Anatomy
of a
Good Review

What Is the Anatomy of a Good Review?

What makes a good review?
•
•
•
•
•

The strengths and weaknesses of the article are indicated.
The comments are as specific as possible.
The mathematics and the pedagogy are examined carefully.
The tone and substance of the review are respectful.
The comments that you include are appropriate to forward to the author.

Just as you would guide your students, mention the strengths of the manuscript
first and the weaknesses later. Frame the criticisms of the manuscript in a way that
suggests steps that the author might take to improve the piece. Each author needs
specifics if he or she is to improve the content or style of the manuscript. There is
a place on the form to include confidential comments to the staff or Editorial
Panel that you DO NOT want the author to see. However, what goes in the main
review should be professional and offer constructive criticism, irrespective of the
quality of the manuscript.
Although the Editorial Panel and journal editors will examine the mathematics, it
is also the referee’s responsibility to check the mathematics thoroughly. We make
every effort to produce a high-quality, error-free journal; that goal can only be
accomplished with careful attention to accuracy by everyone involved in the
process.
What are your recommendation options?
You will be asked to select one of these three categories for your final
recommendation: reject, revise, or accept.
REJECT: Recommend that a manuscript be rejected if you feel the topic or its
treatment is already well known by the journal readers. If the author’s ideas are
difficult to understand or are not well executed and you feel that the author will be
unable to improve the quality of the manuscript significantly, then it should be
rejected. Also recommend REJECT if you feel that the ideas in the manuscript
have the potential to make a contribution to the journal but the manuscript
requires an extensive revision in style or organization.
REVISE: These manuscripts show strong promise but may need some stylistic
improvement and some minor additions or deletions in the text. If you choose this
option, the authors may be sent your comments and will be given a deadline by
which to return the revision for a final review. The Editorial Panel may request
that the revised manuscript be sent to you for a second review.
ACCEPT: Manuscripts in this category should address important topics in a clear,
readable fashion. Minor editorial changes may be needed but these should be ones
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that the author can easily complete. Remember that comments from the referees
are sent to the author as an aid in revising the article.

What does the review look like?
To help you get started, examine the items in this packet. They will give you
guidelines for your review as well as an example of a published manuscript. The
items include:




Quick Reference Guide: Characteristics of a Helpful Review
Manuscript Evaluation Form for Referees
Case Study:
 Part 1: Manuscript
 Part 2: Referee Recommendations to Panel and Feedback to
Author
 Part 3: Editorial Panel Feedback to Author
 Part 4: Published Article

Thank you for your interest in serving the mathematics education community by
volunteering for this important task. If you have any questions, please e-mail the
journal editor.
Teaching Children Mathematics: tcm@nctm.org.
Mathematics Teaching in the Middle School: mtms@nctm.org
Mathematics Teacher: mt@nctm.org
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Quick Reference Guide: Characteristics of a Helpful Review
1. Read the review criteria and the questions on the evaluation form before
reading the manuscript.
2. Summarize the intent and content of the article.
3. Provide a rationale for your recommendation to reject, revise, or accept.
4. Read the manuscript with these basic issues in mind:







Does the article add new information/ideas to the field or does it
duplicate available materials?
Is the writing either too basic or too technical?
Did you identify any incorrect mathematics or inappropriate
pedagogy?
Is the length adequate/appropriate for the topic?
Are all the figures necessary? Do the figures add something new to the
text?
Is the manuscript appropriate for the audience? (Is it useful to teachers
at various levels across grades, to mathematics supervisors, special
educators, or teacher educators?)

5. Begin with positive comments. Point out both strengths and weaknesses of
the article.
6. Include specific suggestions for improvements:




Correct mathematics as appropriate
Suggest deletions and/or additions
Consider reorganization of the manuscript as well as possible changes
in title, subheadings, introduction, and conclusion.

7. Avoid personal biases.
8. Make comments that can be reproduced and shared with the author. Your
comments and suggested revisions may be submitted in bulleted form.
Where applicable, please refer to the manuscript page number and line
number.
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Mathematics Teacher
Manuscript Evaluation Form for Referees

The manuscript you recently received has been submitted for publication in the
MATHEMATICS TEACHER. Carefully check the mathematics, pedagogy, and
use of technology involved in the manuscript, where applicable. You will
receive a copy of your review after you click the Submit Recommendation
button. If any comments you make do not show up fully in the box, please
make notes as to the main idea. Note any sexual, ethnic, racial, or other
stereotypes. Thank you for your thoughtful consideration of this material.
1. In your view, what is the intent of this article?

2. Part of the reviewer's responsibility is to check the mathematics in the
manuscript. Have you done so?
Yes

No

3. Is the mathematics correct?
Yes

No

If your answer to either of the two preceding questions was no, please
explain.
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4. What is your recommendation?
5. Include a detailed rationale for your recommendation, providing
specific examples that may be sent to the author to support the decision.
Please consider as many of the following as appropriate in writing your
justification:
1. The manuscript is of interest to MT readers (classroom teachers, teacher
educators, and preservice teachers, among others).
2. The manuscript addresses pedagogical issues relevant to teachers'
professional development.
3. The manuscript addresses mathematical topics useful for teachers'
professional development.
4. The manuscript addresses topics central to the mathematics curriculum in
grades 8-14.
5. The manuscript addresses priority topics such as but not limited to diverse
student populations, technology, or reasoning.
6. The manuscript is clear and readable for teachers.
7. The mathematical exposition, correctness, and beauty meet MT's high
standards.
8. The manuscript offers new insights or ideas or raises important questions or
dilemmas.
9. The manuscript shows evidence of the influence of classroom practice and/or
presents concrete suggestions for classroom practice.
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6. Are you willing to work with the author(s) to shape the manuscript into
a form that is publishable?
Yes

No

If the Editorial Panel recommends that the author(s) revise a manuscript and a
revised manuscript is submitted, you may be asked to evaluate the revised
manuscript.
7. Confidential comments for the Editorial Panel or NCTM staff. (Not to
be shared with the author(s)).

Please save a copy of your review off-line for your records.
Review Attachments
Attach marked manuscript, additional comments or other file. For instructions
click here.
After pressing the "Browse" button, select "All files (*.*)" on the pop-up's File
Type menu.
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CASE STUDY
Part 1:
Manuscript
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MT CASE STUDY
Part 1: Manuscript #09-01-001-3M
Pirates of the Parametric Parabolas
Introduction
[One of the author’s] son enjoys playing with a spring-loaded, plastic toy
canon that accompanies his model pirate ship (Figures 1 and 2). This canon pivots
on gimbals and can, therefore, be fired at any angle from about -15 degrees to 195
degrees when viewed from a position directly in front of the gimbals. The spring
provides each fired projectile with approximately the same initial velocity.
Therefore, this simple yet delightful toy, together with a digital camera, can be
used with high school students to demonstrate the influence of angle on parabolic
trajectories and simultaneously, an exploration of the underlying parametric
equations.
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Figures 1 and 2. A childrens’ toy, a pivoted, spring-loaded canon.
“Experience before label,” is a phrase John LeTellier uses to emphasize
the correct sequence of discovery learning (LeTellier, 2007). Students should first
grapple with a hands-on activity before they learn the formal theory that explains
it. Following that advice let’s first explore ways this activity can be conducted in
the classroom and then look at the mathematics involved.
Projectile Motion as a Function of Initial Angle: Two Alternative Classroom
Activities
Aside from entering the classroom in swashbuckling attire, teachers may
set the stage and provide motivation for this activity by asking students the
question, “What shape is traced out by a flying cannonball?” This might be
followed by a short discussion with volunteers who pass a ball back and forth
with the teacher. Commentary during the game of catch might include: “What a
beautiful parabola you’re making!” or “I admire the roots represented by the
position from which we pass the ball to each other,” or “Do you notice how the
ball reaches a high point or maximum vertex in the center between our throwing
positions?” and finally, “We should explore this in more depth.”
Data Gathering Procedure
First Method
1. Ask students to tape two perpendicular meter sticks on the board with the
“zero” corners, which represent the origin, just touching at the lower left
edge of the board. These will serve as the x- and y-axes. A carpenter’s
level will be useful in making sure the rulers are precisely vertical and
horizontal. Draw grid lines at intervals of 10 cm (See figure 3)
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Figure 3. Students preparing to gather data.
2. Have students tape a protractor to the board such that the center of the
protractor is on the origin. Have them mark guidelines for aiming the
canon at intervals of 15 degrees.
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Figure 4. Students assuming different roles for the activity.
3. Let students assign themselves to these roles
a. Someone to hold and fire the trigger on the toy canon.
b. Another person to align the toy canon with the axes and the
appropriate angle mark.
c. Three or more student to watch carefully and mark the points the
cannonball’s trajectory crosses the x-axis.
d. Three or more students to watch carefully and mark the high point
of the cannonball’s trajectory.
e. Alternatively, though not as interactive, a digital video recording
may be made.
f. Finally, someone to do a countdown and shout, “Fire!”
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4. The data that is gathered may be organized as shown in figure 5 for later
entry into the spreadsheet feature of a graphing calculator.

Figure 5. Sample data collected by students.
Second Method
The data gathered by firing a spring-loaded, toy canon assumes that the
projectile is fired at the same initial velocity for each angle. This assumption was
not tested in our experiments. However, this problem may be overcome by
examining a stream of water issuing from a flexible hose attached to a faucet. As
long as the pressure source for the water supply does not oscillate significantly,
one may assume that initial velocity remains constant for each angle. Otherwise
the procedure is the same as described above for the toy canon. Figure 6
demonstrates this technique.
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Figure 6. Students gathering data on the position of the vertex of a stream of water
as a function of the angle at which the stream leaves the hose. Grid lines may have
to be redrawn between trials.
Modeling Data with Parametric Equations on the Graphing Calculator
For our purposes we assume that students are familiar with the general
gravitational equation: y(x) = -1/2gx2 + v0x + ho, where y is the height of a
projectile, x is taken as either the horizontal displacement of the projectile or time
since launch, g is acceleration due to gravity, v0 is the initial velocity, and h0 is the
initial height. From this equation and from having closely observed the flight of
each cannonball students easily recognize the trajectories as parabolas. The
interesting points to record in this activity are the coordinates of each vertex.
Once the data has been gathered, the critical question becomes “Is there a pattern
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in the location of the vertices for the family of parabolas generated by firing the
cannonball at different angles?” See figure 7. The answer provided by one
insightful young woman, [Name], was “It looks like they trace out a parabola,
too!” This marvelous response naturally leads to a rich discussion of the
mathematics underlying what seems to be an obvious pattern.

Figure 7. The first screen shot shows student gathered data in the spreadsheet
feature of a Casio 9850 GB Plus graphing calculator. List represents launch angle
in increments of 15 degrees, List 2 and List 3 contain the x- and y-coordinates,
respectively, of the corresponding vertices. The second screen shot is a scatter
plot of these maximums.
Modeling Cannonballs with Parametric Equations
Notice that the launch angle does not appear as a variable in the general
gravitational equation. It must be treated as a parameter lying behind this
equation. Nevertheless, with knowledge of the maximum and roots of each
projectile’s flight, students may take advantage of the flexibility of the graphing
calculator to generate a family of quadratic functions that differ from one another
only in the launch angle parameter.
This procedure may be called the “View Window” technique of finding a
quadratic equation. [Note to editors and reviewers: this “View Window”
procedure was described in detail in a previously accepted article submitted to
Mathematics Teacher. It is referenced only here to save space. However, the
details of this technique may be included if the reviewers and editors feel it is
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appropriate.] The (x, y) coordinates of the roots and vertex of each trajectory are
used to set the x- and y-limits on the view window. Then, in the equation editor
students experiment with the coefficients until they find a satisfactory quadratic
equation of the form y = ax2 + bx + c, which should start at the lower left of the
view window, just graze the midpoint of the upper edge of the view window, and
then pass through the lower right corner. This procedure has been employed
successfully in other activities. Placing each resulting function in the equation
editor of the graphing calculator, students may superimpose the graphs of their
equations over the data they collected.
The deeper question remains “What gives rise to the apparent pattern in
the vertices?” To answer this question a bit of physics must be introduced. When
cannonballs exit the barrel the velocity is directed along the flight path. However,
we may imagine that this velocity is the sum of two components—vertical and
horizontal. With the image of a triangle whose hypotenuse represents the velocity
we can use basic trigonometry to show that vx = v0 cos  and vy = v0 sin . These
equations allow us to build the parametric equations that generate the function
whose input or domain is the launch angle and whose output or range are the
vertices of each parabola.
Initial velocity along the
direction of flight, v0
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Horizontal component of velocity, v0cos
Figure 8: A simple diagram to introduce the parameters involved.
This set of parametric equations, which an ambitious teacher or student may wish
to derive, but may also simply be provided to students are:
X() = ((v0)2 sin 2)/ g
Y() = ((v0)2 (sin )2/ 2g
Where, x() and y() are the coordinates of each vertex as a function of launch
angle, v0 is the initial velocity of the projectile, and g = 9.8 m/sec2, which is
acceleration due to gravity. [The derivation may be provided or given as a
supplement if desired by editors and reviewers.]
We can create a simplified, virtual version of the experiment described
earlier to test the validity of this finding and to answer [Name’s] claim that the
pattern in the maximums appeared to be parabolic. First, we generate a series
vertex coordinates using the parametric equations, where the angle is changed by
increments of 15 degrees from zero to 90. Then, the “View Window” procedure
alluded to earlier can be used to create a family of parabolas corresponding to
these points. In each case we substitute appropriate values of v0 into the general
gravitational equation: y(x) = -1/2gx2 + v0x + ho. The value of g will always be 9.8 m/sec2 and, for simplicity, h0, the height from which the cannon was fired, can
be taken to be zero. The following series of screen shots show the results of this
virtual experiment:
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Figure 9: A series of screen shots demonstrating the behavior of the vertices of a
family of trajectories that differ by launch angle only. Initial velocity is assumed
to be 1 m/s and g = -9.8 m/s2.
One answer to our question, “What is the pattern in the maximums?” might be
this, “The maximums vary according to a set of parametric equations that take
into account the horizontal and vertical components of the velocity. However,
there is even more to this story.
Extra for Experts: Finding the Hidden Ellipse
Though one might think the function connecting the vertices of each
parabola is itself a parabola, the case for an ellipse emerges when we realize that
launch angles from 90 to 180 degrees will produce a reflection of the fifth panel
of Figure 9 in quadrant II. We can verify this algebraically as follows:
First, assume v0 = 1 and g = 1. You can have the students figure out the
general case. [The general case, in which we keep the expression for v0 and g in
the algebra may be provided if desired by editors and reviewers, but is omitted
here for the sake of space.] Plotting the points we realize that the ellipse was
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shifted up 0.5 units, instead of in standard position. So, we can shift it down 0.5
units by subtracting 1/2 from the Y(t) expression:
X(t)= sin (2t) and,
Y(t)=(Sin(t))^2 -1/2
Now we just need to use trig identities. Since 1-2(sin(t))^2 = cos(2t), our
parametric equations become,
X(t) = sin(2t) and,
Y(t) = -1/2 cos(2t).
Now we can use the Pythagorean identity (sint)^2 + (cost)^2 = 1 to eliminate the
parameter t.
We obtain:
X^2 + (-2Y)^2 = 1
Now we need to shift back up 1/2 unit to get our original ellipse.
X^2 + (2(Y-.5))^2 = 1
Or
X^2 + (2Y-1)^2 = 1
This is the original ellipse, with v0 = 1 and g = 1.
Discovery and Confirmation of Intuition: The screen shots below in Figure
10 tell the following story. In the first three panels are the equations, in standard
quadratic form, and view windows for a series of canon shots in which only the
launch angle is varied (in the range from 0 to 360 degrees). The fourth panel is the
graph of these equations. The fifth panel is a visual demonstration that when the
launch angle is varied and all other gravitational parameters are held constant, the
vertices of each trajectory are connected by an ellipse. This ellipse is described by
the set of parametric equations we obtained by taking into account the x- and yRevised 082713
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components of the initial velocity. The calculator screen shots nicely capture the
motion of our thought. First, we asked the question “What is the relationship
among the family of parabolas generated by varying the launch angle?” Then, we
conducted an experiment to gather data on this physical phenomenon. Next, we
generated a mathematical model based on our assumptions. Finally, we compared
our model to the data and found a satisfying agreement.

Figure 10. A visual demonstration that the vertices of a family of trajectories that
differ only in launch angle are themselves described by an elliptical parametric
function.
Discrepancies Between the Theory and Experiment
“In theory, there is no difference between theory and reality, but in reality,
there is.” (Henderson). The observant reader will certainly notice that the data
collected from the student experiment do not fall exactly along an ellipse. These
differences invite a rich discussion between students and their teacher on the
correspondence between theory and experiment. Among the reasons for the
difference are the following:
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o The cannon may not have been aligned properly with the protractor
marks before firing.
o The height of the vertex may not have been properly marked.
o The tension in the spring, therefore the velocity of the cannonball,
may not have been constant from one firing to the next.
The first two difficulties may be controlled for by carefully practicing the
procedure before collecting data. The second difficulty, if it exists, might be
overcome by using the second technique, namely, a stream of water connected to
a constant pressure source.
Conclusion
Our world is filled with an amazing variety of delightful phenomena,
which are richly accessible to mathematical analysis. The behavior of projectiles
and streams of water certainly fall under this category. Engaging students in
physical activities of mathematical discovery using toys like spring loaded canons
or streams of water issuing from a hose can create a lasting appreciation for
mathematics. This appreciation of physics and mathematics is likely to extend to
their observation of animated scenes of fountains and projectiles that students
might witness in movie scenes like “Robots” and “Ratatouille” as well casual
glances at the fountains they see in their neighborhood parks.
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MT CASE STUDY
Part 2: Referee Feedback

Referee/Reviewer #1 - - 2009-01-19
What is your recommendation

Revise

Would you work with the author(s) to get the manuscript into
publishable form?

Yes

Have you checked the mathematics?

Yes

Is the mathematics correct?

No

Intent of this article
The intent of this article is to present an activity that allows students to create,
collect, and analyze data from projectile motion. The article also discusses how
to use student activities and observations to lead into mathematical
investigations.
mathematics comments
On lines 110 and 111, the author(s) present parametric equations that are
supposed to represent the vertex of the parabola with initial launch angle theta.
The x-coordinate given (line 110) is
x(t) = ((v0)^2 sin 2theta)/g. That is in fact, the x-coordinate of the second xintercept. (See
http://en.wikibooks.org/wiki/High_school_physics/Projectile_motion for one
derivation)
The vertex is half way at x(t) = ((v0)^2 sin 2theta)/(2g).
The y-coordinate (line 111) is correct.
The author(s) frequently switch between g = 9.8 m/sec^2 and
g = -9.8 m/sec^2. The formulas assume g = 9.8 m/sec^2.
On lines 191-192, the author(s) write that the function gives the rate of change
of the vertex. It is actually the position of the vertex.
The derivation of the ellipse (ending line 175) is not correct. It is shifted up
0.25, not 0.5. The correct ellipse is
[x^2]/[v/(4*g^2)] + [(y - v^2/(4*g))^2]/[v^4/(16*g^2)]=1
where v is the initial velocity and g is the gravity constant.
Include a detailed rationale for your recommendation. Portions of your
review may be sent to the author(s) in support of the Panel's decision.
The mathematics must be corrected, and the derivations should be included or
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referenced.
If the mathematics is corrected, this article describes an excellent hands on
activity to investigate projectile motion. Projectile motion is probably the most
commonly used example of an application of quadratic functions, but this is the
first time that I have seen someone describe the creation and use hands-on
student data. This use of concrete examples and student discovery is consistent
with pedagogical recommendations from the NCTM.
The article would be of interest to anyone involved in teaching classes that
study quadratic functions such as algebra and precalculus. Going into the
derivation, which I strongly recommend including in the article, would be
useful to calculus and/or physics students.
The article also provides appropriate use of graphing calculators to organize
and display the data through tables and graphs, and the author(s) describe a nice
method for experimentally finding a "best fit" quadratic model using the xintercepts and vertex.

Referee/Reviewer #3 - - 2009-02-10
What is your recommendation

Reject

Would you work with the author(s) to get the manuscript into
publishable form?

No

Have you checked the mathematics?

Yes

Is the mathematics correct?

No

Intent of this article
The intent of this article is to describe an activity that engages students in using
parametric equations to describe several features of projectile path.
mathematics comments
There is a minor inconsistency between the formula given on page 111 and the
one given on line 155 (a factor of 2). In addition, I would encourage the author
to include derivations of all formulas given to students.
Include a detailed rationale for your recommendation. Portions of your
review may be sent to the author(s) in support of the Panel's decision.
It's an interesting article about an activity that would very clearly engage
students. The main criticism I have is how the author goes from the activity to
formulas in rectangular form. I believe the author could capitalize on the
activity more completely; in other words, it appears that as soon as the data are
collected, the students are provided with formulas. Why not have the students
come up with their own formulas? For example, since the point of the activity
and the article as a whole is to give the students experience in parametric
equations, have the students come up with parametric equations for the height
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of the projectile as a function of time as well as parametric equations for the
vertex as a function of angle of the cannon. (You could do this by guess and
check with a graphing utility that graphs parametric equations -- like the TI83,
TI84, etc.) The students could then convert these equations to rectangular form
and then compare these parametric equations to those given to them in line 59
and lines 110 and 111. They probably would come up with quadratic forms for
both sets of parametric equations -- that would lead to an interesting discussion
of approximating one function with another type of function. This would also
provide them with a period of "play" with parametric equations.
Some other minor recommendations:
1. In line 59 I think it would be helpful to not assume anything and provide a
derivation of the general gravitational equation.
2. In lines 50-56, it took me several readings to figure out what you were
suggesting. Could you say it more clearly?
3. The equation on line 111 is different from what is used on line 155. What
happed to the "2" in the denominator on line 111?
4. How does the "hidden" ellipse make sense physically?
5. Line 118 is missing "of".
6. I'm not sure if it's beneficial to see only part of a screen in the figures.
I think the author should revise and resubmit the article.

Referee/Reviewer #4 - - 2009-04-27
What is your recommendation

Revise

Would you work with the author(s) to get the manuscript into
publishable form?

No

Have you checked the mathematics?

Yes

Is the mathematics correct?

No

Intent of this article
I think one major problem with the article as currently written is that it's hard to
tell what the author's main intent was. As best as I can determine, it is to
provide a concrete example of what s/he staes in lines 212-213: "Our world is
filled with an amazing variety of delightful phenomena, which are richly
accessible to mathematical analysis."
mathematics comments
It is almost all correct. Some is not as complete as I'd like, but I would have
checked yes except for what I think is a typo in the equation in line 110 where a
2 is missing from the denominator.
Include a detailed rationale for your recommendation. Portions of your
review may be sent to the author(s) in support of the Panel's decision.
The fact that the vertices of the parabolic motion paths trace out an ellipse is
neat, so there is an article that can be written here.
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It will be important, however, to define the focus. I had to reread the article
carefully several times to figure out what the main point was and along the way
found it extremely difficult to identify what was supposed to be main idea and
what was supposed to be detail. I would recommend saying up front (in the
article, not in class) that the goal is to show that the vertices of projectile
motion paths for a given initial velocity and a range of launch angles (I'd
recommend from -180 degrees to 180 degrees, not 0 to 360 as the author uses
in line 181) trace out an ellipse. It would also be good to mention that, prior to
embarking on this exploration, students need to be comfortable with quadratic
functions, right triangle trigonometry, and double-angle identities, and have at
least a minimal understanding of parametric equations. (I think the lesson
would work best if students knew ahead of time the parametric form of the
equation of an ellipse. That would make lines 159 and 161 the major "aha
moment" without the need to remove the parameter to see that you've got the
equation of an ellipse.)
Though the title is catchy, and I understand the author's desire to grab the
students' attention with the pirate theme and some real data, it looks to me like
the pirate ship data is so poor that it is not worth the time it takes to collect it.
First and foremost, I question the author's assumption (lines 6-7) that the spring
provides a sufficiently constant velocity. It is obvious by inspection of the data
in Figure 5 that the two groups had different initial velocities from each other,
and the data presented in the screen shot of data table in Figure 7 (of,
ostensibly, the same information as the first three columns of the data in Figure
5) is quite different from the Figure 5 data. The author mentions (lines 199200) that the experimental data "do not fall exactly along an ellipse," but it
seems to me that this is a major understatement. My experimentation with
different values of initial velocity in an attempt to find values consistent with
the data collected was disappointing. Of the 14 cases shown in Figures 5 and 7,
there were only 4 cases in which I could find a value for initial velocity that
predicted values for the x- and y-coordinates of the vertex that were both less
than 20% different from the observed data. (These four cases were all in Figure
5: Group 1's 30 degree and 60 degree cases and Group 2's 30 degree and 45
degree cases.)
Another disappointment I had about the focus on the collecting of data was that
the students never returned to it after the initial graphing of the x- and ycoordinates of the vertex and the article seemed to start all over with an
idealized situation. If you're going to collect real data, it seems to me that you
should use it. If the data's not good enough to approximate the mathematical
ideal, then you shouldn't spend a huge amount of math class time collecting it.
You could fire off a couple of shots to make sure students have the idea that the
trajectory is parabolic and depends on the launch angle, but then you might as
well go straight to the idealized model if you don't have a way of obtaining
good data.
It does seem to me that the water model mentioned might produce better data.
If so, the article should use sample data from this method (and only this
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method).
Finally, it seems to me that collection of the intercept data is only useful
because the goal of the author is to have students use the view window
technique for finding an equation of a parabola. It's normally pretty clear to
students that the roots of a quadratic are 0 and twice the x-coordinate of the
vertex. For those unfamiliar with the view window technique, the discussion of
it is unnecessarily distracting. For the purpose of separating main idea from
detail in this article, I would recommend that the author simply suggest that
students use the curve-fitting capabilities of their calculators to determine the
equations of the parabolas.
The components of velocity are introduced in line 100 and then immediately
abandoned, with the suggestion that the parametric equations in lines 110 and
111 be simply provided to the students. Either don't introduce the former or use
them and the appropriate simple physics to derive the latter. I would strongly
recommend that the article provide the derivation. It is not particularly difficult,
it incorporates key issues in understanding velocity and parabolas, and it is
mathematics. (Note that there is an error in the equation in line 110: it is
missing a 2 in the denominator.) I think that in order to help focus on the
mathematical essence, it would be worth mentioning explicitly that the right
sides of the parametric equations simplify to a sin 2 and a sin2.
I like lines 150 through 161.
If the water method provides good data, then I would make that data a central
feature of the article and use it to obtain a good estimate of the initial velocity,
which could then be used (instead of 1) in the remainder of the article. (It
would be nice to suggest an alternative of assuming 1 for those teachers who
choose to do the activity without collecting data. That alternative becomes
obvious if the right sides of the parametric equations are given as suggested in
the previous paragraph.)
If the author is unable to obtain data that can be used to show the elliptical
nature of the arrangement of the vertices, then article should be written without
any up-front reference to data collection and the idea of data collection could
be mentioned at the end as a possible extension.
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MT CASE STUDY
Part 3: Editorial Panel Feedback
Panel Member What is your recommendation?
Are there any mathematical errors or
concerns?

REVISE (comes back to you):
Major
Yes

Comments for the Staff
Mathematical errors comments
Line 110: The denominator in the expression to the right of the equal sign
should be (2g) rather than g. All referees indicated this concern.
Line 150 (and subsequent derivations): The ellipse actually shifts up (0.25)
units, rather than the indicated shift up of (0.5) units.
Line 155: When initial velocity and gravity are assumed to be 1, the right-side
expression here is not consistent with the right-side expression in line 111.
Lines 191-192: Unless the reference to "our parametric equations" is not as
assumed, the phrase "rate of change" should be replaced by the word
"position."
Comments, criticisms, suggestions for Author
There is significant mathematics to be shared here, and the author presents a
motivating situation within which to do that. Before the manuscript can be
considered further for potential publication in the MT, the author is encouraged
to address concerns of the referees.
(1) There is concern about the physical context from which the data emerge.
Specifically, because of the apparent inconsistency in the velocity of the toy
canon, it is difficult to generate models based on those data alone. The author
suggests an alternative context, water spraying from a hose whose spigot
setting (i.e. water pressure) remains constant, thereby providing greater
assurance of constant velocity. The author is encouraged to consider using the
water-hose context exclusively.
(2) There is also concern about the overall focus of the article. It seems that the
author promotes the collection and analysis of data as a way to motivate
creation of mathematical models, but in reviewing the manuscript, it seems as
though once the data are gathered, theoretical formula are provided and
therefore the model-generation phase is sidestepped if not abandoned.
The author should consider revising the article to more directly emphasize the
use of the data for model building. Alternatively, the author could consider
Revised 082713

Page 30

presenting the mathematical development without the direct use of data, rather,
instead, simply using the context as a motivator for analysis of existing models.
(3) Each referee has provided useful and extensive commentary, often with
specific reference and suggestions to help sharpen the author's work.

[NOTE: Subsequent manuscript revisions and comments are not included for the purpose of this
case study.]
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Students use graphing technology to
verify that the vertices of a family of
parabolic trajectories trace an ellipse.
seán P. Madden and dean allison
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S

ome children enjoy playing with the
spring-loaded, plastic toy cannon that
accompanies many model pirate ships.
This cannon pivots in such a way that
it can be fired at any angle from about
–15 degrees to 195 degrees when viewed from a
position directly in front of the cannon. The spring
provides each fired projectile with approximately
the same initial velocity. This toy, together with a
digital camera, can be used with high school students to demonstrate the influence of angle on parabolic trajectories and, simultaneously, to explore
the underlying parametric equations. In particular,
students can discover and verify that the vertices of
projectile motion paths for a given initial speed and
a range of launch angles trace an ellipse.
The activities described here focus on the following learning goals, which appear in NCTM’s
Principles and Standards for School Mathematics
(2000) and may be tailored by teachers for students
from first-year algebra through calculus:

etric
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Table 1 Data Generated by Each Procedure
Cannon
Angle
(degrees)

x-Coordinate
of Vertex
(meters)

y-Coordinate
of Vertex
(meters)

Stream Angle
(degrees)

x-Coordinate
of Vertex
(meters)

y-Coordinate
of Vertex
(meters)

0

0

0

0

0

0

15

0.203

0.038

10

0.107

0.022

30

0.356

0.140

20

0.136

0.041

45

0.381

0.241

30

0.181

0.068

60

0.335

0.330

40

0.193

0.102

75

0.234

0.420

50

0.182

0.132

90

0

0.445

60

0.146

0.164

70

0.124

0.171

80

0.042

0.180

• Engaging students in the collection, analysis,
and display of data
• Exploring important features of quadratic equations—such as roots, vertices, maxima, and symmetry—as they relate to physical phenomena
• Exploring parametric equations and their value
in fitting curves and generating mathematical
models
• Exposing students to the discovery of some surprising aspects of conics, specifically parabolas
and ellipses
These activities assume that students are familiar with quadratic functions, right-triangle trigonometry, and double-angle identities and have
some experience with parametric equations. At
the introductory high school level, students will
enjoy collecting the data and will also appreciate
the patterns in the data. However, the teacher
will have to tailor the mathematics to meet the
students’ level. Many students at the precalculus and calculus levels will be able to follow a
teacher-guided discussion of the derivation of the
parametric equations that describe the parabolic
trajectories. A few students at this level may even
be up to the challenge of deriving these equations
themselves, perhaps with guiding suggestions from
the teacher.

PROJECTILE MOTION AS A FUNCTION
OF INITIAL ANGLE
“Experience before label” is a phrase that John
LeTellier uses to emphasize the correct sequence
of discovery learning (LeTellier 2007): Students
should first grapple with results of a hands-on
activity before they learn the formal theory that
explains it. Following that advice, we first explore
ways in which this activity can be conducted in
668 Mathematics Teacher | Vol. 104, No. 9 • May 2011

the classroom and then look at the mathematics
involved.
Aside from entering the classroom in swashbuckling attire, teachers can set the stage and provide
motivation for this activity by asking students,
“What path does a cannonball take when fired?”
Answers to this question might be followed by a
short discussion with volunteers who pass a ball
back and forth with the teacher. Comments during
the game of catch might include these: “What a beautiful parabola you’re making!” or “I admire the roots
represented by the position from which we pass the
ball to each other” or “Do you notice how the ball
reaches a high point, or maximum, in the center
between our throwing positions?” and, finally, “We
should explore this idea in more depth.”

THE DATA-GATHERING PROCEDURE
The question that we want students to explore is
how a change in the launch angle affects the location of the vertex of the projectile path. We next
describe two procedures that allow students to collect data to use to generate conjectures.
The advantage of the first data-gathering
method, which uses a spring-loaded toy cannon,
is that it can be easily completed in a mathematics classroom using commonly available materials.
Data generated with the toy cannon clearly show
parabolic trajectories and the influence of changing the launch angle on the position of the vertex.
The disadvantage of this procedure is that slight
variations in the tension of the spring and therefore
the initial velocity will also cause the position of
the vertices to vary from the mathematical ideal
described later. Nevertheless, this discrepancy
between experimental and theoretical results
invites a rich discussion of the relationship between
mathematics and science.

The advantage of the second method, which uses
a stream of water, is that the stream’s velocity can
be carefully controlled. The disadvantage is that
teachers will likely find it necessary to schedule
time in a science lab with sinks and hoses. Table 1
shows results from both procedures.

Method 1: A Toy Cannon

1. Ask students to carefully create a first-quadrant
grid on the board with lines at intervals of 10 cm.
2. Have students use a protractor to mark guidelines
for aiming the cannon at intervals of 15 degrees.
3. Let students assign themselves to these four roles:
(a) Aligning the toy cannon with the axes and
the appropriate angle mark
(b) Holding and firing the trigger on the toy
cannon
(c) Recording the flight of the projectile with
the video recording feature available on most
digital cameras
(d) Counting down and giving the command to fire
4. After each recording is made, students may
replay the digital video recording frame by frame
to note the coordinates of the vertex based on
the grid they made.

Method 2: A Stream of Water
To gather data using a stream of water, follow these
steps:
1. Have students create an x, y-coordinate grid on a
small, portable whiteboard, with angles marked
in 10-degree increments at the origin, and place
the grid behind the sink to be used (see fig. 1).
2. Attach a hose to the faucet and experiment with
the flow of water such that a stream of water
directed at a full range of angles from 0 to 90
degrees will fall within the limits of the grid.
3. As one student changes the angle of the stream,
another carefully records the coordinates of the
vertex for each stream, which can be entered
later in the graphing calculator. Alternatively,

(a)

Seán P. Madden

To gather data from a spring-loaded toy cannon,
follow these steps:

Fig. 1 The setup for gathering data for the water stream involves a portable
whiteboard with a grid, a large protractor, and access to a sink.

students may record the full complement of
streams on a digital camera from which the data
can be collected later.

DATA DISPLAY ON THE GRAPHING
CALCULATOR
The data that students have gathered may be organized for later entry into the spreadsheet feature
of a graphing calculator. See figure 2 for a sample
display of the stream of water data from table 1,
including a scatter plot.
After data collection, a natural question for
students to ask is whether there is a pattern in the
location of the vertices for the family of parabolas
generated by firing the cannonball at different
angles. The conjecture that the vertices trace a
parabola as well leads to a rich discussion of the
mathematics underlying what seems to be an obvious pattern.

MODELING WITH PARAMETRIC EQUATIONS
To model the parabolic cannonball trajectories
mathematically, we must introduce a bit of physics

(b)

(c)

Fig. 2 Launch angles and the x, y-coordinates of vertices are shown (a), along with the scatter plot of the data (b) and the viewing window (c).
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For the y-position, the situation is a bit more
complicated. We assume that the only force acting
in the vertical direction is due to gravity. Newton’s
second law implies that
m

d2 y

= −mg

dt 2

where m represents the mass of the projectile and g
is the gravitational constant. The equation
Fig. 3 a simple diagram can introduce the parameters involved.

d2 y

that will enable us to derive the parametric equations that describe the function whose input or
domain is the launch angle and whose output or
range is the vertex of each parabola. If appropriate, given the students’ background in calculus and
physics, teachers might simply provide these equations for the students.
When a cannonball is fired from the barrel
of the cannon, the velocity is directed along the
flight path. However, we may imagine that this
velocity is the sum of two components—a vertical component, vy, and a horizontal component,
vx (see fig. 3). We can use basic trigonometry to
show that vx = v0 cos q and vy = v0 sin q where v0
indicates initial speed.
According to Newton’s second law, F = ma;
that is, force equals the product of mass and acceleration. We assume no force in the horizontal
direction (ignoring wind resistance). Thus, the
horizontal component of acceleration is zero, and
the horizontal component of velocity, vx, is the
constant value v0 cos q where we are considering v0
and q fixed for the moment. Thus, the x-position of
the projectile is given by the linear function x(t) =
v0 t cos q.

(a)

dt 2

implies that
dy
= − gt + v0 sin
nθ.
dt

For this step we integrated and used v0 sin q as the
constant of integration because that quantity is the
initial vertical component of velocity. After another
integration, we obtain
y(t ) = −

1 2
gt + v0t sin θ + h0
2

where h0 represents the initial height, which we
will always take to be zero. Thus, the position of
the projectile at time t is given by the following
parametric equations (see fig. 4):

(b)

Fig. 4 these parametric equations (a) and window settings (b) generate these parabolas (c).
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= −g

x(t ) = v0t cos θ
y(t ) = −

1 2
ggtt + v0t sin θ
2

(c)

(1)

Students may not immediately realize that these
parametric equations describe a parabola. They can
be encouraged to convince themselves of that fact
by finding the more familiar Cartesian equation of
a parabola by eliminating the variable t from the
equations in (1).
Now we proceed to find the vertices of these
parabolas. We could use more calculus by realizing
that the vertex occurs when y′(t) = 0. Alternatively,
the projectile goes back down to the height of 0
when y(t) = 0. Solving
−

1 2
gt + v0t sin θ = 0
2

for t, we obtain
tmax =

2v0 sin θ
g

v0 sin θ
g

y(θ ) =

.

y=

2g

v02
4g

(2)

2g

.

units.

We can shift the ellipse into standard position by
subtracting
v02

where we used the trigonometric identity: 2 cos q
• sin q = sin(2q).

(a)

v02

Thus, the ellipse is shifted up

2g
v sin 2 θ

2g

y(π / 2) =

v02 sin( 2θ )
2
0

v02 sin
sin 2 θ

evaluated at q = p/2, we see that the y-intercept of
the ellipse is located at

Plugging the value of tvertex into the equations of the
position (see fig. 5) gives us the coordinates of the
vertex
x=

Recall the conjecture that the pattern in the
vertices for various launch angles appears to be
parabolic. Although we might think that the curve
connecting the vertices of these parabolas is itself a
parabola, the case for an ellipse emerges when we
consider that the parabolas with launch angles from
90 to 180 degrees will be mirrored by the launch
angles from 0 to 90 degrees. This symmetry suggests that the closed curve traced by the vertices as
the launch angles vary from 0 to 180 degrees might
be an ellipse. We can verify algebraically that the
vertices follow an ellipse as the launch angle varies.
If indeed the vertices trace an ellipse, the ellipse
is not in standard position but rather is shifted up.
Using the expression

.

Because the vertex will occur at the midpoint
between t = 0 and tmax, the vertex occurs at
tvertex =

EXTRA FOR EXPERTS:
FINDING THE HIDDEN ELLIPSE

4g

(b)

(c)

Fig. 5 equations (2) shown in (a) can be graphed in the same window as shown in ﬁgure 4b with T settings changed (b) to obtain the ellipse (c).
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from the expression for y(q) in (2):

or
2


v2 
x 2 + 4  y − 0  = ( v02 / 2 g )2 .
4g


v02 sin( 2θ )

x(θ ) =

2g

and
y(θ ) =

sin 2 θ
v02 sin
2g

v02

−

4g

sin 2 θ − 1)
v02 (2 sin

=

4g

.

Now we need to use trigonometric identities.
Because 1 – 2 sin2 q = cos(2q), our parametric equations become
x(θ ) =

v02 sin( 2θ )
2g

and
y(θ ) = −

v02 cos(2θ )
4g

.

Why should the vertices of a
family of parabolas representing
trajectories that differ only in launch
angle be connected by an ellipse?
Solving for sin(2q) and cos(2q) and using the
Pythagorean identity sin2(2q) + cos2(2q) = 1 to
eliminate the parameter q, we obtain
2

2

 2 gx   −4 gy 
 2  + 2  =1
 v0   v0 

or
x2
2
0

2

(v / 2 g )

+

y2
2
0

( v / 4 g )2

= 1,

which we recognize as the rectangular form of the
equation of an ellipse.
Finally, we need to shift this ellipse back up
v02

units

4g

to get the original ellipse:

x2
( v02 / 2 g)
g )2

+


v02 
y−

4g


2

( v02 / 4 g )2
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=1

The last equation shows that the expressions for
x(q) and y(q) satisfy the Cartesian equation of an
ellipse, verifying our conjecture.

DISCOVERY AND CONFIRMATION
OF INTUITION
We can create a simplified, virtual version of the
experiment described earlier to test the conjecture
that the pattern in the vertices is elliptical. Given
our knowledge of the parametric equations (1) of
the parabolas, we can use the built-in parametric
mode of the calculator to create a family of parabolas corresponding to our data by simply substituting
appropriate values for initial angle and speed. Next,
we can use the parametric equations (2) to draw
the corresponding ellipse that connects the vertices
and superimpose these graphs for comparison.
As an additional curve-fitting exercise, we can
fit the ellipse to the vertex data collected by the students. We would use the value g = 9.8 m/sec2 and
choose the value of initial speed, v0, that best fits the
data points. Students will need to try different values of v0, toggling back and forth between the equation editor of their calculator and the graph until
they are satisfied with the fit. When we followed
this procedure using the water data, we found an
initial speed of 1.94 m/sec.
The series of screen shots in figure 5 shows
the results of this virtual experiment. Note that
the graphs of the parabolas have a view window
in which T represents time. Here we set the limits
on T to correspond to a period of time that would
include the entire trajectory. The ellipse has limits
on T from 0 to 180 degrees because T represents
an angle in this set of parametric equations. The xand y-limits on the view window are, of course, the
same in both cases. Initial speed is assumed to be
1.94 m/sec, and g is 9.8 m/ sec.2.
Students are likely to recognize many symmetries in the graphs of these equations. Even if
they do not, teachers should point them out. For
example, notice that the 15- and 75-degree trajectories have the same roots and their vertices lie at the
same x-coordinate. The 30- and 60-degree trajectories also share the same roots and have vertices
at the same x-coordinate. The 45-degree trajectory
acts like a line of symmetry.
The calculator screen shots nicely capture
the evolution of the students’ thinking. First, we
asked, “What is the relationship among the family of parabolas generated by varying the launch
angle?” Then we conducted an experiment to
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gather data on this physical phenomenon and
made a conjecture based on the observations. Next,
we generated a mathematical model based on our
physical assumptions. Finally, we compared our
model to the data and found a satisfying agreement.
Advanced students will certainly appreciate the
calculus and physics behind this activity, but we
think that less advanced students will gain valuable
experience with fitting curves and working with
parametric equations and conics.
A computer animation that dynamically depicts
how the vertices of the parabolic trajectories trace
an ellipse can easily be created with a computer
algebra system such as Mathematica or Maple.
A Mathematica animation based on this activity
can be found at http://www.unco.edu/NHS/
mathsci/facstaff/Allison/Trajectories/. It can be
viewed by obtaining the freely available Mathematica Player, which can be downloaded by following
links from the same Web page. Animations such as
this one dynamically capture the phenomenon we
are studying and encourage students and teachers
to explore the use of new technologies.
That the vertices of our various trajectories
should describe an ellipse is a surprising result. An
intriguing question to pursue with students and
one sure to challenge the physical intuition of both
teachers and students is this: Why should the vertices of a family of parabolas representing trajectories
that differ only in launch angle be connected by an
ellipse?

DISCREPANCIES BETWEEN
THEORY AND EXPERIMENT
“In theory, there is no difference between theory
and practice. In practice, there is” (attributed variously to Albert Einstein, Yogi Berri, and Jan L.
A. van de Snepscheut). The observant reader will
certainly notice that the data collected from both
methods do not fall exactly along an ellipse. These
differences invite a discussion of the correspondence between theory and experiment.
Reasons for the differences include the
following:
• The cannon may not have been aligned properly
with the protractor marks before it was fired.
• The height of the vertex may not have been
properly marked.
• There may be errors in finding and measuring
the location of the vertices.
• The tension in the spring—and thus the velocity
of the cannonball—may not have been constant
from one firing to the next.
The first three difficulties may be mitigated by
carefully practicing the procedure before collect674 Mathematics Teacher | Vol. 104, No. 9 • May 2011

ing data. The last difficulty, if it exists, might be
overcome by using the second technique—namely,
a stream of water connected to a constant pressure source. This approach, too, has caveats. The
pressure supply will vary too, albeit less than the
tension in the toy cannon’s spring. Marking the
vertices requires taking into account the thickness
of the stream and the pen used to mark it. Finally,
like the toy cannon, the flexible hose must be held
by a steady hand at the correct angle.

CONCLUSION
Our world is filled with an amazing variety of
delightful phenomena richly accessible to mathematical analysis. The behavior of projectiles and
streams of water certainly fall into this category.
Engaging students in physical activities of mathematical discovery using spring-loaded cannons or
streams of water shot from a hose can create a lasting appreciation for mathematics. This appreciation
of physics and mathematics is likely to extend to
students’ observations of animated scenes of fountains and projectiles that appear in such movies as
Robots and Ratatouille as well as casual glances at
the fountains they see in their neighborhood parks.
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