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Michelle Cetner

Weaving Geometry and Algebra Together

W
hen thinking about student 
reasoning and sense making, 
we teachers must consider the 
nature of tasks given to students 
along with how we plan to use 

the tasks in the classroom. Students should be pre-
sented with tasks in a way that encourages them to 
draw connections between algebraic and geometric 
concepts. To this end, a dynamic geometry program 
can be used with high school mathematics students 
to convey standard algebra and geometry concepts 
in a connected way through the use of carefully 
constructed questions and directed discussions. 

The platform used in the following examples is 
The Geometer’s Sketchpad®, but the tasks could be 
adapted to any dynamic geometry software platform. 

The use of tasks that encourage both visual and 
analytic reasoning has been shown to enable stu-
dents to be better problem solvers and lead to bet-
ter long-term conceptual memory (Banchoff 2008; 
Chinnappan and Lawson 2005; NCTM 2003; Noss, 
Healy, and Hoyles 1997). One reason may be that 
the concurrent and connected use of both visual 
and analytic thinking about a problem encourages 
more connections to be made between the left and 
right halves of the brain (Battista 2007; Thornton 
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Two activities help 
create a tapestry of 
connections.Weaving Geometry and Algebra Together

2001). Engaging students with connected activities 
in which both visual and analytic reasoning skills 
are used instead of giving students tasks that are 
entirely of one nature or the other greatly benefits all 
students, particularly English language learners and 
those with multiple learning styles (Thornton 2001). 

In Principles and Standards for School Math-
ematics (NCTM 2000), the Connections Standard 
includes recognizing and understanding connec-
tions among mathematical ideas and how those 
ideas build on one another to produce a coherent 
whole (pp. 64–66). The Common Core State Stan-
dards for Mathematics (CCSSI 2010) do not make 

any broad statements about connecting different 
mathematical concepts, but making meaning-
ful connections between mathematical strands is 
implied through its discussion of the mathemati-
cal practice standards of modeling, structure, and 
repeated reasoning (e.g., pp. 8–72), along with 
numerous specific examples within the content 
standards portion of the document (e.g., pp. 66–67, 
69). Together, these documents demonstrate the 
mathematics education community’s commitment 
to helping students form deep mathematical con-
nections across all topics in school mathematics. 

Two ideas prevail about the teaching of geometry  
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and algebra in a connected way. The first is that 
geometry acts as a motivator in teaching algebra 
because visualization and demonstration of pat-
terns can be instrumental in teaching students 
how to generalize and think algebraically (Presmeg 
2006; Saha, Ayub, and Tarmizi 2010). Although 
this perspective is useful in many situations in an 
algebra class, this article will focus on the second 
idea—that it is possible to teach both geometry 
and algebra concurrently and in an integrated way 
(NCTM 2003). Although the definition of 

integrated varies widely among teachers and 
schools, a survey of teachers (NCTM 2003) 
revealed that teachers often emphasize connec-
tions between subjects and topics within a subject 
through problem solving and by using mathemati-
cal reasoning and technology. 

With the availability and versatility of today’s 
technology, we can help students make powerful 
connections between algebraic and geometric con-
cepts. Through the use of dynamic software, we 
can construct classroom activities that will help 
students draw such connections, encouraging the 
shift to higher levels of student reasoning. For 
example, in the exterior angle activity discussed 
(task 2), the use of the click-and-drag feature of the 
program makes it possible to manipulate an other-
wise static image, creating a dynamic number expe-
rience for students. Students actually see the num-
ber change as the figure changes and thus have an 
enduring image that they would otherwise not have 
(Mackrell 2011; Noss, Healy, and Hoyles 1997). 
Seeing the figure and number change concurrently 
can help all students draw deeper connections with 
higher levels of reasoning about variable, incor-
porating the visual into every stage of the activity 
(Saha, Ayub, and Tarmizi 2010).

The availability of technology, however, will have 
little bearing on student learning without the influ-
ence and encouragement of the teacher (Lu 2008). 
Teachers should help students move back and forth, 
relating the analytic with the perceptual investiga-
tions and the rigorous with the intuitive approaches 
(Noss, Healy, and Hoyles 1997); in addition, they 
should help students differentiate between convinc-
ing evidence and proof and understand when each is 
appropriate (Olive 2000). The tasks in and of them-
selves are relatively standard lessons in ninth- or 
tenth-grade mathematics curricula, but the teacher’s 
implementation and guidance through careful ques-
tioning enhances the number and nature of connec-
tions that students will make.

TASK 1: THE CONSTRUCTION 
AND EQUATION OF A PARABOLA
This task uses a geometric lab approach to show 
that the set of points equidistant to a point and 
a line is a parabola. This step-by-step type of 
activity (see fig. 1), adapted from Cinco and 
Eyshinsky (2006), guides those who are just learn-
ing to use The Geometer’s Sketchpad (GSP). This 
task addresses the following Common Core stan-
dards: “Derive the equation of a parabola given 
a focus and directrix” (CCSSI 2010, p. 78) and 
“Write a function defined by an expression in dif-
ferent but equivalent forms to reveal and explain 
different properties of the function” (CCSSI 2010, 
p. 69). 

THE LOCUS OF POINTS EQUIDISTANT 
BETWEEN A POINT AND A LINE

THE LOCUS OF POINTS EQUIDISTANT  
BETWEEN A POINT AND A LINE 

m FC = 3.83 cm
m FD = 3.83 cm

Animate point C

F

A B

D

C  
 

1. Select: the Arrow tool, [EDIT], [PREFERENCES], [TEXT], check the box labeled as 

[FOR ALL NEW POINTS], and [OK]. 

2. Select: the Point tool and plot two points near the bottom of your sketch. 

3. Select: the Arrow tool, both points, [CONSTRUCT], [LINE], [CONSTRUCT], and 

[POINT ON LINE]. 

4. Select: the Point tool and plot a point above line AB.   

5. Select the Arrow tool, points D, C, [CONSTRUCT], [SEGMENT], [CONSTRUCT], 

[MIDPOINT], segment DC, [CONSTRUCT], [PERPENDICULAR LINE] and deselect. 

6. Select: point C, line AB, [CONSTRUCT], [PERPENDICULAR LINE], the perpendicular 

line through E, [CONSTRUCT], [INTERSECTION], point D, [CONSTRUCT], 

[SEGMENT], [MEASURE], [LENGTH] and deselect. 

7. Select: points F, C, [CONSTRUCT], [SEGMENT], [MEASURE], [LENGTH]. 

8. Select: lines EF, CF, segment DC, point E, [DISPLAY] and [HIDE OBJECTS]. 

9. Select: point F, [DISPLAY], [TRACE INTERSECTION] and deselect. 

10. Select: point C, [EDIT], [ACTION BUTTONS], [ANIMATION], select the tab named 

[LABEL], type “Animate point C” and [OK]. 

11. Click on the [ANIMATE POINT C] button to observe the shape that is being generated. 

12. Select: the Text tool, double click to open a dialog box, and 1) describe the relationship 

between the segments FC and FD, 2) describe the relationship between point F and the 

objects point D and line AB.  3) If the curved shape that you made is called a parabola, 

write a geometric definition for “parabola.” 

  1. Select the arrow tool and then Edit, Preferences, and Text. Check 
the box labeled as For all new points and OK. 

  2. Select the point tool and plot two points near the bottom of your 
sketch. 

  3. Select the arrow tool, both points, and Construct, Line; then 
Construct, Point On Line. 

  4. Select the point tool and plot a point above line AB. 
  5. Select the arrow tool, points D and C, Construct, Segment; then 

Construct, Midpoint, segment DC, Construct, Perpendicular Line, and 
deselect. 

  6. Select point C, line AB, Construct, Perpendicular Line, the perpen-
dicular line through E, Construct, Intersection, point D, Construct, 
Segment; Measure, Length, and deselect. 

  7. Select points F and C, Construct, Segment; Measure, Length. 
  8. Select lines EF and CF, segment DC, point E, Display and Hide 

Objects. 
  9. Select point F, Display, Trace Intersection, and deselect. 
10. Select point C, Edit, Action Buttons, and Animation. Then select the 

tab named Label; type Animate point C and OK. 
11. Click on the Animate Point C button to observe the shape that is 

being generated. 
12. Select the Text tool; double-click to open a dialog box. Then answer 

the following questions:
 (a) Describe the relationship between the segments FC and FD.
 (b)  Describe the relationship between point F and the objects 

point D and line AB.
 (c)  If the curved shape that you made is called a parabola, write a 

geometric definition for the term parabola. 

Source: Adapted from Cinco and Eyshinsky (2006)

Fig. 1  Steps to create a parabola on The Geometer’s Sketchpad are listed. 
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This activity asks students to construct and 
recognize a parabola (steps 1–11) and to create a 
definition for the parabola that they constructed. 
Students will generally recognize the shape of the 
parabola quickly but will need more guided discus-
sion to construct the geometric definition (in  
step 12), even after answering the first question on 
the worksheet: Describe the relationship between 
segments 
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them by rewording the second question: “If 
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” From 
this, students should determine that the distances 
are equal. 

Before moving on to the third question, the 
teacher may ask, “Is this always true? What if you 
move point F?” The exchange that follows may 
begin with the student conjecturing that the rela-
tionship holds because you can see the measure-
ments remain the same when you click and drag. 
The discussion may evolve into students trying 
to deductively convince either the teacher or one 
another about features of the diagram, such as that 
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 have to always have the same length 
because E is the midpoint of 
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CD  Depending on the 
students’ understanding as well as time constraints 
and the general purpose of the lesson, the teacher 
could decide to develop this discussion further or 
include other observations about parts of the parab-
ola, such as the vertex and the axis of symmetry, 
and why they will always be present.

Students are generally eager to write the 
answers to all the questions posed on their work-
sheet. As a result, they will invariably bring the 
conversation back to the third question—how to 
write the geometric definition for the trace that 
they created. By now students understand that a 
parabola is the set of all points equidistant from a 
given point and line and are ready to move on. 

Making Connections
One valuable aspect of dynamic geometry software 

is that students can then take this geometric figure 
that they have constructed and overlay coordi-
nate axes. The teacher may encourage students to 
describe the parabola analytically by asking them to 
conjecture about what the equation of this function 
should be. Students may ask where they should put 
the axes, leading to a discussion about the rigidity 
of the parabola y = a(x – h)2 + k, in which the shape 
(wideness or narrowness) of the parabola com-
pletely depends on a. Placing the origin at the ver-
tex of the parabola makes a much neater equation: 
y = ax2. This realization would ideally be developed 
by having students experiment with and discuss the 
placement of the origin on their own constructed 
sketches.

Depending on their skill and comfort level with 
the software, students may plot the function  
y = ax2 for different values of a to guess and check, 
or else they may construct a parameter and slider 
for a so that they can observe the changes in the 
graph more easily. Once students have the correct 
equation, their function plot overlays the trace 
exactly (see fig. 2). This “geometric approach 
enables students to manipulate functions as an 
entity,” making new connections that would not be 
possible by using an analytic or numeric approach 
alone (Mousoulides and Gagatsis 2004, p. 391). 

Extending the Task 
Depending on the focus 
of the class, the lesson 
may stop here or go on to 
explore an analytic proof 
of the parabola’s equa-
tion using the Pythago-
rean theorem or distance 
formula. Because our 
parabola has its vertex 
at (0, 0) and students 
already defined it as the 
set of points equidistant 
from the focus and direc-
trix, they can define the 
coordinates of the focus D 
(0, p) and the equation of 
the directrix y = –p. They 
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f x( ) = a·x2
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Fig. 2  A slider for a is used to graph f(x) = ax2 . Adjusting the value of a opens the 
parabola to include point F.

The discussion may 
evolve into students 
trying to deductively 
convince either the 
teacher or one another 
about features of the 
diagram.
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could then explore further to use a combination of 
analytic proof and geometric conjecture about what 
effect the coordinates of the focus and the point C 
on the directrix have on the equation (see fig. 3).

The equation that students develop, y = 1/(4p)x2, 
shows that the a in y = ax2 is given by the expres-

sion 1/(4p). So the width of the parabola, con-
trolled by a, is inversely related to the distance, 2p, 
between the focus and directrix. Advanced students 
may be encouraged to explore the same methods 
when the vertex is not at the origin or even when 
the directrix is not horizontal.

This task could be extended to calculus by think-
ing of the relationship of the tangent line that the 
student constructed to the curve (hidden in the 
figure). Students might measure the slope of the 
line and compare that with what they already know 
about the derivative of the function at a point. They 
also might go on to argue mathematically why this 
line ends up being the tangent line.

TASK 2: EXTERIOR ANGLE OF A TRIANGLE
This activity is designed as a teacher-led classroom 
demonstration but could also be given to students 
as a preconstructed sketch, written as a lab, or gen-
erated by students as in the previous activity. The 
purpose of this activity is to teach that the measure 
of the exterior angle of a triangle equals the sum of 
the measures of the alternate interior angles (see 
fig. 4). However, equally important in this lesson 
is the algebraic interpretation and representation 
of the situation with expressions and equations. 
This activity addresses the following Common 
Core standards: “Prove theorems about triangles” 
(CCSSI 2010, p. 77) and “Interpret expressions that 
represent a quantity in terms of its context” (CCSSI 
2010, p. 64). 

The teacher may initiate this lesson by asking 
students to conjecture and discuss what relation-
ships exist within the diagram. One technique for 
fielding student responses is to have GSP calculate 
different combinations or measurements as stu-
dents suggest and then ask students to classify and 
sort the calculations that they generated.

Making Connections 
Many students do not have a good understanding 
of variable, and activities such as this one uses the 
concept of dynamic number to reinforce the con-
cept that variables change (Mackrell 2011; Olive 
2000). For example, the teacher may encourage 
students to click and drag any point in the diagram 
and discuss what happens to the numbers. Students 
will notice that the measure of the exterior angle 
DBC is equal to the sum of the measures of the two 
interior angles. Beyond that, they should notice 
that the angle measures change along with the dia-
gram but that they keep the same relationship. This 
connection between the geometric and the numeric 
has a profound effect on student understanding of 
dynamic number.

To develop student understanding of the equiva-
lent expressions that are present, it also helps to 

m DBC = 119.19°
m ACB = 66.87°
m DAC = 52.32°
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Fig. 4  Angle measures exemplify the exterior angle theorem. 

Fig. 5  Equivalent expressions, grouped by color, are evaluated as the same 
measurement. 
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Solving for y:
    (x – 0)2 + (y – p)2 = (y – -p)2

 x2 + y2 – 2py + p2 = y2 + 2py + p2

 x2 – 2py = 2py
 x2 = 4py

 y = 
1

4p( ) x2

Using Pythagorean Theorem:
(x – 0)2 + (y – p)2  = DF
(y – -p)2 = CF
 Since DF = CF, 
(x – 0)2 + (y – p)2 = (y – -p)2

f x( ) = a·x2

a = 0.24

F (x, y)

A

D (0, p)

F

C (x, -p)
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Fig. 3  The geometric features of the parabola—its focus and directrix—are related to 
its equation.
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change the labels for the angles in front of students 
so that they can tell that naming the angles by one 
letter, three letters, or even words does not change 
their relationships. Through a class discussion 
and dynamic manipulation, students may also see 
equivalent expressions, such as 180 – z and 180 – 
(x + w) (see fig. 5).

Finally, we want students to think creatively 
about arguments that would constitute a formal 
proof of their conjectures. As in the parabola activ-
ity above, students should compare, contrast, argue, 
and evaluate their reasoning. For example, a stu-
dent might intuitively know that the angle measure 
labeled z is the same as the sum of angle measures x
and w; however, in finding ways to convince others 
that this conjecture is true, the student will learn to 
think logically through an argument. 

One student may cite the theorem that the sum 
of the measures of the angles in a triangle is 180°, 
as is the sum of the measures of the angles in a 
linear pair. Geometrically, the angle ABC, common 
to both these relationships, leads to a proof of the 
conjecture about the exterior angle. Another stu-
dent may use the blue set of equations in figure 5
to show the same theorem algebraically.

Extending the Task
The teacher may take the task 
one step further and ask other 
students which argument they 
prefer, whether and how the 
arguments are the same or 
different, and how they could 
use one argument to support 
the other. This discussion 
tends to lead students away 
from the get-the-answer-as-
quickly-as-possible approach 
to problem solving and in the 
direction of reasoning and 
sense making about general-
izations in mathematics. 

THE TEACHER’S ROLE
These two tasks demonstrate two of many ways in 
which teachers can use dynamic geometry software 
to help students learn to draw deep connections 
between geometry and algebra. The teacher’s role 
as classroom facilitator is crucial in encouraging 
students to reason, generalize, question, and prove 
their conjectures. 

We want students 
to think creatively 
about arguments that 
would constitute a 
formal proof of their 
conjectures.
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My Favorite Lesson
Tell the story of your favorite lesson in an informal, 
personal narrative of no more than 600 words. Here are 
some questions to stimulate your thinking: 

• What makes this lesson your favorite? 
• What was the genesis of the idea? 
• What are the overarching goals of the lesson? 
• How did your students react to the lesson? 
• How did you know the lesson worked? 
• What did you learn from this lesson? 
• What were some challenges in teaching the lesson? 
• How has the lesson evolved over time? 

Submit the story of your favorite lesson for 
review to Mathematics Teacher at mt.msubmit.net. 
Be sure to select The Back Page in the Department/Calls 
fi eld. For submission guidelines, see www.nctm.org
/publications/write,-review,-referee.
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mathematics, is pursuing a doctoral de-
gree in mathematics education at North 

Carolina State University in Raleigh. She is interest-
ed in mathematics teaching practices and enjoys 
giving professional development workshops about 
making mathematical connections more accessible 
to students. 

One responsibility that we have as teachers is to 
constantly ask our students important questions— 
Why?” “How?” “Where?” “When?” and “How do 
you know?”—and encourage them to ask them-
selves the same questions as they mature mathe-
matically. Students need to know that mathematics 
is more than just a dry list of formulas and proce-
dures to memorize and imitate. Making creative 
mathematical connections enhances the ability to 
model and understand the world around us.
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SUBJECTS

NEW!  The science
version of the best-selling
book. Learn the five
practices for facilitating
effective inquiry-oriented
classrooms, in math and
now in science.

5 Practices for
Orchestrating
Productive Task-
Based Discussions 
in Science

BY JENNIFER CARTIER, MARGARET SCHWAN
SMITH, MARY KAY STEIN, AND DANIELLE ROSS

FOREWORD BY MARK WINDSCHITL

Copublished with NSTA Press

©2013, Stock # 14576

NCTM’s 
BEST-SELLING
BOOK!
5 Practices for
Orchestrating
Productive
Mathematics
Discussions

BY MARY KAY STEIN
AND MARGARET
SCHWAN SMITH

©2011, Stock # 13953

All books available as . 

*This offer reflects an additional 5% savings off list price, in addition to your regular 20% member discount. 

FREE 

Correlating
the CCSSM
to NCTM’s
Navigation
Series

BY PEGGY A.
HOUSE

Connect the CCSSM to NCTM’s best-selling
Navigation Series!

©2014, Stock #14913

FOR THE
COMMON CORE
FRANCES CURCIO, 
SERIES EDITOR

Implementing the
Common Core State
Standards through
Mathematical
Problem Solving:
High School

BY THERESA GURL,
ALICE ARTZT, AND
ALAN SULTAN

©2012, Stock #14329
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Get Published
Discover how simple it is to turn your 
ideas into articles.
Presented by Rick Anderson,  
MTMS editor

Thursday, April 16:
10:30−10:45 a.m. and

1:30−1:45 p.m.

Friday, April 17:
10:30−10:45 a.m. and

1:30−1:45 p.m.

Saturday, April 18:
10:30–10:45 a.m.

Be a Journal Referee
Find out how critiquing manu-
scripts can help your career. 
Presented by Tara Slesar,   
MT editor

Thursday, April 16:
11:30−11:45 a.m. and

2:00−2:15 p.m.

Friday, April 17:
11:30−11:45 a.m. and

2:00−2:15 p.m.

Saturday, April 18:
11:00−11:15 a.m. 

Avoid Writing Pitfalls
Learn hints on steering clear of 
those pesky manuscript potholes.
Presented by Beth Skipper,  
TCM editor

Thursday, April 16:
1:00−1:15 p.m. and

2:30−2:45 p.m.

Friday, April 17:
1:00−1:15 p.m. and

2:30−2:45 p.m.

Saturday, April 18:
10:00−10:15 a.m. 

Here’s what’s going on:

The journal editors from Teaching Children Mathematics, 
Mathematics Teaching in the Middle School, and Mathematics Teacher 
will be giving a series of mini-sessions to help you write or referee 
for one of NCTM’s school journals. Inside of 15 minutes, you’ll 
discover how to submit your ideas for publication, volunteer as a 
referee, or polish an existing manuscript. The editors will explain the 
peer-review process, answer your questions, point you in the right 
direction, and allay any fears you may have about getting started.  
All for a price that can’t be beat—free!

Get Published.
Be a Journal Referee.
Avoid Common Writing Pitfalls.

Find out how 
at NCTM Central   
located in the  
Exhibit Hall.

Find out how at 
NCTM Central   
located in the  
Exhibit Hall.
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