be drawn. Points 1/3 of the way
along each side of the original triangle
form a hexagon (HKLMNP), and any
point inside the hexagon (HKLMNP)
has this property. Points outside the
hexagon but inside AABC—that is,
points in the three triangles AHK, BLM,
and CNP—do not share the property.
The probability of interest equals the
ratio of the areas of the hexagon and
entire triangle. The area of each corner
triangle is 1/9 the area of AABC, so the

December 2014/January 2015

probability of a point landing inside the
hexagon is 6/9 = 2/3. (Points on one of
the hexagon lines that are parallel to a
side of AABC allow for construction of
one quadrilateral and two triangles all
having the same area. Points inside the
corner triangles cannot have lines drawn
to the sides of the original triangle to
form quadrilaterals of equal area.)

29. 7. Find pairs of primes whose differ-
ences are positive integers: 1 =3 - 2;
2=5-3;3=5-2;4=7-3;5=7-2;
and 6 = 11 - 5. Because most of the
primes are odd, finding differences that
are even is relatively easy. Odd-number
differences are found using the prime 2
with one of the odd integers. So 1, 3, and
5 could be found as differences, but 7
cannot occur because 9 is not a prime.
Therefore, 7 is not in S.

30. 456, 3456, and 123456. Since 24
factors into 8 and 3, we can apply the
divisibility tests for each of the numbers.
A number is divisible by 8 when the
number formed from the last three dig-
its is divisible by 8. Consider one-digit
numbers. The only one is 8, and it is

not divisible by 24. Two-digit numbers
with consecutive digits are 12, 23, 34,
45,56, 67, 78, and 89. The only number
divisible by 8 is 56, but it is not divisible
by 24. Use the same technique to find
possible three-digit numbers. The only
one divisible by 8 is 456, which also hap-
pens to be divisible by 3, so it is divisible
by 24. Add integers to the left of the
number to find other possibilities: 3456
works; 23456 is not divisible by 3; but
123456 is divisible by 3 and 24.

31. b. Since a is the measure of the small-
est interior angle, 180° - a is the measure
of the corresponding exterior angle. Sub-
tracting the largest interior angle gives
(180°-a) -c=180°-(a+c¢)=Dh.



Special date: 12/13/14

Simplify:

8174 —/3¥ +3.9%+3.27*

4

Find the only pair of two-digit numbers
whose squares are four-digit numbers with
their digits reversed.

The base of isosceles AABC is the
hypotenuse of isosceles right ADBC. If
mZA =30°, find the ratio of the area of
AABC to the area of ADBC.

12

Two identical vats contain the same
amount of liquid. The first vat takes

5 hours to empty, whereas the second vat
takes only 3 hours to empty. If both vats
start emptying at the same time, in how
many hours will one vat have twice as
much liquid as the other vat?

16

Find all integer values for 7 such that
(2rn+3)/(2n - 3)

is also an integer.

20

Find the reciprocal of the positive differ-
ence of the reciprocals of the two greatest
one-digit primes.

24

If a point inside a triangle is selected
randomly, what is the probability that
quadrilaterals of equal area can be
formed as described in the problem for
December 21?

28
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A movie theater ran an early-morning
special for children. The cost of attending
the show was the same for every child. All
the children paid the fee using exactly six
coins consisting of pennies, nickels, dimes,
quarters, or half dollars. The total money
brought in by the theater was $32.77. How

much did it cost each child to attend the
show?

1

Arrange the following five numbers
from smallest to largest without using
a calculator:

5v2, 37, 3m-2, 7, 1++/42

In the following sequence—
25, a, b, ¢, 25/49

—the first, third, and fifth terms form a
harmonic sequence; the first three terms
form an arithmetic sequence; and the last
three terms form a geometric sequence. If
a, b, and ¢ are all positive numbers, find

9

Today’s date, 12/13/14, consists of three
consecutive numbers in the order of
month, day, and year (the last two digits
only). How many times will three
consecutive numbers occur in the dates
of the century 2000-2099?

a+b+ec.

13

Right triangle ABC with right angle B has
mZC = 36° and point D on segment AC
such that AD = AB. Find mZCDB.

C

17

There exist many points inside a triangle
such that segments can be drawn from
the point to the sides of the triangle (not
at the vertices) so that the three resulting
quadrilaterals have equal areas. There is
only one point inside a triangle such that
the segments drawn to the vertices create
three quadrilaterals of equal area. How is

the point determined? 2 1

Circles A and B are externally tangent to
each other. From center B, a tangent is
drawn to circle A, intersecting the circle
at C. If BC is twice the radius of circle A,
compute the ratio of the area of circle A to
the area of circle B.

N
25

Let S equal the set of all possible
differences of primes. That is, S is the

set of values of n where n=p — g and both
p and q are primes. What is the least
positive integer not contained in set S?

29

A grocer wishes to sell 1 Ib. mixtures of
walnuts and pecans. He buys 30 1b. pack-
ages of walnuts for $150 and 40 1b. pack-
ages of pecans for $140. The weight of the
pecans will be twice the weight of the wal-
nuts in the mixture. What should his sell-
ing price be if he is to make a 70% profit?

2

When 2x? - (p+ 1)x + 3p is divided by
2x - 3, the quotient will be x — g, and the
remainder will be 9. Find the sum of

p+q.

6

Compute the area of the triangle formed by
the vertex and x-intercepts of the parabola
defined by the equation

y=x*-2x-8.

10

In AABC, points D and F are on side AB,
and points E and G are on side AC. If DE
and FG are parallel to BC and if AD =4,
DF =5, and FB = 7, find the ratio of the
area of trapezoid DEGF to the area of trap-
ezoid FGCB.

14

Find the minimum distance that connects
the points A (0, ), B (2, -1), C (x, 7), and
D (5, 4) in the order A-B-C-D.

18

One of the less-frequently taught trigono-
metric identities is

(cos x)(cos y) = (1/2)(cos(x + ) + cos(x — »)).
Apply this identity to evaluate

(cos 20°)(cos 40°)(cos 80°).

22

A game is played with two standard dice.
Player A wins when the product of the
two rolled dice is even; player B wins
when the product is odd. Player A should
win 27 out of 36 times, or 3/4 of the time.
Create a pair of fair six-sided dice with
numbers different from the usual ones to
make the game fair (each player should

win 1/2 the time). 2 6

Only three whole numbers exist such that
the digits from left to right are consecu-
tive integers in increasing order and the
number is divisible by 24. Find the three
numbers.

30

Find the ten integer ordered pairs (a, b)
such that

(a+1)2-(B-1)2=64

In AABC, point D is on side AB and
point E is on side BC such that DE || AC.
If the ratio of the areas of triangles BDE
and BAC is 1:2, what is the ratio of their
corresponding altitudes?

Given
f(x)=x+3
g(x):ux2+bx+c
g(f(x))=2x2+7x+6,
finda+b+ec.

11

Which one of the following transforma-
tions on the set {(-1, 1), (0, 2), (1, 5)}
does not result in a set of collinear points?

(@) (x, ) = (x, Ny - 1)

B (x, ) = (% »)

(0 e, ) > (x+1)%y-1)
@ (e, y) > (P+2x,y-2)

15

The volume of a rectangular prism is
864 cm®. Two of its faces have areas of
72 cm? and 96 cm?. Find the length of a
diagonal that connects a pair of opposite
vertices of the prism.

19

Solve for x:

log(log 64) — log(log 4) =log x

23

The integer n consists of some number of
2s and no other digits. Find the least value
of n such that the number 777 is a factor.

27

The three angles of a triangle have mea-
sures a, b, and ¢, with a < b < ¢. Express the
difference in terms of a, b, and ¢ when the
largest interior angle is subtracted from the
largest exterior angle.

31

N
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The shape shown consists of three congru-
ent rectangles touching one another along
certain sides, as shown. The perimeter of
each rectangle is 21 cm. What is the perim-
eter of the shape?

4

This figure consists of four congruent rect-
angles with a common vertex and coinci-
dent sides as shown. The perimeter of each
rectangle is 16 cm. The perimeter of the
shape is 48 cm. Find the area of the shape.

8

A palindrome is a word or number that is
the same when spelled backward. For
example, 61488416, 131, and RADAR
are all palindromes. Find the smallest
six-digit palindrome that is divisible by
both 4 and 9.

12

How many palindromes are there between
10 and 100,000?

16

The first figure was constructed with

1 tile. The second figure was constructed
with 5 tiles. The third figure was con-
structed with 13 tiles. If the pattern con-
tinues, how many tiles will be needed to

Y-

Ist 2nd 3rd

construct the
50th figure in
this sequence?

20

Find the sum of the terms of the followng
arithmetic sequence:

-403, -372, -341, ..., 2015

24

The diagonal of a 1 x 2 rectangle is drawn,
and semicircular sectors are “inscribed,” as
shown. The arcs are tangent to the diago-
nal and to the sides of the rectangle at A
and C. The diameters lie on sides AB and
A g CD. What fraction of
the rectangle’s area
lies within the two
semicircles?

28

()\.()® NATIONAL COUNCIL OF
NCTM

TEACHERS OF MATHEMATICS

Let p,, p,, and p, be the prime factors of
2015. The two-digit primes contain the
same digits but in reverse order. Find p,,
p,, and p, and then find the next year that
two of the (distinct) prime factors of the
year contain the same digits.

1

In triangle ABC with BP L AC, AC =2, the
measure of ZBAC is 45°, and the measure
of ZBCA is 60°. Find BP.

B

P S
In how many ways can change be made for
$210 using any combination of $5, $10,

and $20 bills? You do not have to use each
of the three types of bills simultaneously.

A block of wood in the shape of a

right rectangular prism has dimensions
1 ft. x 1 ft. x 2 ft. If Tom saws it in half
to create two triangular prisms with
height 1 ft., what is the percentage
increase in total surface area?

e G

Given equilateral triangle ABC with an
inscribed circle and another smaller circle
tangent to the first and to two sides of the
c triangle as shown,
determine the ra-
tio of the areas of
the large circle to
the small circle.

17

When the midpoints of a pair of opposite
sides of any parallelogram are connected,
two congruent parallelograms are created.
But the newly formed parallelograms are
not necessarily similar to the original par-
allelogram. Find a parallelogram such that
joining the midpoints of a pair of opposite
sides creates two parallelograms similar to

21

Examine the number triangle to determine
how it has been constructed. Then append
a row to the triangle below the last row
shown.

A B

the original.

L= S
(=
L -

Ly —
=]
=
N

ao—
)
>
o == =

25

Right triangle ABC has squares construct-
ed on the legs and the hypotenuse. The
vertices of the squares are connected to

D I create hexagon
DEFGHI. If
B B C AB=3and BC=
4, find the area of
7 H the hexagon.

¢ 29

An equable shape is one whose area and
perimeter are numerically equal. What
are the lengths of the legs of an equable
isosceles right triangle?

2

For two positive numbers a and b, the
arithmetic mean is given by (a + b)/2, and
the root mean square is given by

a’+ b
2

If two positive numbers have arithmetic
mean of 15 and a root mean square of 20,
then what is their product? 6

Four students took a standardized math-
ematics test and earned scores of a, b, c,
and d, with a < b < ¢ < d. The mean of their
scores was 645, the median was 640, and
the range was 70. What is the largest pos-
sible value of ¢?

10

Consider the decimal expansion of the
fraction 1/14. Find the sum of the first
40 digits in that decimal representation.

14

Loreena spent her entire life in four
cities—Atlanta, Boston, Chicago, and
Denver—in the order given. She spent

the first 2/7 of her life in Atlanta. Of the
remainder of her life, the first 3/5 was
spent in Boston and Chicago. She spent the
last 4/7 of her life in Chicago and Denver.
What part of Loreena’s entire life was

spent in Chicago? 1 8

Points A and B lie on the perimeter of

the figure, which consists of three semi-
circles. The smaller semicircles are congru-
ent. Prove that chord AB, which passes
through O, divides the perimeter in half.

-
A

22

The coefficients of the trinomial 1 + x + x?
are 1, 1, and 1. What coefficients are ob-
tained when (1 + x + x2)? is expanded?
What coefficients are obtained when

(1 4+ x + x?)? is expanded? Use your results
along with the results of the problem for
January 25 to expand (1 + x + x?)° without

paper and pencil.

The points A (-2, 1) and B (4, 4) lie on the
parabola y = x*/4. Let [ be the line paral-
lel to AB and tangent to the parabola. If

C is the point of tangency, then the area
of AABC gives a rough approximation of
the area bounded by AB and the parabola.
Find the coordinates of C and also the area

of AABC.
30

Consider the parabola with equation

y = x* and the rectangle with vertices
(1,0),(1,1), (-1, 1), and (-1, 0). Find

the area of the
parabolic segment
(shaded) and
compare its area
with that of the

rectangle. 3
Consider the graph of y = x*. The area
bounded by the curve and the line connect-
ing (-1, 1) and (1, 1) has been shaded in
the figure. Compare
this area with the
area found in the

(-1,1) 1,1

(-1,0) (1,0)

(-1,1) (1,1) problem for January

3. Give a mathemati-

(-1,0) (1,00 cal explanation

for your answer. 7

Find all solutions to the following
equation:

11

Consider a parabola with equation
x=-8y*+8y - 1.

Find the area of the parabolic segment
bounded by x = -1 and compare its area
with that of the rectangle with vertices

(1,0), (1,1), (-1, 1), and (-1, 0).

The endpoints of a semicircle are vertices of
a 2 x 1 rectangle, as shown. What fraction
of the rectangle’s area lies in the interior of

the semicircle?
|

A

19

Consider an ellipse inscribed in the rectan-
gle with vertices (1, 0), (1, 1), (-1, 1), and
(-1, 0) such that its major and minor axes
are parallel to the x- and y-axes. What frac-
tion of the rect-

y .
angle’s area lies

(11 (L) in the interior of

the ellipse?

23

Two circles “fit” perfectly in a 2 x 1 rect-

(-1,0) (1,0 *

angle because each can be inscribed in a
1 x 1 square. What fraction of the rectan-
gle’s area lies within the two circles?

eV
AN AY
: 27

Continuing the problem of January 30, let
j and % be lines tangent to the parabola and
parallel to AC and BC, respectively. Let D
and E be the respective points of tangency.
Find the coordinates of D and E and the
areas of AADC and ABEC. Add the areas
of the three triangles to improve the area
approximation found for the problem of

January 30.
31
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JANUARY

1. 5, 13, 31; 2414. The prime factoriza-
tion of 20151is 5+ 13 - 31. Since 13 is
the smallest two-digit prime with two
distinct digits, we examine the product
7+13+31=2821. We can obtain a
smaller product by using the next-larger
two-digit prime and its reversal: 2 - 17
71 =2414. We cannot do better than
this. If we try a pair of two-digit primes
without a third factor, the smallest can-
didate is 37; but 37 - 73 = 2701, which is
larger than 2414.

2. 4 + 2V2. Let the length of each leg
equal x. Using knowledge of special right
triangles, we find that the length of the
hypotenuse is x\2. The area of the trian-
gle is x*/2, and the perimeter is 2x + xV2.
Since the triangle is equable, x°/2 = 2x +
xV2, implying that x%/2 - 2x — x\2 = 0.
Solving for x, we have x* - 4x — 2x\2 =0
—Sx(x-4-2V2)=0.Sincex#0,x=4
+2V2. (Interested readers will find addi-
tional problems about equable polygons
in the MT May 2014 Calendar.)

3. 4/3; 2/3 the area of the rectangle.
The formula for the area of a parabolic
segment is A = (2/3)hw, where w is the
length of the segment that connects a
point on the curve with its reflection in
the axis of symmetry and % is the dis-
tance from the midpoint of that segment
to the vertex. In this case, w = 2 and

h =1, so the area A =4/3, which is 2/3
the area of the rectangle.

Alternate solution: The formula that
Archimedes developed gives the area of
a parabolic segment as 4/3 times the area
of the triangle formed by the endpoints
and the vertex. In this case, we have
A=(4/3)(2-1/2)=4/3.

4. 42 cm. Let x and y be the horizontal
and vertical dimensions of the three
congruent rectangles; so 2x + 2y = 21.

Notice that we can slide the upper rect-
angle left to the position shown, so the
perimeter of the figure itself is 4x + 4y =
2(2x+2y)=2-21=42.

5.3 -V3.If AP=x, then CP=2 - x.
The sides of any 45-45-90° triangle are
in the ratio 1:1: V2, s0o BP= AP =x.
The sides of any 30-60-90° triangle are
in the ratio 1:V3:2, so BP=V3 - CP=
V3(2 - x). Thus, x = BP satisfies x =
V3(2 - x), implying that (1 +V3)x =
2V3. Solving for x, we obtain

_ 23 2301-3) _
SEvw i =3-43.

6. 50. From (a +b)/2 =15 and

V(a® +b*)/2 =20, it follows that a + b =
30 and a” + b* = 800. Squaring the first
equation and subtracting the second
gives 2ab = 100 — ab = 50.

7. Area>4/3. For 0 < |x| < 1, x" < x°
Using words instead of symbols, we
note that multiplying numbers between
-1 and +1 (excluding 0) makes their
absolute values smaller. For example,
(0.3)(0.3)(0.3)(0.3) must be less than
(0.3)(0.3). So every point on the curve
of y=x"betweenx=-1and x=1
(except 0) will be closer to the x-axis
than the corresponding point on the
curve of y = x*. Hence, the shaded region
must be larger.

Extension: Use technology to find the
exact area. In this case, the area bounded
by y, = x* and y, = 1 is 8/5. Students may
enjoy observing the emerging pattern
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when the exact area is bounded by
f(x) = x> for a positive integer n
and g(x) = 1. In general, the area is
4n/(2n + 1).

8. 48 cm’. Let x and y be the dimen-
sions of the rectangles with y > x. So

2x + 2y =16 or x + y = 8. Moving from
bottom to top on the left side of the fig-
ure, the total vertical measure is y + x +
(y - x) =2y, so by symmetry the perim-
eter of the figure is 4(2y) = 8y. Since

8y =48, y =6. So x =2, and the area of
the shape is 4(6 - 2) = 48.

9. 132. We organize the combinations
in a table. Note that one $10 may be
changed to two $5s and one $20 to two
$10s. There are two ways (one $10 or
zero $10s) using ten $20s. Develop a
pattern by first using the greatest num-
ber of $20s and then the greatest num-
ber of $10s. The table shows four ways
(three, two, one, or zero $10s) using
nine $20s. When these nine $20s are
reduced to eight, the number of combi-
nations increases from four to six, and
the pattern continues. So the total num-
ber of combinationsis 2 +4+6 + --- +
22=11-12=132.

10. 665. A simple diagram like the one
below may be helpful. The information
can be expressed as

d—a="70
(+c)/2=640
(a+b+c+d)/4=645

Equivalently,

d—a="70
h+c=1280
a+(h+c)+d=2580

Inserting the second equation into the
third gives a + d = 2580 - 1280 = 1300.
Combine with the first equation to reach
a =615 and d = 685. Now b and ¢ must
be equidistant from their mean. Let b =
640 - x and ¢ = 640 + x. The largest devi-
ation x from 640 that maintains a < b
and ¢ < d is x =25. So 640 + 25 = 665.

b+c
2

v

a b ¢ d
|6é———d-a=70 —>|

1. 1/4 or 1/3. If we let u =4 — 1/x, then
we obtain the equation z = Vu. Since 0
and 1 are the only numbers unchanged
by the square root, we have u =0=4 -
1/x > 1/x=4oru=1=4-1/x>1/x=
3. Therefore, x = 1/4 or 1/3.

Alternate solution: Square both sides of
the equation to obtain 16 — 8/x + 1/x* =
4 — 1/x. Combine like terms to obtain a
quadratic in 1/x: (1/x)* - 7(1/x) +12=0
— (1/x - 3)(1/x — 4) = 0. Therefore,
x=1/4 or 1/3, as before.

12. 216612. Recall the divisibility test
for 4—the number formed by the last
two digits must be divisible by 4—and

$20s $10s $5s Number of Combinations
10 1 0 Two, using 0 or 1 $10s
10 0 2
9 3 0 Four, using 0, 1, 2, or 3 $10s
9 2 2
9 1 4
9 0 6
8 5 0 Six, using 0, 1, 2, 3, 4, or 5 $10s
8 0 10
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the divisibility test for 9—the sum of
the digits must be divisible by 9. Call
the unknown palindrome abccha, where
a, b, and ¢ are digits and a # 0. So the
smallest possible first digit (in the larg-
est place value) is a = 1, but this would
also be the last digit, and divisibility by 4
would fail. Try instead a = 2. The small-
est second digit to satisfy divisibility by
41is b =1, resulting in 21¢c12. Choose

¢ = 6 to also have divisibility by 9.

13. 44.7%. The surface area of any
(right) prism can be found with the
formula that uses the perimeter times
the height plus two times the area of
the base. The surface area of the prism
before sawing is 6 - 1+ 2(2) = 10 ft.%.
Sawing exposes two rectangular sur-
faces. Each has length equal to the
length of the diagonal cut d = V1° + 2°
=5 and height 1 ft. The sum of these
two rectangles is 2(V5 « 1) = 2V5. The
percentage increase in surface area is
2V5/10 = 0.447, or 44.7%.

14. 174. Although a calculator may
make solving this question easier, it can
certainly be solved without a calcula-
tor, as the following solution will make
clear. Many students know the decimal
expansion of 1/7 by heart: 0.142857.
Since 1/14 is half of 1/7, we expect to
see 6 digits in the repetend, which we
can obtain by division:

2)0.142857142857... =0.0714285

Every set of 6 consecutive digits after
the first digit, 0, has a sum of 27. There-
fore, the sum of the first 1 + 6(6) = 37
digits is 0 + 6(27) = 162. The next 3 dig-
its are 7, 1, and 4, so the first 40 digits of
1/14 sumto 162+ 7+ 1+4=174.

15. 4/3; 2/3 the area of the rectangle.
The equation indicates that the parab-
ola opeuns to the left. The equation of
the axis of symmetry is y = -b/(2a) =
-8/(2 + (-8)) = 1/2. Find the x-coordi-
nate of the vertex by substitution: x =
-8(0.5) +8(0.5) -1=-2+4-1=1.
The vertex has coordinates (1, 1/2).
Since x = -1 is a boundary line for the
region, we find the y-values when x =
-1 -8y +8y-1=-1>4"-y=0—
y=0ory=1. We sketch the figure to



see the parabolic segment that we are
working with. In this case, & = 2 and
w =1, so the areais A = (2/3)(2)(1) =
4/3. This represents 2/3 of the rect-
angle’s area.

(1,1

(1,0.5)

(1,0) X

16. 1089. There are 9 two-digit palin-
dromes aa fora=1, 2, ..., 9. A three-
digit palindrome has the form aba for
a=1,2,...,9,buth=0,1,2,...,9,s0
there are 9 choices for @ and 10 choices
for b, or 9 - 10 = 90 three-digit palin-
dromes. Similarly, there are 90 four-digit
palindromes abba and 900 five-digit pal-
indromes abcha. Altogether there are 9 +
90 + 90 + 900 = 1089 palindromes in the
required range.

17. 9. Consider any circle of radius r
and center O inscribed in an equilateral
triangle as shown; let M and N be the
points of tangency indicated. Since tan-
gents to a circle from a point are congru-
ent, MQ = NQ, and so, by SSS, triangles
NOQ and MOQ are congruent. Thus,
m£MQO = 30°. Therefore, in triangle
MOQ we have OQ =2 - OM,; it follows
that the height of the original equilateral
triangle is 3r.

Returning to the original problem
and its diagram, we denote the radii of
the large and small circles by r, and rs,
respectively. The small circle is inscribed
in a small equilateral triangle with its
base parallel to AB; so the height of this
triangle is 37, and the height of the
original triangle is 37,. It follows that
3ry=r,. Thus, the desired ratio is
w(r)? :n(r)? =rn(3ry)*:m(ry?=9:1.

Q

NM
N

Alternate solution: Let O be the center
of the inscribed circle. Since AABC is
equilateral, O is the intersection of the
medians as well as of the angle bisectors.
Let D and E be the intersections of the
circle with the median from C to AB.
The centroid of a triangle divides each
median into two segments with ratio
2:1; thus, we have CO = 20E = 20D —
OD = CO/2. This result implies that

CD = CO/2, which is equivalent to

CD = CE/3. If we construct a line
through D parallel to AB, we have cir-
cumscribed the smaller circle in an equi-
lateral triangle with 1/3 the height of the
original triangle. Conclude that the ratio
of areas is 9: 1, as above.

C

18.2/7. Let T=A+ B+ C+ D, where A,
B, C, and D represent the times Loreena
lived in the cities that correspond to the

alphabet letters. Then (2/7)T = A; (3/5)

«(T-2/7)T)=B+C;and (4/7)T =

C + D. Rewrite the system as follows:

(5/0T=B+C+D 1)
3/0T=B+C 2)
4/7)T=C+D 3)

Substitute (2) into (1) to obtain (5/7)T
=(3/7)T + D — (2/7)T = D. Substitute

this result into (3) to obtain (2/7)T =

C. So Loreena lived two-sevenths of her
entire life in Chicago.

19. 0.785, or roughly 11/14. The semi-
circle has radius 1, so its area is A =
7(1%)/2 = /2 = 1.57. The rectangle has
area 2, so the semicircle’s area is 1.57/2
=~ (0785, or roughly 11/14, of the rect-
angle’s area.

20. 4901. There are many approaches
to solving this problem; this one uses the
fact that the sum of the first # consecu-
tive odd numbers is #°. In the fourth fig-
ure, counting diagonally, we need

14+3+5+7+5+3+1=4+3tiles.
Starting with the first figure, the pattern
is 1>+ 0* =1, and then 2° + 1> =5 for the
second figure, and so on. The number of
tiles for the fiftieth figure is 50 + 49° =
50*+ (50 - 1)*=50"+50>-2(50) + 1 =
5000 - 100 + 1 =4901.

Alternate solution: A second approach
compares the white tiles (the empty
spaces), black tiles, and the “outside”
square (which comprises both the black
and white tiles). If each tile has unit
area, then the outer squares have areas
1,9, 25, ..., with about half the area
white. Since there are an odd number
of rows, we can match up black and
white tiles in pairs of rows until the last
row, and we find that we will always
have exactly one more black tile than
white tile in the last row. We can count
the total number of black and white
tiles. Let n represent the figure number.
The first figure, with n = 1, has 1° tiles;
for n = 2, we have 3* black and white
tiles; for n = 3, we have 5° tiles. In gen-
eral, the nth figure will have (2n - 1)* =
4n® - 4n + 1 tiles, where the number of
black tiles is one more than the number
of white tiles. Thus, 2#* - 2n + 1 tiles
are black. The fiftieth figure requires
2(50)* - 2(50) + 1=5000 - 100 + 1 =
4901 tiles.

21. The sides must be in the ratio V2: 1.
Consider parallelogram ABCD, with

M and N the midpoints of AB and DC,
respectively. To prove that ADNM and
MNCB are similar to ABCD, we must
show that the angle measures of the
three parallelograms are equal and that
the corresponding sides are in propor-
tion. ADNM and MNCB each share two
angles with ABCD; because opposite
angles of parallelograms are congruent,
we have that the angle measures are
equal regardless of the ratios of
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corresponding sides. We desire AM/AD =
AD/AB — AD*=AM- AB. Since M is a
midpoint, AM = AB/2. Substituting, we
obtain AD* = AB*/2 — AD = AB/\2 or
AB:AD=12:1.

22. Let diameter CD have length d.
Then the length of semicircle CAD is
7d/2. Since OC = OD = d/2, we find the
lengths of semicircles OC and OD are
each md/4. Thus, chord CD divides the
perimeter in half. If we can show that
the length of CA equals the length of
DB, then we have shown that chord
AB divides the perimeter in half as
well. Angles BOD and COA are verti-
cal angles; let their measure be 6. The
length of CA is (6/360°)7d, because
ZCOA is a central angle. Angle BOD is
an inscribed angle; the measure of the
central angle that intercepts DB has
measure 260. Therefore, the length of
DB is (26/360°)r(d/2) = (6/360°)nd,
which equals the length of CA . Thus,
any chord through point O divides the
perimeter of the figure in half.

B

0~0

A

23. 0.785, or approximately 11/14. The
formula for the area of an ellipse is cus-
tomarily expressed as A = wab, where

a and b represent half the lengths of
the major and minor axes. The major
axis for our ellipse has length 2, and
the minor axis has length 1, so we have
A =n(1)(1/2) = n/2, or approximately
1.57 units®. The rectangle has area 2, so
the ellipse’s area is 1.57/2 = 0.785, or
roughly 11/14, of the rectangle’s area.

24. 63674. Arithmetic sequences are
characterized by a common differ-

ence between successive terms. In this
sequence, the common difference is
-372 - (-403) = -341 - (-372) = 31.

If the sequence contains # terms,

then there are n -1 intervals of size 31
between -403 and 2015: -403 +

31(n - 1) =2015 — 31n = 2449 —
n="79. To find the sum, we use the idea

of pairing terms with the same sum: first
and last terms, second and second-to-last
terms, and so on. The number of pairs

is half the number of terms, so we will
have 79(-403 + 2015)/2 = 63674.

25. (1, 5, 15, 30, 45, 51, 45, 30, 15, 5,
1). Each element in this triangle, except
the single 1 in row 0, is the sum of the
elements directly above and to the left
and right of the number above. For
example, 16 is the sum 3 + 6 + 7.

26.(1,2,3,2,1),(1,3,6,7,6,3,1),
and 1+ 5x + 15x° + 30x” + 45x* + 51x°
+45x° + 30x" + 15x" + 5x° + 1x". The
expansion of (1 +x +x*)*is 1 + 2x + 3x>
+ 2x* + x*, and the expansion of (1 +x +
x)¥is 14 3x 4 6x° + 7x° + 6x* + 3x° + x°.
Observe that the coefficients constitute
rows 2 and 3, respectively, of the num-
ber triangle. We guess that the expan-
sion of (1 +x + x°)° uses the coefficients
from row 5 of the triangle—namely,
(1,5, 15, 30, 45, 51, 45, 30, 15, 5, 1)—
which can be confirmed with pencil
and paper.

27. 0.785, or approximately 11/14. The
radius of each circle is 0.5, so the sum of
the areas of the two circles is given by

A =27(0.5%) = /2 = 1.57 units’. The
rectangle has area 2, so the circles’ area
is 1.57/2 = 0.785, or roughly 11/14, of
the rectangle’s area.

28. 3/5, or 60%. Let T be the point of
tangency for semicircle O and diagonal
BD. Then OT'=OC=r, and OT L BD.
Since AOTD: ABCD, we have

or_op

2—-1
= — = ——
BC BD 1

\/g ’

so that W5=2 - rorr= (V5 - 1)/2. The
area of the two semicircles is

2
J5-1
Vi3 =
2
This result represents 1.2/2, or 60%,
of the rectangle’s area. Some readers
may have observed that the value of

r=(5-1)/2 = 0.618034 is the recipro-
cal of the golden ratio.

7(3-5) /2 =1.200.
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29. 74. Triangle ABC = AEBD; each
has area 6. Squares EFAB, BCID, and
CAGH have areas 9, 16, and 25, respec-
tively. It remains to find the areas of tri-
angles ICH and GAF. Through H
construct a line [ parallel to BC. Extend
1IC to meet [ at K. Since HK 1L AB and
IK 1 BC, /K is a right angle. We have
Z/BAC = ZACK, and these two angles
are complementary to LZACB and
ZKCH, respectively; thus, LZACB =
Z/KCH. We now have AABC =AHKC
by AAS, so we can find the areas of
triangles HKC, HKI, and IHC. Triangle
HKC has area (3 . 4)/2 =6, and AHKI
has area (3 . 8)/2 =12, so AICH has
area 6 by subtraction. The area of
AGAF is 6 also; it can be found in the
same way as the area of AICH. The total
area of the hexagon is the sum of the
areas of four triangles and three squares:
4.6+9+16+25="T74.

D 1
E B C
[
|
F A N
o X
I K
|
G

30. (1, 1/4); 6.75. The slope of AB is
1/2. The equation of [ is y = x/2 + b.
Since I and the parabola intersect at C,
we have x/2 + b = x*/4. The quadratic
formula gives us

x=2¢J4—4(1)(—4b) =24_r\/4+16h
2 2 ’

Since [ is tangent to the parabola, there
must be a unique solution to the qua-
dratic, so the discriminant must equal
zero. Thus, C has x-coordinate 2/2 = 1
and y-coordinate 1/4. There are many
ways to find the area of AABC. We can



find the midpoint of AB by inspection,
and we let CM, with length 2.25, serve
as the base of AACM with height 3 and
of ABCM with height 3 as well. The
area of AABC is thus 2.25(3) = 6.75.

31. D (-1/2,1/16), E (5/2, 25/16); area
of AADC equals the area of ABEC,

which equals 27/32. The slope of AC

is —1/4, so the equation of line j is

Yy =-x/4+Db. To find D, the point of tan-
gency, we have —x/4 + b = x*/4. Solve for
x with the quadratic formula:

_—1£41-4(1)(—4h) _-1%+1+16b

2 2

As before, the discriminant must equal
zero, so D has x-coordinate —1/2 and
y-coordinate 1/16. It is convenient to
find the midpoint of AC, point N in the
figure, with coordinates (-1/2, 5/8).
Use ND, with length 9/16, as the base
of AAND and ABND. Each of these
has height 1.5, so the area of AADC is
(9/16)(3/2) = 27/32, or 0.84375. Repeat
these steps for point E and the area of
ABEC. The slope of the tangent line

is 5/4; the coordinates of E are (5/2,

25/16). The midpoint of BC is P with
coordinates (5/2, 17/8); PE has length
9/16. The height of ABPE equals the
height of ACPE , which equals 1.5,

so the area of ABEC is (9/16)(3/2) =
27/32. To complete the estimate, add
the areas of the three triangles: 6.75
+2(0.84375) = 8.4375. Observe that
AADC and ABEC have the same area;
each is exactly 1/8 the area of AABC.
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