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~ DISCOVERING THEIR HISTORY AND THEIR MAGIC

DAWN L ANDERSON

AGIC SQUARES HAVE LONG BEEN CONSIDERED A MATHEMATI-

cal recreation providing entertainment and an interesting outlet

for creating mathematical knowledge. An nth-order magic square

is a square array of #? distinct integers in which the sum of the » THE [:I] NSTR” [:“ [IN
numbers in each row, column, and diagonal is the same. The magic
lies in the fact that the numbers in each row, column, and diagonal al- [": MAE": SuuAR[S
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ways sum to the same number, called the magic con-
stant. Figure 1 shows an example of a third-order
magic square with a magic constant of 15.

A Brief History of Magic Squares

MAGIC SQUARES HAVE A RICH HISTORY DATING
to around 2200 B.c. A Chinese myth claimed that
while the Chinese Emperor Yii was walking along
the Yellow River, he noticed a tortoise with a unique
diagram on its shell (see fig. 2). The Emperor de-
cided to call the unusual numerical pattern lo shu.
The earliest magic square on record, however, ap-
peared in the first-century book Da-Dai Liji.

Magic squares in China have been used in vari-
ous areas of study, including astrology; divination;
and the interpretation of philosophy, natural phe-
nomena, and human behavior. Magic squares also
permeated other areas of Chinese culture. For exam-
ple, Chinese porcelain plates on display in museums
and private collections were decorated with Arabic
inscriptions and magic squares.

Magic squares most likely traveled from China to
India, then to the Arab countries. From the Arab
countries, magic squares journeyed to Europe, then
to Japan. Magic squares in India served multiple pur-
poses other than the dissemination of mathematical
knowledge. For example, Varahamihira used a
fourth-order magic square to specify recipes for
making perfumes in his book on seeing into the fu-
ture, Brhatsamhita (ca. 550 A.D.). The oldest dated
third-order magic square in India appeared in
Vrnda’s medical work Siddhayoga (ca. 900 A.D.), as a
means to ease childbirth.

Little is known about the beginning of research on
magic squares in Islamic mathematics. Treatises in the
ninth and tenth centuries revealed that the mathematical
properties of magic squares were already developed
among what were then Islamic Arabic-speaking na-
tions. Further, history suggests that the introduction of
magic squares was entirely mathematical rather than
magical. The ancient Arabic designation for magic
squares, wafq ala'dad, means “harmonious disposi-
tion of the numbers.” Later, during the eleventh and
twelfth centuries, Islamic mathematicians made a
grand leap forward by proposing a series of simple rules
to create magic squares. The thirteenth century wit-
nessed a resurgence in magic squares, which became
associated with magic and divination. This idea is illus-
trated in the following quotation by Camman, who
speaks of the spiritual importance of magic squares:

If magic squares were, in general, small models of the
Universe, now they could be viewed as symbolic repre-
sentations of Life in a process of constant flux, constantly
being renewed through contact with a divine source at
the center of the cosmos. (Prussin 1986, p. 75)

Considerable interest in

magic squares was also evi-
dent in West Africa. Magic 4 9
squares were interwoven

throughout the culture of
West Africa. The squares held
particular spiritual importance 3 5)
and were inscribed on cloth-

ing, masks, and religious arti-
facts. They were even influen- 8 1
tial in the design and building

of homes. In the early eigh-

teenth century, Muhammad

ibn Muhammad, a well-known Fig. 1 A third-order magic square

astronomer, mathematician,

mystic, and astrologer in Muslim West Africa, took
an interest in magic squares. In one of his manu-
scripts, he gave examples of, and explained how to
construct, odd-order magic squares.

During the fifteenth century, the Byzantine
writer Manuel Moschopoulos introduced magic
squares in Europe, where, as in other cultures,
magic squares were linked with divination,
alchemy, and astrology. The first evidence of a
magic square appearing in print in Europe was re-
vealed in a famous engraving by the German artist
Albrecht Diirer. In 1514, Diirer incorporated a
magic square into his copperplate engraving Melen-
colia I in the upper-right corner.

Chen Dawei of China launched the beginning of
the study of magic squares in Japan with the import
of his book Suan fa tong zog, published in 1592. Be-
cause magic squares were a popular topic, they
were studied by most of the famous wasan, who
were Japanese mathematics experts. In Japanese
history, the oldest record of magic squares was evi-
dent in the book Kuchi-zusam, which described a 3-
by-3 square.

Fig. 2 Lo Shu, the oldest known magic square
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During the seventeenth century, serious consid-
eration was given to the study of magic squares. In
1687-88, a French aristocrat, Antoine de la Lou-
bere, studied the mathematical theory of construct-
ing magic squares. In 1686, Adamas Kochansky ex-
tended magic squares to three dimensions. During
the latter part of the nineteenth century, mathe-
maticians applied the squares to problems in proba-
bility and analysis. Today, magic squares are stud-
ied in relation to factor analysis, combinatorial
mathematics, matrices, modular arithmetic, and
geometry. The magic, however, still remains in
magic squares.

Pheru’s Method of
Constructing Magic Squares

THE FIRST KNOWN MATHEMATICAL USE OF
magic squares in India was by Thakkura Pheru in
his work Ganitasara (ca. 1315 A.D.). Pheru provided
a method for constructing odd magic squares, that
is, squares in which # is an odd integer. Start by
placing the number 1 in the bottom cell of the cen-
tral column (see fig. 3). To obtain the next cell
above it, add » + 1, getting » + 2. To obtain the next
cell above # + 2, add z + 1 again, getting 2% + 3. Con-
tinuing to add in this way to obtain the cell values in
the central column results in an arithmetic progres-
sion with a common difference of » + 1. Continue
adding 7 + 1 until reaching the central column’s top
cell, which has a value of #2.

The remaining cells in the square are obtained
by starting from the numbers in the central column.
Figure 4 illustrates Pheru’s method. Consider
making a 9-by-9 magic square, hence n = 9. Pick

S5n+6

dn+5

3n+4

2n+3

Fig. 3 The first steps in Pheru’s method for constructing
odd-order magic squares
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any number in the central column, for example, 1.
Add = to 1, in this example getting 9 + 1 = 10. Next
move as a knight in chess would, beginning at 1
and moving one cell to the left, then two cells up. In
this cell, place the 10. From this cell, repeat the
same process. Add 10 + 9 to get 19, complete the
knight move, and place 19 in the resulting cell. Con-
tinue this process until arriving at the cell with a
value of 37. Adding 9 and completing the knight
move places 46 outside of the original 9-by-9
square. To remedy this situation, pretend that you
have 9-by-9 squares on each side and corner of the
original 9-by-9 square. Notice that the cell where 46
is located is in the outside square above the original
square and off to the left-hand corner. Simply move
46 to the corresponding cell in the original 9-by-9
square.

When arriving at a number that exceeds 81, sim-
ply subtract 81 from the number. For example, lo-
cate 77 in figure 4. Adding 9 and completing the
knight move arrives at a sum of 86, which is greater
than 81 and so outside the original square. The dif-
ference between 86 and 81 is 5. Next place 5 in the
corresponding cell in the original square. Continu-
ing to follow these instructions, which were given
by Pheru, produces a 9-by-9 magic square with a
magic constant of 369. To summarize, to obtain the
rest of the cells after finding the center column,
move one cell to the left and two cells up while in-
creasing the number by #. When this move causes
a number to fall outside the square, move the num-
ber to its corresponding cell inside the square.
When the number exceeds n2, subtract #2 from the
number.

Notes to the Teacher

MAGIC SQUARES ARE DEEPLY woven throughout
African culture. Magic squares were seen in the art-
work, dress, and living spaces of African people.
They were also used for divination purposes. Stu-
dents can investigate this topic further by using the
Internet or beginning with the following sources,
then write a brief report and present their findings
to the class.

e Gerdes, Paulus. Geometry from Africa: Mathe-
matical and Educational Explorations. Washing-
ton, D.C.: Mathematical Association of America,
1999.

e Prussin, Labelle. Hatumere: Islamic Design in
West Africa. Berkeley, Calif.: University of Cali-
fornia Press, 1986.

e Zaslavsky, Claudia. Africa Counts: Number and
Pattern in African Culture. Brooklyn, N.Y.:
Lawrence Hill Books, 1979.



The student activity sheet allows students to ex-
plore the magic in magic squares embedded in a
historical context. The brief history outlined here
gives teachers a starting point for the activities.

The background for activity 2 is that Laghunan-
dana, in his work on Hindu law, Smrtitattva (ca.
1500 A.D.), explained a method for constructing
fourth-order magic squares, which were prescribed
for specific purposes. For example, a magic square
of order four with a magic constant of 84 was pre-
scribed to soothe a crying child. The parent could
find reprieve by constructing this particular magic
square using Laghunandana’s instructions.

For activity 3, students will need to be shown
Pheru’s method of constructing an odd magic
square.

For activity 4, the student sheet contains a
shortened version of the following explanation.
Teachers may want to work through the example,
explaining the historical context to students before
they continue with the rest of the activity. A magic
square is said to be normal if the n® numbers are
the first #° positive integers. Antoine de la Lou-
bere, who was the envoy of Louis XIV to Siam from
1687 to 1688, created a simple method for finding a
normal magic square of any odd order. Students
are shown the following method for a fifth-order
magic square:

Draw a square, and divide it into twenty-five cells
(see the second figure on the activity sheet).
Border the square with cells along the top and
right edges, and shade the added cell in the top-
right corner. Regard this shaded cell as occu-
pied. Begin by writing 1 in the middle-top cell of
the original square. The general rule is to pro-
ceed diagonally upward and to the right with
successive integers. This rule has two excep-
tions. First, if you land in a cell that is out of the
original square, then you can get back into the
original square by shifting completely across the
square, either from top to bottom or from right
to left, and continuing with the general rule. Sec-
ond, if you land in a cell that is already occupied,
then you must write the number in the cell im-
mediately beneath the one last filled, then con-
tinue with the general rule.

When they have worked through the example
for a fifth-order magic square, ask students to com-
pare Loubere’s method with Pheru’s in number 3.

An extension activity would be to first find the
formula for the magic constant of an nth-order nor-
mal magic square, which is [z + 1)]1/2, and then
to find the formula for the middle number of an #th
order normal magic square, which is (n2 +1)/2.

46 | 57 | 68 | 79 | 90 22 | 33 | 44

45 | 47 | 58 | 69 | 80 12 | 23 | 34

35 |37 | 48| 59 | 70 | 81 2 13 | 24 | 35

25 136 | 38 | 49 | 60 | 71 | 73 3 14 | 25

15 |26 | 28 | 39 | 50 | 61 | 72 | 74 4 15

16 | 27 | 29 | 40 | 51 | 62 | 64 | 75

76 6 17 | 19 | 30 | 41 | 52 | 63 | 65 | 76

66 @ 7 | 18 | 20 | 31 | 42 | 53 | 55 | 66

56 167 | 78 8 10 | 21 | 32 | 43 | 54 | 56

57 | 68 | 79 9 | 11 | 22 | 33 | 44 | 46

47 | 58 | 69 | 80 | 1 12 ] 23 | 34 | 45

Fig. 4 An odd-order magic square completed with a constant
of 369 by using Pheru’s method

Solutions to the Activity Sheet

1a. The magic square is of the fifth order be-
cause its dimensions are 5 by 5.

1b. The magic constant is 65 because each row,
column, and diagonal sums to 65.

2a. A fourth-order magic square with a magic
constant of 34 was used to protect travelers.

4 9 5 | 16

14| 7 |11 | 2

151 6 |10 | 3

1 |12 8 | 13

2b. A fourth-order magic square with a magic
constant of 64 was used to protect warriors.

7 15| 22 | 20

23 119 | 8 14

10 | 12 | 25 | 17

24 | 18 9 13
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3. Solution for # = 5

16 | 23 | 30| 7 14

15| 17| 24| 26 | 8

9 |11 18| 25| 2 | 9

28 110| 12| 19|21 | 3

2 4 | 6 13|20 | 22
23| 5 7114 |16
1724 1 | 8 |15
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4. s |2
8| 16|38
315 |7]|3
4|9 | 2
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Activities to Uncover the Magic NAME
in Magic Squares

1. Using the magic square shown at right, answer the following questions: 119l 719513

a. What order is the magic square? Explain your answer. 1023 | 11| 4 |17
b. What is the magic constant? Explain your answer.

14 2 | 20| 8 | 21

2. In India, around 1500 A.D., 4-by-4 magic squares were constructed for par- | ;g | ¢ | 24 | 12 | 5
ticular purposes. For example, to soothe a crying child, a fourth-order
magic square with a magic constant of 84 was prescribed. 22 |15 | 3 |16 | 9

a. If you were traveling in India around 1500 A.D., you would want to construct a fourth-order magic
square with a magic constant of 34 to protect you on your travels. Do so using the numbers 1-16.

b. If you were a warrior in India around 1500 A.D., you would need to construct a fourth-order magic
square with a magic constant of 64 for protection. Construct this square using 7 as the smallest
number and 25 as the largest number.

3. Use Pheru’s method to construct magic squares in which » equals 5.

4. A Frenchman named Antoine de la Loubere created a method for constructing a magic square using

consecutive numbers starting with 1. An #-by-z# square would contain the numbers 1,2, 3, ..., n°. To
construct a fifth-order square, first draw a square and divide it into

twenty-five cells (see the figure at right). Add a border of cells along 18 las| 2| o

the top and right edges. Shade the added cell in the top-right corner,

and think of it as occupied. Write 1 in the middle-top cell of the origi- 17124 | 1| 8 | 15|17
nal square. As a general rule, fill in cells diagonally upward and to the 23| 5 | 7| 14| 16| 23
right with numbers that increase by 1. This rule has two exceptions.

First, if you land in a cell that is outside the original square, then you 4 | 6 | 13| 20|22 | 4
can get back into the original square by shifting completely across the ol12]19l 211 3|10
square, either from top to bottom or from right to left, and continuing

with the general rule. Second, if you land in a cell that is already occu- 11 |18 [25| 2 | 9
pied, then you must write the number in the cell immediately beneath

the one last filled, then continue with the general rule.

Using de la Loubere’s method, construct a normal magic square of the third order.
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