Name: ______________________________________________________Date: ________________

Painting a Wall-Area and Fractions

Predict: When you multiply a fraction by another fraction, will the product be larger than,
smaller than or equal to the factors (original fractions)? ____________________________
Why? ____________________________________________________________________
_________________________________________________________________________
_________________________________________________________________________

Part 1:

Show the fraction of the wall with play-doh. Draw a picture using the rectangles.

1. Paint

1
of the wall.
3

2. Paint

1
of the wall.
5

3. Paint

2
of the wall.
3

4 Paint

3
of the wall.
4

5. Paint

3
of the wall.
5
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Part 2: Painting a Fraction of a Fraction
1. Look back at # 1 from page 1. Build your play-doh to show
day, you only painted half of that amount?

1
again. What if on the first
3

a. How many equal pieces is the whole divided into?_____
b. What fraction of the wall did you paint? _________
c. Write what you painted in words:
I painted _________ of _________, which was __________ of the wall.

1
again. What if on the first
5
day, you only painted half of that amount? Show what fraction you painted using the play-doh
and with the picture below.
2. Look back at # 2 from page 1. Build your play-doh to show

a. How many equal pieces is the whole divided into?_____
b. What fraction of the wall did you paint? _________
c. Write what you painted in words:
I painted _________ of _________, which was __________ of the wall.

2
again. What if on the first
3
day, you only painted half of that amount? Show what fraction you painted using the play-doh
and with the picture below.
3. Look back at # 3 from page 1. Build your play-doh to show

a. How many equal pieces is the whole divided into?_____
b. What fraction of the wall did you paint? _________
c. Write what you painted in words:
I painted _________ of _________, which was __________ of the wall.

3
again. What if on the first
4
day, you only painted one-third of that amount? Show what fraction you painted using the playdoh and with the picture below.
4. Look back at # 4 from page 1. Build your play-doh to show

a. How many equal pieces is the whole divided into?_____
b. What fraction of the wall did you paint? _________
c. Write what you painted in words:
I painted _________ of _________, which was __________ of the wall.
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Part 3: Area Model to Multiply Fractions
For each problem below, draw a picture to show the area as the product of the factors
(dimensions). The square has a length and width of 1.
1.

1 1
× This means I need to find ___________ of ____________________.
4 2

a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________
c) So,

2.

1 1
× = __________
4 2

1 1
× This means I need to find ___________ of ____________________.
2 5

a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________
c) So,

3.

1 1
× = __________
2 5

1 1
× This means I need to find ___________ of ____________________.
3 4

a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________
c) So,

1 1
× = __________
3 4

IMP Activity: Painting a Wall- Area and Fractions

3

4.

2 1
× This means I need to find ___________ of ____________________.
3 3

a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________
c) So,

5.

2 1
× = __________
3 3

1 3
× This means I need to find ___________ of ____________________.
3 4

a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________
c) So,

6.

1 3
× = __________
3 4

2 1
× This means I need to find ___________ of ____________________.
3 5

a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________
2 1
c) So, × = __________
3 5
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1 1
7. 1 × This means I need to find ___________ of ____________________.
3 2
a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________

1 1
c) So, 1 × = __________
3 2

1 1
8. 2 × This means I need to find ___________ of ____________________.
4 2
a) How many equal parts is the whole divided into? _________
b) What fraction of the whole represents the area or product?________

1 1
c) So, 2 × = __________
4 2

Part 4: Drawing Conclusions by Looking at the Math
Record the factors and product for each problem you solved in part 3.
Problem #
1st Fraction
2nd Fraction
Product
1
2
3
4
5
6
7
8
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1) Looking across each problem, what pattern do you notice about the two numerators of the
factors compared to the numerator in the product?
I noticed that ________________________________________________________________
___________________________________________________________________________
___________________________________________________________________________

2) Looking across each problem, what pattern do you notice about the two denominators of the
factors compared to the denominators in the product?
I noticed that ________________________________________________________________
___________________________________________________________________________
___________________________________________________________________________

3) So, when I am multiplying two fractions together, I ________________________________
the numerators and I ______________________________ the denominators to get the product.

Revisiting the Prediction
Is it possible to multiply two fractions and have the product be smaller than either of the two
factors? When might this happen and why?

When we multiply two fractions together, the product is less than the two factors when
___________________________________________ because _________________________
___________________________________________________________________________
___________________________________________________________________________
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Teacher Directions
Materials:
◊ Play-doh (1 can per person or pair), Plastic Knife and Plate
◊ Colored Pencils or highlighters
Objective
Students will represent a fraction of a rectangle using play-doh and then show what a fraction of
that fraction would represent. Students will connect this representation to a visual model of the
area model and use this to multiply fractions. Students will study patterns to generalize a rule for
multiplication of fractions.
Directions:
Pass out the activity sheet and give the students two minutes to read and complete the prediction
section (we will come back to this later in the lesson.)
Pass out play-doh, plastic knives (or dental floss) and a plate to each person or pair of students.
Ask the students to form their play-doh into a rectangle or rectangular prism. Ask them to use
1
their knives to show . Call on a few students to come show how they represented one-third
3
and how they know the piece is really one-third. Have the students use colored pencils to show
one-third on the picture model.

Repeat this process for the remaining problems in part 1. It is okay if students represent their
fraction differently, as long as it really is the correct fraction of the wall and they can explain.
For part 2, however, students will soon find that shading like above will be easier to do with all
models (generalizing!). Thebig ideas for part 1 are: 1) 1/3 can llook different ways…cuts can be
horizontal or vertical or other ways too and 2) we need equal parts if we are going to use the
fractional names – 2 pieces that are unequal cannot be called halves).
Direct the class’ attention to part 2. Have each student build their wall again and show onethird. Then ask, what if you only painted half of that amount on day 1? Have the students use
their play-doh to show one-half of the one-third. Ask, how many equal pieces is the whole
divided into (shoud be 6, regardless of which method students used). Ask how many pieces
1
represent what they will paint that day (should be one of the sixths, or ). Have students share
6
methods, and if possible, guide the students to agree upon a method where you mark halves on
one side and thirds on the other side (as shown below). If other methods seem equally easy, you
can agree upon this during a later problem (such as number 4 where other methods get too
messy). See example.
1/2
of
1/3

1/3
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If students did well with #1, let them continue using play-doh and then drawing a picture to
represent the fraction of the wall painted each time. Have students come present their play-doh
model and picture for each problem, making sure to ask for alternate ways to build or draw.
Discuss the alternate ideas, noting which are the same (commutative property) and which are
different and if they still work and what advantages or disadvantages might be. Make sure to
support all correct methods, but agree, by the end of #4, to use the model above (or the same
model with the dimensions reversed).
Part 3
Allow students to continue with play-doh, if they would like, but require them to draw using an
area model. (See below for #1). Have the students try #1, come back to have students present
and discuss and then repeat this for #2. After this, allow students time to work on their own for
about 20 minutes (while you circulate and ask questions) before coming back and having
students share their thinking and work.
1/2
a) How many equal parts is the whole divided into? 8

1/4 of 1/2

b) What fraction of the whole represents the area or product? 1/8
1 1 1
c) So, × =
4 2 8
Part 4
Some students may have already recognized a pattern for how to multiply without the area
model- great! To help all students see this, have them begin by filling in the table, using the
answers for part 3. (To save time, you can pre-fill in the table and put up the correct answers).
Use think-pair-share to have students answer the conclusion questions. The goal of this section
is for students to use logic in repeated reasoning to see that the product of two fractions can be
found by calculating the product of the numerators and the product of the denominators.
Additionally, the “revisiting the prediction” section is intended for students to explain the
concept of the multiplication of fractions as finding a part of a part. You should hihglight
answers that reveal that the product can be less when multiplying two fractions less than one as
you take a fraction of a whole and then only a fraction of that fraction. Note that we will deal
with the concept of when the product of two fractions is less than one, equal to one or greater
than one in a subsequent lesson.
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Name: ________________________________________

Date:________________

Money for Children’s Research Hosptial
Background: Each year near the Holidays, businesses will work to collect money
for different charities. Children’s Research Hospital is a place where kids with
serious medical issues come get treatment for free and where doctors try to find
cures for some of these diseases. This year, Children’s Research Hospital is trying
to raise 1 million dollars with the help of a toy store.
In the past, the toy store has asked each shopper to donate $1, $5 or $10 to the
Children’s Research Hospital. While they were able to collect a lot of money, they
did not reach $1,000,000. This year they have a new plan. The toy store thinks a
lot of people say no to giving dollars, but they think that people would be willing
to give up change. So, they have decided to ask each person who shops if they
would donate their “change” from each order. What this means is that they will
ask each person to donate the amount of money needed to make their bill reach the
next whole dollar amount. So, if a bill was $34.50, they would ask the shopper to
donate $.50 to make their total bill $35.00. If a bill was $34.72, they would ask the
shopper to donate $.28 cents to make their total bill $35.00.
The toy store tried this approach for a week and found that almost every customer
said yes to donating the “change” it would take to get to the next full dollar. But,
the toy store and charity are worried that they won’t collect very much money, as
each shopper is only donating between $.01 and $.99.
Prediction
1. How long do you think it will take the toy store to collect $1,000,000 using this
method? Why?
__________________________________________________________________
__________________________________________________________________
2. Will this new method allow the toy store to collect more or less money than
when they just asked for donations of $1, $5 or $10?
__________________________________________________________________
__________________________________________________________________
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Assumptions: As a group, discuss and record what assumptions you are making
to determine your answers above. Below are some questions to consider.
1. How many toy stores are there in the United States who are participating in
raising funds for the Research Hospital?
2. About how many people buy something from each toy store each day?

3. How many people will say, “yes” to donating their “change” each day?

4. How many days will the toy store be trying to collect money for the Research
Hospital?

5. What is the average amount of money each person will donate?

6. How many people donated money with the old system of asking for $1, $5 or
$10?
Preparing Your Groups Presentation
After discussing all of your assumptions, as a team come up with an official
answer to the two prediction questions. Be prepared to share the following with
the class or a small group:
How long do you think it will take the toy store to collect $1,000,000 using this
method?
◊ State your assumptions
◊ Show calculations used
◊ Use complete sentences to explain your answer and reasons
Will this new method allow the toy store to collect more or less money than when
they just asked for donations of $1, $5 or $10?
◊ State your assumptions
◊ Show calculations used
◊ Use complete sentences to explain your answer and reasons
IMP Activity: Money for Children’s Research Hospital
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Materials:
◊
◊

Teacher Directions
Optional: Video of Children’s Research Hospital
Calculators

Objective: In this modeling lesson which serves as a hook for this unit, students consider how
much money can be raised for a charity by asking each shopper to donate the change needed to
increase their total bill to the next full dollar amount. Students will discuss what assumptions
they are making to determine whether or not the store can raise $1,000,000 and whether or not
this method will be more effective than asking shoppers to simply donate $1, $5, or $10.
Directions
Note: This is lesson involves mathematical modeling, which means students must assume or
infer missing information in making a decision and thus there can be different correct answers,
justified by math and assumptions!
Begin the lesson by asking students if they have ever seen a store ask shoppers to donate money
for a charity or cause. Allow a few students to share. Then ask if anyone has heard of
“children’s research hospitals”. Optional: Show a brief video of what places like St. Jude’s
Children’s Research Hospital do. Note- the videos are very emotional, so consider this when
sharing with your class. Here is one option of which you can show a few minutes:
https://www.youtube.com/watch?v=IhuE8K25TWA
Instead of showing a video, you can also share some quick facts about what St. Jude does as
listed below:
1. Families never receive a bill from St.Jude for treatment, travel, housing and food - because all
a family should worry about is helping their child live.
2. St.Jude is working to drive the overall survival rate for childhood cancer to 90 percent in the
next decade. We won't stop until no child dies from cancer.
3. Treatments invented at St. Jude have helped push the overall childhood cancer survival rate
from 20 percent to more than 80 percent since it opened 50 years ago. We won't stop
until no child dies from cancer.
4. Because the majority of St. Jude funding comes from individual contributors, St. Jude has the
freedom to focus on what matters most - saving kids regardless of their financial situation.
Pass out the activity sheet and have a few volunteers read the background. Ask a few questions
to make sure all the students understand how the fund-raising works. Using think-pair-share, ask
the class how much money the toy store would ask someone to donate if their bill was $3.90.
Ask this for 2-3 more examples to make sure students realize that each shopper would donate
between $.01 and $1.00. Make sure the class understands that not every shopper will say yes.
Once the class understands the scenario, give the students 2-3 minutes to silently and
individually complete the prediction questions. Do not say anything about how many stores
there might be or answer any questions about details, but let the students know it is up to them to
decide. After every student has recorded a prediction, take a quick class poll. Begin by asking
who thinks the toy store will raise more money with this new method vs. asking for $1, $5 or $10
(use thumbs up or down to have the class vote and allow 2-3 students to share their reasoning).
The take a poll to see how long the class thinks it will take to raise a million dollars. Ask who
thinks they can raise this in 1 week, 1 month, 2 months, 3 months, 1 year, 5 years, 10 years, more
than 10 years.
Put the students into groups of 2-4. Explain to the class that each student had to make some
assumptions when answering the prediction question. Give the groups a few minutes to discuss
what assumptions each student made in answering question #1. Use roundtable to allow each
student 30-60 seconds to share. Bring the class back together and have them turn to page 2 of
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the activity sheet. Let them know they will have about 10 minutes to discuss the questions listed
under the assumptions section and record their ideas. Make sure the class knows there are not
exact answers for any of these! Option: allow students to do some research to help them answer
the assumptions.
Once the 10 minutes are up, explain to the class that each group will now need to fully answer
the two prediction questions. In their answer, each group must:
◊ State their assumptions
◊ Show calculations used
◊ Use complete sentences to explain their answer and reasons
Give groups about 10-20 minutes to prepare their solutions and answers. At the end of 20
minutes, you can either have groups present to the class and lead a discussion or you can pair up
two groups and have them present to each other. Provide a few sentence frames for the groups to
use to question the presenting group. See below for some examples.
◊
◊
◊

I agree with _______, but wonder if you considered __________.
What were you assuming _________ would be?
Did you consider ______ in your answer?

Close out the lesson by letting the students know that there is a store that raises just over
$1,000,000 each year during the month of December using this method: Gymboree. Note that
this is not to tell students they are right or wrong, as Gymboree is not the same as a Toy store,
but just to let them know it is possible. Let the class know that this next unit will involve a study
of “change” or decimals and that by the end of the unit, they should be able to make more precise
calculations to show how much money could be raised.
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Math Modeling: An Introduction
Task 1: What is Modeling? Think-Pair-Share
In the CCS-M, math practice #4 is about students “modeling with mathematics” .
What do you think “modeling” means in mathematics?

Task 2: Reading
v The room will be divided into 1’s and 2’s.
v 1’s will read a definition found in the appendix of the CCS
v 2’s will read a definition by Polluck
v Using inside-outside line, 1’s and 2’s will teach and learn from one another.
Task 3: From what you learned, add to, delete or modify your initial definition of
modeling from Task 1. What is Mathematical Modeling?

Task 4: Do a Modeling Task
Task 5: From what you learned, add to, delete or modify your initial definition of
modeling from Task 1. What is Mathematical Modeling?

Task 6: Read about what Modeling is “not” from CA Framework Appendix D.
From what you learned, add to, delete or modify your initial definition of modeling
from Task 1. What is Mathematical Modeling?
Reflection Questions:
1. Have you ever done “modeling” with your students? If so, how did it go? If not,
why?
2. How would your students do if presented with today’s modeling problem?

3. What will you need to do to prepare your students for success with mathematical
modeling, such as the task we did today?

Math Practices 3, 7, and 8
Reflection
CCSS.Math.Practice.MP3
Construct viable arguments and critique the reasoning of others.
Mathematically proficient students understand and use stated assumptions, definitions,
and previously established results in constructing arguments. They make conjectures and
build a logical progression of statements to explore the truth of their conjectures. They
are able to analyze situations by breaking them into cases, and can recognize and use
counterexamples. They justify their conclusions, communicate them to others, and
respond to the arguments of others. They reason inductively about data, making plausible
arguments that take into account the context from which the data arose. Mathematically
proficient students are also able to compare the effectiveness of two plausible arguments,
distinguish correct logic or reasoning from that which is flawed, and—if there is a flaw in
an argument—explain what it is. Elementary students can construct arguments using
concrete referents such as objects, drawings, diagrams, and actions. Such arguments can
make sense and be correct, even though they are not generalized or made formal until
later grades. Later, students learn to determine domains to which an argument applies.
Students at all grades can listen or read the arguments of others, decide whether they
make sense, and ask useful questions to clarify or improve the arguments.
Where do students have the opportunity
to use math practice #3 in the fractions
lesson? Explain.

CCSS.Math.Practice.MP7 Look for and make use of structure.
Mathematically proficient students look closely to discern a pattern or structure. Young
students, for example, might notice that three and seven more is the same amount as
seven and three more, or they may sort a collection of shapes according to how many
sides the shapes have. Later, students will see 7 × 8 equals the well remembered 7 × 5 + 7
× 3, in preparation for learning about the distributive property. In the expression x2 + 9x +
14, older students can see the 14 as 2 × 7 and the 9 as 2 + 7. They recognize the
significance of an existing line in a geometric figure and can use the strategy of drawing
an auxiliary line for solving problems. They also can step back for an overview and shift
perspective. They can see complicated things, such as some algebraic expressions, as
single objects or as being composed of several objects. For example, they can see 5 - 3(x
- y)2 as 5 minus a positive number times a square and use that to realize that its value
cannot be more than 5 for any real numbers x and y.
CCSS.Math.Practice.MP8 Look for and express regularity in repeated reasoning.
Mathematically proficient students notice if calculations are repeated, and look both for
general methods and for shortcuts. Upper elementary students might notice when
dividing 25 by 11 that they are repeating the same calculations over and over again, and
conclude they have a repeating decimal. By paying attention to the calculation of slope as
they repeatedly check whether points are on the line through (1, 2) with slope 3, middle
school students might abstract the equation (y - 2)/(x - 1) = 3. Noticing the regularity in
the way terms cancel when expanding (x - 1)(x + 1), (x - 1)(x2 + x + 1), and (x - 1)(x3 + x2
+ x + 1) might lead them to the general formula for the sum of a geometric series. As they
work to solve a problem, mathematically proficient students maintain oversight of the
process, while attending to the details. They continually evaluate the reasonableness of
their intermediate results.

How does math practices #7 and #8 help students move from the concept/big idea to
deriving the procedure. Explain.

Mathematics Modeling
Modeling links classroom mathematics and statistics to everyday life, work, and decision-making. Modeling
is the process of choosing and using appropriate mathematics and statistics to analyze empirical situations,
to understand them better, and to improve decisions. Quantities and their relationships in physical,
economic, public policy, social, and everyday situations can be modeled using mathematical and statistical
methods. When making mathematical models, technology is valuable for varying assumptions, exploring
consequences, and comparing predictions with data.
A model can be very simple, such as writing total cost as a product of unit price and number bought, or
using a geometric shape to describe a physical object like a coin. Even such simple models involve making
choices. It is up to us whether to model a coin as a three-dimensional cylinder, or whether a two-dimensional
disk works well enough for our purposes. Other situations—modeling a delivery route, a production
schedule, or a comparison of loan amortizations—need more elaborate models that use other tools from the
mathematical sciences. Real-world situations are not organized and labeled for analysis; formulating
tractable models, representing such models, and analyzing them is appropriately a creative process.
Like every such process, this depends on acquired expertise as well as creativity.
Some examples of such situations might include:

●
●
●
●
●
●
●
●

Estimating how much water and food is needed for emergency relief in a devastated city of 3
million people, and how it might be distributed.
Planning a table tennis tournament for 7 players at a club with 4 tables, where each player
plays against each other player.
Designing the layout of the stalls in a school fair so as to raise as much money as possible.
Analyzing stopping distance for a car.
Modeling savings account balance, bacterial colony growth, or investment growth.
Engaging in critical path analysis, e.g., applied to turnaround of an aircraft at an airport.
Analyzing risk in situations such as extreme sports, pandemics, and terrorism.
Relating population statistics to individual predictions.

In situations like these, the models devised depend on a number of factors: How precise an answer do we
want or need? What aspects of the situation do we most need to understand, control, or optimize? What
resources of time and tools do we have? The range of models that we can create and analyze is also
constrained by the limitations of our mathematical, statistical, and technical skills, and our ability to
recognize significant variables and relationships among them. Diagrams of various kinds, spreadsheets and
other technology, and algebra are powerful tools for understanding and solving problems drawn from
different types of real-world situations.
One of the insights provided by mathematical modeling is that essentially the same mathematical or
statistical structure can sometimes model seemingly different situations. Models can also shed light on the
mathematical structures themselves, for example, as when a model of bacterial growth makes more vivid
the explosive growth of the exponential function.

The basic modeling cycle is summarized in the diagram. It involves (1) identifying variables in the situation
and selecting those that represent essential features, (2) formulating a model by creating and selecting
geometric, graphical, tabular, algebraic, or statistical representations that describe relationships between the
variables, (3) analyzing and performing operations on these relationships to draw conclusions, (4)
interpreting the results of the mathematics in terms of the original situation, (5) validating the conclusions by

comparing them with the situation, and then either improving the model or, if it is acceptable, (6) reporting on
the conclusions and the reasoning behind them. Choices, assumptions, and approximations are present
throughout this cycle.

In descriptive modeling, a model simply describes the phenomena or summarizes them in a compact form.
Graphs of observations are a familiar descriptive model— for example, graphs of global temperature and
atmospheric CO2 over time.
Analytic modeling seeks to explain data on the basis of deeper theoretical ideas, albeit with parameters that
are empirically based; for example, exponential growth of bacterial colonies (until cut-off mechanisms such
as pollution or starvation intervene) follows from a constant reproduction rate. Functions are an important
tool for analyzing such problems.
Graphing utilities, spreadsheets, computer algebra systems, and dynamic geometry software are powerful
tools that can be used to model purely mathematical phenomena (e.g., the behavior of polynomials) as well
as physical phenomena.

Modeling Standards Modeling is best interpreted not as a collection of isolated topics but rather in
relation to other standards. Making mathematical models is a Standard for Mathematical Practice, and
specific modeling standards appear throughout the high school standards indicated by a star symbol (★).

CA Framework:

³7KH'HILQLWLRQRI0DWKHPDWLFDO0RGHOLQJ´
%\+HQU\23ROODN

:KDWGRZHPHDQE\DPRGHOLQDVFLHQWLILFRUPDWKHPDWLFDOVHWWLQJ VHH-XQFRVD "


$QHQJLQHHUPD\PDNHDPHFKDQLFDO³PRGHO´ZLWKZHLJKWVDQGVSULQJVRIDQ
HOHFWULFDOFLUFXLWZLWKFDSDFLWDQFHVDQGUHVLVWDQFHV



$VZLWFKLQJFLUFXLWPD\EHD³PRGHO´IRUD%RROHDQIXQFWLRQ



$UHDOQXPEHUPD\EHD³PRGHO´IRUDSRLQWRQDOLQHDQGYLFHYHUVD



$JURXSPD\VHUYHDVD³PRGHO´IRUWKHV\PPHWULHVRIDUHFWDQJOH



$ORJLVWLFIXQFWLRQPD\EHD³PRGHO´IRUWKHJURZWKRIDEDFWHULDOSRSXODWLRQ

,QWKHILUVWRIWKHVHRQHUHDOZRUOGREMHFWLVUHSUHVHQWHGE\DQRWKHU,QWKH
VHFRQGDPDWKHPDWLFDOREMHFWLVUHSUHVHQWHGE\DUHDOZRUOGREMHFWLQWKHWKLUGD
PDWKHPDWLFDOREMHFWE\DGLIIHUHQWPDWKHPDWLFDOREMHFWLQWKHIRXUWKRQHPDWKHPDWLFDO
REMHFWE\DPRUHDEVWUDFWPDWKHPDWLFDOREMHFW7KHILUVWIRXUDOOUHSUHVHQWPHDQLQJVRID
PRGHOLQDVFLHQWLILFRUPDWKHPDWLFDOVHWWLQJ7KLVFKDSWHUKRZHYHULVFRQFHUQHGZLWK
WKHILIWKDQGODVWPHDQLQJDPDWKHPDWLFDOPRGHOZKLFKUHSUHVHQWVDUHDOZRUOGVLWXDWLRQ
E\DPDWKHPDWLFDORQH
(YHU\DSSOLFDWLRQRIPDWKHPDWLFVXVHVPDWKHPDWLFVWRXQGHUVWDQGRUHYDOXDWHRU
SUHGLFWVRPHWKLQJLQWKHSDUWRIWKHZRUOGRXWVLGHRIPDWKHPDWLFV:KDWGLVWLQJXLVKHV
PRGHOLQJIURPRWKHUIRUPVRIDSSOLFDWLRQVRIPDWKHPDWLFVDUH  H[SOLFLWDWWHQWLRQDWWKH
EHJLQQLQJWRWKHSURFHVVRIJHWWLQJIURPWKHSUREOHPRXWVLGHRIPDWKHPDWLFVWRLWV
PDWKHPDWLFDOIRUPXODWLRQDQG  DQH[SOLFLWUHFRQFLOLDWLRQEHWZHHQWKHPDWKHPDWLFVDQG
WKHUHDOZRUOGVLWXDWLRQDWWKHHQG7KURXJKRXWWKHPRGHOLQJSURFHVVFRQVLGHUDWLRQLV
JLYHQWRERWKWKHH[WHUQDOZRUOGDQGWKHPDWKHPDWLFVDQGWKHUHVXOWVKDYHWREHERWK
PDWKHPDWLFDOO\FRUUHFWDQGUHDVRQDEOHLQWKHUHDOZRUOGFRQWH[W7KHVWHSVLQWKH
PDWKHPDWLFDOPRGHOLQJKDYHEHHQGHVFULEHGPDQ\WLPHV

7KHSUHVHQWDQDO\VLVIROORZVWKDWRI3ROODN  


:HLGHQWLI\VRPHWKLQJLQWKHUHDOZRUOGZHZDQWWRNQRZGRRUXQGHUVWDQG
WKHUHVXOWLVDTXHVWLRQLQWKHUHDOZRUOG



:HVHOHFW³REMHFWV´WKDWVHHPLPSRUWDQWLQWKHUHDOZRUOGTXHVWLRQDQG
LGHQWLI\WKHUHODWLRQVDPRQJWKHP7KHUHVXOWLVWKHLGHQWLILFDWLRQRILPSRUWDQW
FRQFHSWVLQWKHUHDOZRUOGVLWXDWLRQ



:HGHFLGHZKDWZHZLOONHHSDQGZKDWZHZLOOLJQRUHDERXWWKHREMHFWVDQG
WKHLULQWHUUHODWLRQV:HFDQQRWWDNHHYHU\WKLQJLQWRDFFRXQW7KHUHVXOWLVDQ
LGHDOL]HGYHUVLRQRIWKHRULJLQDOTXHVWLRQ



:HWUDQVODWHWKLVLGHDOL]HGYHUVLRQLQWRPDWKHPDWLFDOWHUPVDQGREWDLQ
DPDWKHPDWLFDOIRUPXODWLRQRIWKHLGHDOL]HGTXHVWLRQ7KLVLVFDOOHGD
PDWKHPDWLFDOPRGHO



:HLGHQWLI\WKHILHOGRUILHOGVRIPDWKHPDWLFVWKDWDUHUHOHYDQWWRWKHPRGHO
DQGEULQJWREHDURXULQVWLQFWVDQGNQRZOHGJHDERXWWKHVHILHOGV



:HXVHPDWKHPDWLFDOPHWKRGVDQGLQVLJKWVWRJHWUHVXOWV2XWRIWKLVVWHS
PD\FRPHQHZWHFKQLTXHVLQWHUHVWLQJH[DPSOHVVROXWLRQVDSSUR[LPDWLRQV
WKHRUHPVDOJRULWKPV



:HWDNHDOOWKHVHUHVXOWVDQGWUDQVODWHEDFNWRWKHUHDOZRUOG:HQRZKDYHD
WKHRU\DERXWWKHLGHDOL]HGTXHVWLRQ



   Ǥǫ
  ǡǡ  
 ǫ

D

,I\HVWKHUHDOZRUOGSUREOHPVROYLQJKDVEHHQVXFFHVVIXO2XUQH[W
MREQDPHO\WRFRPPXQLFDWHZLWKSRWHQWLDOXVHUVLVERWKGLIILFXOWDQG
H[WUDRUGLQDULO\LPSRUWDQW

E

,IQRZHJREDFNWRWKHEHJLQQLQJ:K\DUHWKHUHVXOWVLPSUDFWLFDORUWKH
DQVZHUVXQUHDVRQDEOHRUWKHFRQVHTXHQFHVXQDFFHSWDEOH"%HFDXVHWKHPRGHO
ZDVQRWULJKW:HH[DPLQHZKDWZHQWZURQJWU\WRVHHZKDWFDXVHGLWDQG
VWDUWDJDLQ

7KHZKROHVHTXHQFHVWHSVIRUPVPDWKHPDWLFDOPRGHOLQJ:KHQSHRSOHVSHDNRI
³ZRUGSUREOHPV´LQDPDWKHPDWLFVWH[WERRNWKH\XVXDOO\PHDQVRPHYRFDEXODU\IURP

VWHSSOXVVRPHDVSHFWRIVWHS 6WHSLVXVXDOO\GHWHUPLQHGIURPWKHWLWOHRIWKH
ERRNRUFKDSWHULQZKLFKWKHZRUGSUREOHPDSSHDUV ³3UREOHPIRUPXODWLRQ´UHIHUVWR
VWHSVWKURXJKDQGWKHPDWKHPDWLFDOPRGHOLWVHOILVWKHHQGUHVXOWRIVWHS³$SSOLHG
PDWKHPDWLFV´LVWUDGLWLRQDOO\DQDPHIRUDFROOHFWLRQRIILHOGVRIPDWKHPDWLFVWKDWDULVH
IUHTXHQWO\LQVWHS$Q³DSSOLFDWLRQRIPDWKHPDWLFV´W\SLFDOO\HQFRPSDVVHVVWHSV
WKURXJK$QLGHDOL]HGYHUVLRQRIDUHDOZRUOGSUREOHPLVJLYHQWRWKHVROYHUZKRPXVW
WKHQWUDQVODWHLWLQWRPDWKHPDWLFDOWHUPVFDUU\RXWDSSURSULDWHPDWKHPDWLFVDQGUHVWDWH
WKHUHVXOWVLQWKHYRFDEXODU\RIWKHUHDOZRUOGVLWXDWLRQ:KDWLVXVXDOO\PLVVLQJLVWKH
XQGHUVWDQGLQJRIWKHRULJLQDOVLWXDWLRQWKHSURFHVVRIGHFLGLQJZKDWWRNHHSDQGZKDWWR
WKURZDZD\DQGWKHYHULILFDWLRQWKDWWKHUHVXOWVPDNHVHQVHLQWKHUHDOZRUOG
7KHVHGHILQLWLRQVRIZKDWDUHDIWHUDOOIDPLOLDUWHUPVDQGSKUDVHVGRQRW
UHSUHVHQWFRQVHQVXVDPRQJWKHERG\RIPDWKHPDWLFLDQVRUDXWKRUV,QSDUWLFXODUDSSOLHG
PDWKHPDWLFVWHQGVWREHXVHGYHU\IUHHO\DQGZLWKDYDULHW\RIPHDQLQJV%XWWKH
GLIIHUHQFHVDPRQJWKHVHPHDQLQJVDUHYHU\LPSRUWDQWIRUXQGHUVWDQGLQJWKHKLVWRU\RIWKH
WHDFKLQJRIPDWKHPDWLFDOPRGHOLQJ
)XUWKHUPRUHSUDFWLWLRQHUVRIPDWKHPDWLFDOPRGHOLQJGRQRWLQHYLWDEO\IROORZ
VWHSVVHTXHQWLDOO\DQGZLWKRXWIXUWKHUWKRXJKW-XVWDVLQPHWDPDWKHPDWLFVRUDQ\
WKRXJKWIXODFWLYLW\IRUWKDWPDWWHUWKH\FRQWLQXDOO\ORRNERWKDKHDGDQGEDFNDQGWKH
DFWXDOSURFHVVLVIDUOHVVOLQHDUWKDQWKHZULWHXSPLJKWVXJJHVW

